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Preface

Engineering is in many ways an exercise in managing uncertainty or its alternate
manifestation, risk. Uncertainty arises because real problems, when looked at with enough
detail, have too many variables to track and physics that are too complicated to describe
succinctly. We end up making simplifications and assumptions, and, sometimes, we just
ignore phenomena altogether. This leaves a gap in our models, something that must be
accounted for one way or another. In this book, we will use probability and statistics.

Probabilities and statistics are ultimately numbers that describe outcomes. They
provide a piece of information about a process whose cause we probably do not understand,
a description in the absence of an explanation. Probability often gets us out of a hopeless
situation by giving us a place to start. Moreover, with a model in hand, even a probabilistic
one, techniques from linear algebra, optimization, and least squares become available to us.
Finally, they give us metrics which we can use to make decisions.

Now for a few words of caution. Statistics provide a snapshot but not the whole
picture. No model can. Another thing to keep in mind is that we need to make assumptions
about the foundational probabilities upon which to build the rest of the model. This is
essentially a leap of faith, and there is no way to avoid it. We can gather data, but this data
has uncertainty built into it as well.

In this text, we will try to show how probability can be used to model uncertainty
in control and estimation problems. In the process, we will learn about probability theory,
stochastic processes, estimation, and stochastic control strategies. Our chief objective is to
provide insight. We do not aim to be the most mathematically rigorous in our presentation,
though we have a great affinity for the math. The material that you will learn here is
both wonderfully practical and rich in research opportunities. It has historical connections
to Newton, Gauss, Wiener, Einstein, Kalman, and many of other great names in physics,
mathematics, and control theory.

Book Content
The book can be considered to be an exposition in three parts: probability theory and
stochastic processes; estimation theory; and stochastic optimal control. However, these
divisions are integrated due to their intimate connections, though the derivations of certain
concepts are concentrated in one place. In the following, each chapter is described and how
it is related to other material found in other chapters.

xi
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xii Preface

Probability Theory: Chapter 1

In this chapter the rudiments of probability theory are introduced. These concepts are used
throughout the book and therefore are essential, although elementary, concepts. For exam-
ple, Bayes’ rule, which forms the basis of statistical estimation theory, is easily developed.

Random Variables and Stochastic Processes: Chapter 2

In this chapter the concept of a random variable is introduced and its probabilistic char-
acterization is described. The notions of probability distribution function and probability
density function are developed as well as their use in the calculation of expected value with
respect to a random variable. Furthermore, the concept of conditional expectation and its
special case of conditional probability are explained. Very important is the extension of the
notion of a random variable to be indexed by another variable, such as time, to produce a
stochastic sequence or stochastic process. It is here that the discrete-time linear system with
additive Gaussian noise (Gauss–Markov system) is introduced that will play an important
role in the structure of linear estimators.

Conditional Expectations and Discrete-Time Kalman Filtering:
Chapter 3

Although the concept of conditional probability and expectation is introduced in Chapters
1 and 2, the theory and application of conditional expectation to dynamic filtering are
described in this chapter. Since the development of an estimator for linear systems with
additive Gaussian process and measurement noise is an important example of conditional
expectation, the discrete-time conditional mean estimator, called the “Kalman filter,” is
derived and illustrated.

Least Squares, the Orthogonal Projection Lemma, and Discrete-Time
Kalman Filtering: Chapter 4

In this chapter classical least squares is shown to be related to the discrete-time Kalman
filter through the orthogonal projection lemma, which is a necessary and sufficient condition
for a quadratic function to be at a minimum. In fact, for linear systems with additive but
non-Gaussian noise, the best linear filter is derived by direct application of the orthogonal
projection lemma and when restricted to Gaussian noise reduces to the Kalman filter.

Stochastic Processes and Stochastic Calculus: Chapter 5

In the previous chapters the statistical characteristics of stochastic sequences are described.
Although the stochastic process was defined in Chapter 2, it is in this chapter that stochastic
processes are characterized by their own calculus. This calculus is needed in developing the
model for estimation problems found in Chapter 6 and in the development of the dynamic
programming algorithm needed for the solution of continuous-time optimal control problems
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found in Chapter 9. The chapter opens with a demonstration of the convergence of a discrete-
time random walk to a continuous-time Brownian motion process, illustrating the special
character and difficulties of stochastic processes.

Continuous-Time, Gauss–Markov Systems: Continuous-Time Kalman
Filter, Stationarity, Power Spectral Density, and the Wiener Filter:
Chapter 6

This chapter builds upon the mathematical foundation laid out in the previous chapter and
provides the continuous-time versions of the Gauss–Markov theory laid out in Chapters 3
and 4. We begin this chapter by deriving the continuous-time Kalman filter by application of
the orthogonal projection lemma. In this chapter we also introduce stationarity, ergodicity,
and the power spectral density, useful concepts in engineering applications. This chapter
culminates in an introduction of a foundational result in estimation theory: the Wiener filter.
Although the Wiener filter is derived by spectral methods, it is shown to be equivalent to
the stationarity form of the time-domain Kalman filter.

The Extended Kalman Filter: Chapter 7

The solution of the estimation problem for nonlinear system requires the construction of
the conditional probability density function. Based on the conditional probability density
function, state estimates, such as the conditional mean estimates, are not implementable
for real-time application. Therefore, approximate filters are presented, called the extended
Kalman filter.

A Selection of Results from Estimation Theory: Chapter 8

Special, but important, extensions to the basic Kalman filter are developed such as mea-
surement noise that is time correlated and the smoothing problem that estimates the state at
intermediate times using data over an entire time interval. An especially important extension
is that of the estimator derived in Chapter 10, which is an optimal linear filter with respect
to a particular cost criterion but is not a conditional mean estimator. Within this context
certain classical theorems are interpreted.

Stochastic Control and the Linear Quadratic Gaussian Control
Problem: Chapter 9

In this chapter the stochastic control problem is formulated for both the discrete-time and
continuous-time problems with full information of the state and with noisy partial mea-
surement information structure. The solution is obtained using a dynamic programming
methodology where in the continuous-time derivation the stochastic calculus of Chapter 5
is critical. The dynamic programming algorithms are demonstrated on problems formulated
with a linear system with additive Gaussian noise and the expected value of a quadratic func-
tion of the state and control, as the cost criterion, the so-called linear quadratic Gaussian
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control problem. The robustness properties interpreted by the classical control criterion are
given.

Linear Exponential Gaussian Control and Estimation: Chapter 10

In this chapter an important extension of the linear quadratic Gaussian control problem,
called the linear exponential Gaussian control, is described. Here again the system assumes
a linear system with additive Gaussian noise, but the cost criterion is the expectation of the
exponential of a quadratic function of the state and control. The solution is obtained for
both discrete-time and continuous-time formulations. Also, the linear exponential Gaussian
estimator is derived, but its characteristics and properties are presented in Chapter 8. It is
shown that the resulting controller is equivalent to that obtained from the H∞ control
syntheses of deterministic robust control theory.



book
2008/9/3
page 1

�

�

�

�

�

�

�

�

Chapter 1

Probability Theory

In this introductory chapter the concept of a probability space is defined. This notion plays
an important role in understanding the underlying foundation that probability theory plays in
the more advanced algorithms of estimation and stochastic control. This probability space
will be composed of a sample space of elementary events, an algebra constructing more
complex events, and a probability measure associated with the events in the algebra. By
using the concept of a probability space, notions such as joint, marginal, and conditional
probability and Bayes’ rule are introduced.

1.1 Probability Theory as a Set of Outcomes
Most of us by now possess some intuitive notion of probability. They are percentages or
“odds,” the chance that something will happen.1 The mathematical notion of probability is
built around sets, or collections of things. What we intuitively understand as an event or
outcome is a subset of the set of all possible outcomes. The power of set theory is that a set
can range from a single element to an infinite number of elements (though infinity comes
in many flavors) and that the members of a set can be absolutely anything. A probability,
the number that ranges from 0 to 1, then becomes a restricted version of a function on sets
called measures. A measure gives us the size of a set. A probability measure is a measure
that by definition must be finite and is by convention normalized, i.e., no greater than 1.
The restriction to being finite, as we will see, makes things a little tricky when the sets we
work with have an infinite number of members.

We will see that this approach to probability jibes with our ingrained notions and
perhaps even sharpens them. In this view, probability describes the significance of one
choice out of a set of many choices. If you are rolling a single die, you can easily see that it
has six sides. Hence, the probability of having any one of the six faces lie upwards is one
in six. Of course, there are drawbacks to our set-based probability. For one thing, there
is nothing in the mathematics of the roll of a die that prevents us from defining the set of

1This is not to be confused with the odds listed at a sports book, which is simply a way to induce you to make
a wager.
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2 Chapter 1. Probability Theory
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Figure 1.1. Choosing One of Six Sine Waves.

outcomes to be the set of integers from 1 to 100. We know that the outcomes 7 to 100 are
impossible (and hence have a probability of 0), but the mathematics do not care. Another
difficulty with set-based probability are outcomes of extremely small probability. Pick a
rational number between 0 and 1. It is an event of probability zero. Yet, you have just done
it. Again, the mathematics do not care about your intuition.

Suppose now that instead of sides of a die, our event is the selection of one sine
function out of a collection of six sine waves. The collection can be written as a formula:

x(t) = sin
(
t + k

π

5

)
, k = 0, . . . , 5.

For no apparent reason, we plot this collection; see Figure 1.1. Now, if we allow that any
of these six sine waves is equally likely, then without too much thought you should come
to the conclusion that the probability of picking one particular sine wave is one in six, or
the same as rolling a die. In fact, the math is exactly the same. Expanding the possible
set of outcomes to more than six different choices makes sense in this example, though we
have to do some work to determine how we will define probabilities. What this discussion
is meant to show is that we have to learn the math only once. The same model can describe
many different probabilistic scenarios. By the way, you have just been introduced to the
first example of a random process that we will cover in this book.

Probability and measure theory were actually developed independently. The former
was initiated in the mid-17th century by Pascal and Fermat to resolve certain questions
arising in games of chance involving dice, and the latter was an attempt by a number
of mathematicians, most notably Lebesgue, to improve upon the Riemann integral. It
was not until the 20th century that Kolmogorov made the connection between the two and
changed probability from being a collection of scattered results to a systematic, mathematical
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1.1. Probability Theory as a Set of Outcomes 3

discipline. Strictly speaking, probability theory is an application of measure theory, though
the relationship between the two is more symbiotic than suggested by that statement. One
by-product of the separate legacies of the two theories is that the two have different names for
the same concepts. In these cases, we will almost always use the probabilistic interpretation.

In the language of probability, the scenario that you are analyzing or attempting to fit
to a probabilistic model is called the experiment. The set of all possible outcomes to this
experiment is called the sample space, and subsets of the sample space are called events.

Let us return to one roll of a die. This is our experiment. Theoretically speaking,
the outcome of a roll ought to be predictable if one knows the initial position, velocity,
angular velocity, angular orientation, acceleration, and a lot of other factors, such as surface
roughness and air turbulence. In reality, this is just too much stuff to account for, and some
of these factors are pretty random in their own right. We do know, however, that whatever
else happens, the die roll will end up being some number between 1 and 6.

By convention, we will denote the sample space, �, and the elements, or sample
points, of � with the lowercase, ω. ω is a subset of �, and, in this problem, it is also an
event.2 For a roll of a die,

� =
{

1, 2, 3, 4, 5, 6
}

and

ωj = j, j = 1, . . . , 6.

Note that we have used an index, j , for ω. One can always index a set, even if it has an
infinite number of elements. Moreover, the indexing need not be ordered (for instance you
can always use the element itself as the index). The index is understood to run over all of
the elements of �, and such notation is a convenient shorthand.3

Now, let us define interesting outcomes in our experiment and, while we are at it, let
us also present our first formal definition.

Definition 1.1. An event is an outcome or a collection of outcomes. It is a set, and hence
we use set notation to denote an event, A ⊂ �.

The event that the die turns up even is A = {2, 4, 6}. The event that the die turns up
a number less than 3 leads to A = {1, 2}. The event that the die turns up 3 is A = {3}. The
funny looking symbol “⊂” stands for “is contained in.” So, we say “A is contained in �”
or “A is a subset of �.” Again, the important thing to take away is that every event is a set.

We now want to put some numbers to our events; i.e., we want to know their proba-
bilities. We already know that for any toss the probability that a particular face lands such
that it points up is one-sixth:

A = {ωj }.
Now, consider the event

E = {die roll is even} =
{

2, 4, 6
}
.

2We will learn in a little while that not all subsets are allowed to be events.
3An interesting bit of trivia: Einstein invented this notation.
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4 Chapter 1. Probability Theory

The set E has three elements, because there are three possible outcomes that are even
numbers. What is the probability of E? Logically, it should be one-half, since there are
three elements in E and six possible outcomes overall. This hints at a function that we can
use to calculate the probabilities of any event. We will denote this function P(·),

The probability of an event A =: P(A) = “size” of A

“size” of �
= number of sample points in A

number of sample points in �
.

(1.1)
Hence, the probability of getting an even roll is 3

6 = 0.5. The probability of getting a roll
less than 3 is 2

6 = 0.333333 . . . . P is called the probability measure or set function. It maps
subsets of � into a real number between 0 and 1.

This example summarizes the three basic elements in probability.

1. A well-defined experiment with a known set of all possible outcomes, �.

2. Subsets of � known as events.

3. A probability measure, P , that maps events into probabilities, which are numbers
between 0 and 1.

In fact, the three elements above collectively are known as a probability space.
Lest the reader walk away assuming that all examples of probability are this straight-

forward, we should point out that there are two things in the our example above that make it
particularly simple. The first and foremost is that the sample is finite. In fact, it is so small
that one can easily write out any event. We can even go so far as to write down any and all
possible events, as there are only 26 = 64 of them. The other thing that makes it simple is
that all sample points are equally likely and nonzero. Thus, calculating probabilities reduces
to counting the number of elements in a set and then dividing by 6. This is fairly untaxing.4

To illustrate the latter point, let us now suppose that instead of a fair die, we have a
peculiar model which has a 5 on three sides of the die. The sample space of achievable
outcomes is

�′ = {1, 2, 3, 5},
though there is no reason mathematically that we could not use our original sample space,
so long as the probability measures are adjusted accordingly. For the original space,

P(A) =

⎧⎪⎨
⎪⎩

1
2 , A = {5},
1
6 , A = {1} or {2} or {3},
0, A = {4} or {6}

when A is the singleton set that represents the outcome of a die roll.
How then do we calculate the probabilities of more complicated events, i.e., exper-

iments that have very large numbers of possible outcomes? Consider an experiment in
which we want to predict the position of a weather vane after it has been given a spin; see
Figure 1.2. The vane can point anywhere in the continuum from 0 degrees to 360 degrees.

4This was also the classical theory of probability as espoused by Laplace and others.
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1.1. Probability Theory as a Set of Outcomes 5

Φ

Figure 1.2. The Weather Vane Sample Space.

Thus,

� = {ω : 0◦ < ω ≤ 360◦},
ωi = the ith real number between 0◦ and 360◦.

� has an uncountably infinite number of points, which is a lot of points. What is more, it
is quite possible, even likely, that the subsets of � that represent useful events also contain
an uncountably infinite number of points. Thus, using a probability measure like (1.1)
where we just count the elements5 simply will not work. There are too many elements
to count, and ∞ screws up simple arithmetic formulas. The solution to our problem is to
find an appropriate probability measure P . This is not always so simple. There are certain
properties thatP is expected to have (we will discuss these later), and infinitely large sample
spaces can make this difficult. Ultimately, we will end up limiting the class of subsets that
will be admissible. That is, we give up on defining a probability for every possible subset
of � and content ourselves with a reasonable large class of admissible subsets. This class
will cover any real case that we could imagine and should not cause us to strain too hard
against our intuition. The probability of picking out a single point in between 0◦ and 360◦
still turns out to be zero, however, and there is nothing we can do about that.

Remark 1.2. Probability measures are one example of a measure, which are set functions
defined on a class of subsets, called the measurable sets of an abstract vector space, X .
Measure theory is the starting point for advanced analysis and leads to many topics aside
from probability.

Remark 1.3. The notation for the set A = {ω : ω is blah-blah-blah} reads as follows: “A
is defined as being those ω such that ω is defined by blah-blah-blah.” The colon in the
definition can be read as the “such that,” and the variable in front of the colon is the dummy
variable that represents any arbitrary member of the set being assigned. The information
after the colon describes how the elements of the set are to be distinguished.

5By the way, these kinds of measures are called, not surprisingly, counting measures.
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6 Chapter 1. Probability Theory

1.2 Set Theory
As we have just seen, probability theory is built around sets. It is, thus, now a good point
to introduce some basic concepts from set theory, beginning with two notions related to
ordering, i.e., what it means to be equal to or greater than.

Definition 1.4.

1. The sets A and B are equal sets or identical sets if and only if A and B have the same
elements. We denote equality by writing A = B.

2. A is included in B or A is a subset of B if and only if ω ∈ A implies ω ∈ B. In such
cases, we write A ⊂ B.

Remark 1.5. The symbol “∈” means “is an element of” or simply “in.” It is used to signify
membership in a set.

From these definitions, we get the following propositions.

Proposition 1.6.

1. A = B if and only if A ⊂ B and B ⊂ A.

2. If A ⊂ B and B ⊂ C, then A ⊂ C.

The first proposition is sort of like commutativity; the latter is something like transi-
tivity. Hopefully, the logic behind these propositions is obvious.

Sets by themselves are not very interesting without operations that act on them. In
set theory, any interesting statement that we can make about sets can be formulated from
the following three basic operations:

1. Union, the logical “or” operation

• A ∪ B := {ω : ω ∈ A or ω ∈ B}.
• Example: A = {1, 2}, B = {3, 4}, A ∪ B = {1, 2, 3, 4}.
• Note that A ⊂ A ∪ B and B ⊂ A ∪ B.

2. Intersection, the logical “and” operation

• A ∩ B := {ω : ω ∈ A and ω ∈ B}.
• Example: A = {1, 2, 3}, B = {2, 3, 4}, A ∩ B = {2, 3}.
• Note that (A ∩ B) ⊂ A and (A ∩ B) ⊂ B.

3. Complement, the logical “not” operation

• Ac := {ω : ω 
∈ A}.
• Note that (Ac)c = A.
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1.2. Set Theory 7

• A related concept is the set difference, or relative complement. Define A−B :=
{ω : ω ∈ A andω 
∈ B}. We call this the relative complement sinceBc = �−B.

• Example: A = {1, 2, 3, 4, 5}, B = {1, 2}, A− B = {3, 4, 5}.
• Sometimes the relative complement is denoted as A\B instead of A− B.

The following two facts will turn out to be useful.

Proposition 1.7.

1. A ⊂ B; then Bc ⊂ Ac.

2. (A ∩ B)c = Ac ∪ Bc.

3. (A ∪ B)c = Ac ∩ Bc.

Proof.

1. Suppose that our claim does not hold; i.e., there exists an ω such that ω ∈ Bc and
ω ∈ A. If A ⊂ B, then ω ∈ B. This, however, contradicts our initial assumption that
ω ∈ Bc.

2. For this we will use the first part of Proposition 1.6. That is, we will prove equality
by showing inclusion in both directions. To begin, we will prove that (Ac ∪ Bc) ⊂
(A ∩ B)c. We start by noting that (A ∩ B) ⊂ A and (A ∩ B) ⊂ B; then by the
first part of this proposition, Ac ⊂ (A ∩ B)c and Bc ⊂ (A ∩ B)c. Thus, we can
claim that (Ac ∪ Bc) ⊂ (A ∩ B)c. To show the other inclusion, take an arbitrary
point, ω ∈ (A ∩ B)c. Hence either ω 
∈ A or ω 
∈ B or it is in neither set. In
any case, ω ∈ Ac ∪ Bc. Since ω was chosen arbitrarily this holds for all ω. Hence
(A ∩ B)c ⊂ Ac ∪ Bc. The proposition, thus, follows by applying the first part of
Proposition 1.6.

3. This is left for you.

Remark 1.8. Parts #2 and #3 of the proposition are called De Morgan’s laws.

The final set theoretic concept that we will discuss is the null set, or empty set, which
is simply a set with no elements. We usually denote the null set with the symbol ∅. Consider
the following facts about empty sets:

1. If A and B have no common elements, then A ∩ B = ∅.

2. A ∩ Ac = ∅.

3. �c = ∅.

4. ∅c = �.

5. Finally, since A ∩ Ac = ∅, this implies that ∅ ⊂ A and ∅ ⊂ Ac. Hence, the empty
set is a subset of any set.
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8 Chapter 1. Probability Theory

One needs to be mindful of the empty set in any operation or theorem involving sets. Quite
often, the empty set will be the counterexample to an argument in set theory, which is why
theorems often include the qualification that only nonempty sets are to be considered.

1.3 Probability Space and the Probability Measure
We have talked obtusely about the basic construction of the probability space and the prob-
ability measure. Before we go any further, let us formalize these ideas in a pair of axioms.6

Axiom 1. Given an experiment, there exists a sample space, �, representing the totality of
possible outcomes of the experiment and a collection, A, of subsets, A, of � called events.

Axiom 2. To each event A in A, there can be assigned a nonnegative number P(A) such
that

P(A) ≥ 0, (1.2)

P(�) = 1, (1.3)

A ∩ B = ∅ ⇒ P(A ∪ B) = P(A)+ P(B). (1.4)

Equation (1.3) says that P(·) is a normalized measure. Equation (1.4) says that if A
and B are mutually exclusive, the probability of the event formed by their union is the sum
of their individual probabilities. In this case, P(·) is said to be finitely additive. Axiom 2
immediately leads to other rules that can be used to define probabilities for other situations.

Lemma 1.9. P(Ac) = 1− P(A).

Proof. A ∪ Ac = �. Since A and Ac are disjoint, (1.3) and (1.4) of Axiom 2 imply

P(�) = P(A ∪ Ac) = P(A)+ P(Ac) = 1,

which, in turn, implies the lemma.

Lemma 1.10. If A and B are two arbitrary events in the sample space �, then

P(A ∪ B) = P(A)+ P(B)− P(A ∩ B)′.

Proof. We begin by noting that A ∪ B can be split into two disjoint sets, i.e.,

A ∪ B = A ∪ (B ∩ Ac).

Therefore, by (1.4) of Axiom 2

P(A ∪ B) = P(A)+ P(B ∩ Ac). (1.5)
6An axiom is a statement that is taken to be true as the basis for the development of further theory. Thus, we

do not prove an axiom. We assume it is true so that we can do other things.



book
2008/9/3
page 9

�

�

�

�

�

�

�

�

1.4. Algebras of Sets and Probability Space 9

We can use (1.4) again to claim that

P(B) = P
[
(B ∩ A) ∪ (B ∩ Ac)

]
= P(B ∩ A)+ P(B ∩ Ac).

Hence,
P(B ∩ Ac) = P(B)− P(B ∩ A). (1.6)

Substitute (1.6) into (1.5) to get

P(A ∪ B) = P(A)+ P(B)− P(A ∩ B).

Remark 1.11. We will often lapse into the proposition-lemma-theorem style of presentation
found in math texts, even though this is not a math text. We like to use this style on occasion,
because it is direct and encourages a disciplined style of exposition. For the uninitiated, it
may seem cold and terse, but we believe that you will eventually get used to it and appreciate
its merits. It also balances nicely against those parts of the text in which we indulge our
need for unfettered prose.

1.4 Algebras of Sets and Probability Space
Up to now, we have avoided the hard problems. Our measure, P(·), has so far been defined
on subsets of a fairly trivial sample space, �. For nontrivial problems, we need to do
some work to define a suitable probability measure. The problem is that not every event is
measurable with respect to P . When the sample space is infinitely large, the total number of
possible subsets is even larger, and it is possible to construct some extremely weird subsets
for which we cannot define a value for P .7 One might complain that we are expending a
lot of energy for exceptional cases, but these cases still need to be accounted for.

Our general strategy will be to define a class of subsets that will always yield a
probability for P and that is general enough to include any conceivable event that we might
imagine. To this end, we define a set of sets called an algebra.

Definition 1.12. An algebra, A, is a set of sets such that the following hold:

1. A ∈ A implies Ac ∈ A.

2. A,B ∈ A implies A ∪ B ∈ A.

As a consequence, we can show the following.

Proposition 1.13. If A,B ∈ A and A is an algebra, then

1. A ∩ B ∈ A,

2. A− B ∈ A,

3. � ∈ A and ∅ ∈ A.
7See [6, Section 3], for an example.
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10 Chapter 1. Probability Theory

Proof.

1. Since A is an algebra,Ac, Bc ∈ A and henceAc∪Bc ∈ A. Finally, since (Ac∪Bc)c =
A ∩ B (from Proposition 1.7), we have our proposition.

2. By definition A− B = A ∩ Bc.

3. Finally, A ∪ Ac = � and A ∩ Ac = ∅.

Example 1.14. Let us complete the die example by constructing an algebra:

� = {1, 2, 3, 4, 5, 6},
A = {2, 4, 6} = even roll,

B = {1, 3, 5} = odd roll.

Therefore,
A = {∅, A, B,�} .

Note that A = {∅, {1}, A, B,�} is not an algebra since {1}c 
∈ A.

Example 1.15. Consider an algebra constructed from the sample space � = (0, 1], in
which there are two nontrivial sets: A =

(
0, 1

2

]
and B =

(
1
2 , 1

]
. The resulting algebra is

A = {∅, A, B,�}.
Remark 1.16. The notation (0, 1] is understood to mean the half-open interval from 0 to 1
that includes 1 but not 0.

An algebra of sets is a good first step, but it is not quite general enough. It is closed
only under a finite number of set operations. By “closed” we mean that the result of any
finite number of set operations is a set that is itself a member of the algebra. The problem
with this is that we want to ensure that our theory works for any finite number of operations,
which means we need to be able to handle the limiting case, which is a countable8 number
of set operations. It turns out, however, that a countable union of subsets from an algebra is
not necessarily a member of that algebra itself. We, thus, need to add an additional property
on our algebra that is called countable additivity. The result is called a σ -algebra.

Definition 1.17. A class of subsets of � is a σ -algebra, denoted A, if it is an algebra and
if it is also closed under countable unions, i.e.,

A1, A2, . . . ∈ A⇒ ∪∞j=1Aj ∈ A.

8When we say that a set is countable, we mean that it contains either a finite number of elements or its elements
can be put into one-to-one correspondence with the positive integers. Integers and rationals are countable sets.
So is the number of toes on your foot. Countable is also a term that is used in contrast to uncountable sets.
Uncountable sets are infinitely large sets that are actually larger (technically speaking a higher cardinality) than
countably infinite sets. The real numbers, for example, are an uncountable set; there are more real numbers than
there are natural numbers.
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1.4. Algebras of Sets and Probability Space 11

Remark 1.18. The symbol ∪∞j=1 is like a summation symbol, except that instead of adding
numbers you are taking the union of sets. The symbol ⇒ means that the statement to the
left implies the statement to the right. Obviously, reversing the direction,⇐, means that the
statement to the right implies the statement to the left. A double-headed arrow, ⇔, means
that the statements are equivalent.

With this we can restate Axiom 2, (1.4).

Axiom 3. Let � be a sample space, A a σ -algebra of subsets of �, and P a probability
measure defined on elements of A. Then, if Ai ∈ A is a countable collection of disjoint
sets, i.e., Ai ∩ Aj = ∅ if i 
= j , the probability of the union is found by

P(A1 ∪ A2 ∪ · · · ) = P(∪∞j=1Aj) = P(A1)+ P(A2)+ · · · =
∞∑
j=1

P(Aj ).

We are finally ready to define a probability space.

Definition 1.19. If � is the set containing all possible outcomes of an experiment, A is a
σ -algebra of subsets of �, and P is a probability measure on A, then the triple (�,A, P )

is called a probability space.

Now, as you may have noticed, we have described the properties of a probability
measure and the domain on which it is defined (σ -algebras of sets), but we have not told
you how to determine the probability measures in general. Later in this text, we will discuss
an approach based upon defining the atoms, or irreducible elements, of the σ -algebra. This
is not the only way to build such measures, but it works and is easy to explain.

Example 1.20. Another common example used in textbooks is the probability of selecting
a point in the interval (0, 1]. The notation used here with the curved bracket on the left and
a square bracket on the right is understood to mean all of the points in between 0 and 1 but
excluding 0.

Now, if all points in (0, 1] are equally possible, then the probability of selecting a
point in between two points a, b in the interval 0 < a < b < 1 is clearly

P
(
(a, b]

)
= b − a. (1.7)

We, thus, begin our construction of the probability measure for (0, 1] by defining proba-
bilities for intervals as being the length of the intervals. This quite nicely describes the
probability of picking any point in (0, 1],

P
(
(0, 1]

)
= 1− 0 = 1,

which satisfies Axiom 2, (1.4).
We define our algebra to consist of finite set operations on intervals of the form (a, b].

It is easy to see that this set includes only half-open intervals,

(c, d] = (a, d] ∩ (c, b], 0 < a < c < d < b.



book
2008/9/3
page 12

�

�

�

�

�

�

�

�

12 Chapter 1. Probability Theory

Using Lemmas 1.9 and 1.10, we can determine the probabilities of any of the resulting
events, though for more intricate cases the bookkeeping may be a pain.

The σ -algebra is then the set of all countable operations on intervals like (a, b]. This
σ -algebra will then include all open intervals, (c, d), all closed intervals, [e, f ], and all
singletons, {g}. To convince yourself of this last fact, consider that

{x} = ∩∞n=1(x − 1/n, x].
It can be shown [6] that the probability measure that we defined earlier, (1.7), can be extended
to a probability measure that covers all of the sets in our σ -algebra. What is more, there is
only one such extension.

Now, we have mentioned several times that picking out a given single point from an
interval has zero probability. Let us take you through the argument:

P
(
{x}c

)
= P

(
(0, x) ∪ (x, 1]

)
= P

(
(0, x)

)
+ P

(
(x, 1]

)
= x + (1− x)

= 1.

Thus, P({x}) = 1− P({x}c) = 1− 1 = 0.

Remark 1.21. We define a Borel algebra and sets by first considering the set

B = {∅, all semiopen intervals (a, b]with 0 ≤ a < b ≤ 1, (0, 1]},
where the intervals have rational endpoints and B includes all singletons. Therefore, the
number of elements in B can be countably infinite. By finite unions we mean that if (ai, bi] ∈
B, then

∪N
i=1(ai, bi] ∈ B, (ai, bi] ∩ (aj , bj ] = ∅, i 
= j.

On the algebra B a measure P is imposed such that

P
[∪N

i=1(ai, bi]
] = N∑

i=1

P [(ai, bi]] .

B is an algebra but not a σ -algebra. Construction of sets involving finite and countably
infinite set operations can lead to sets outside of B. These new sets augment the sets in B
and generate a σ -algebra Bσ where B ⊂ Bσ . The probability measure is applicable to the
σ -algebra Bσ by extending the additivity property to countably infinite sets. For example,
if P [(a, b]] = b − a and if there are sets (ai, bi] ∈ B such that

∪∞i=1(ai, bi], 0 = a0 < b0 = a1 < b1 = a2 · · · ai < bi = ai+1 < bi+1 = · · · = 1,

then

P
[∪∞i=1(ai, bi]

] = ∞∑
i=1

P [(ai, bi]] = 1.



book
2008/9/3
page 13

�

�

�

�

�

�

�

�

1.5. Key Concepts in Probability Theory 13

In this way B is extended to Bσ , called a Borel algebra, and the sets in Bσ are called Borel
sets.

Example 1.22. Suppose B = {∅, (0, 1/3], (1/3, 2/3], (2/3, 1], (0, 1]}. Then, the σ -
algebra Bσ , generated from B, is

Bσ ={∅, (0, 1/3], (1/3, 2/3], (2/3, 1], (0, 2/3], (1/3, 1],
{(0, 1/3] ∪ (2/3, 1]}, (0, 1]}

Remark 1.23. Finally, let us say a word about uncountable sets. Since single-point sets
arise from the process that we describe above, we could conceivably form (0, 1] by simply
forming the union of all of the points in (0, 1], i.e.,

∪x∈(0,1]{x} = (0, 1].
Thus, we would have

P(∪x∈(0,1]{x}) =
∑

x∈(0,1]
P({x}) = P((0, 1]).

Here, however, we run into a contradiction. On the left-hand side, we have an infinite sum
of zeros, which has to sum to zero. On the right-hand side, we have the probability of the
entire sample space which should be one. The lesson: avoid uncountable set operations.

1.5 Key Concepts in Probability Theory
There are a number of concepts that turn up repeatedly in an individual’s study of probability.
We will revisit all of these ideas again when we study random variables, but there is no reason
we cannot introduce these ideas here to improve our intuitive understanding.

Joint and Marginal Probability

Consider the collection of events A1, . . . , An. The probability that all of these occur is
called the joint probability of the events Aj and can be calculated through P(A1∩· · ·∩An)

and Lemma 1.10. A concept that follows quickly from joint probability is the idea of
marginal probability. Suppose that the sample space � can be partitioned into two different
families of disjoint sets, {Ai} and {Bj }, i.e.,

� = ∪m
i=1Ai = ∪n

j=1Bj ,

Ap ∩ Aq = Bk ∩ Bl = ∅, p 
= q, k 
= l.

P (Ai ∩ Bj) is the joint probability of the events Ai and Bj . Since each Ai is pairwise
disjoint, and since the union of disjoint events is an event, we get

Bj = ∪m
i=1(Ai ∩ Bj).
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Figure 1.3. Joint Probabilities.

Therefore,

P(Bj ) =
m∑
i=1

P(Ai ∩ Bj).

The above is called the marginal probability of Bj . It is formed by summing all of the joint
probabilities of Bj with Ai .

Consider Figure 1.3, where we have depicted the sample space, �, as a square, and
assume that the probability of any event is proportional to the area taken up by the event.
This is equivalent to assuming that all points in � are equally likely. The sets of events
Aj , j = 1, . . . , 5, partition � into rectangular columns, and the sets of events, Bj , partition
� into rectangular rows. The events formed by the pairwise intersections, Ai ∩ Bj , form
a checkerboard. The marginal probability of B3 can be seen to be equal to the sum of the
checker squares that form the row of B3.

Conditional Probability

A concept that will be very important to us when we study estimation theory is conditional
probability.

Definition 1.24. A conditional probability is the probability of the occurrence of an event
subject to the hypothesis that another event has occurred.

Consider the Venn diagram in Figure 1.4. Again assume that the probability of events
is given by their areas. The conditional probability P(B|A) is the probability that the event
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Ω

A BAB

Figure 1.4. An Intuitive Notion of Conditional Probability.

B will occur given that we know that A has already occurred. A key assumption is that A
is not an impossible event, i.e., P(A) > 0. If P(B) is the ratio of the area B to the area of
the entire sample space, �, i.e.,

P(B) = area(B)

area(�)
,

then we can come up with a similar formula for P(B|A) by noting that if we know that A
has occurred, we can restrict our focus to the ellipse in Figure 1.4 that defines the event A.
Thus, the conditional probability of B given A is determined by the ratio of the area in the
intersection of A and B and the total area in A,

P(B|A) = area(A ∩ B)

area(A)
.

Since

P(A ∩ B) = area(A ∩ B)

area(�)
, P (A) = area(A)

area(�)
,

we get

P(B|A) = P(A ∩ B)

P (A)
. (1.8)

Note that for the above to be true, P(A) 
= 0. Also, note that conditional probabilities are
similar to unconditional ones, except that we have reduced our sample space. Later on,
when we take a more mathematical look into conditional probability, we will see that the
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16 Chapter 1. Probability Theory

sample space is not reduced, but the events in the σ -algebra are more coarse, i.e., contain a
large number of sample points.

Consider the following facts about conditional probabilities:

1. If � = ∪m
i=1Ai , then the marginal probability of B is

P(B) =
m∑
i=1

P(B ∩ Ai).

We can then combine this result with (1.8) to get

P(B) =
m∑
i=1

P(B|Ai)P (Ai).

This extends the idea of conditional probability to a collection of events. This also
shows the relationship between conditional probability and marginal probability.

2. The probability of A given B is related to the probability of B given A through Bayes’
rule:

P(A|B) = P(B|A)P (A)

P (B)
.

The above result is immediate if you consider that P(A ∩ B) = P(B|A)P (A) =
P(A|B)P (B). Surprisingly, this innocuous looking result will be quite important
throughout the rest of this text.

Independence and Orthogonality

Another concept that arises from dealing with collections of events is the idea of statistical
independence. Two events A and B are independent if the occurrence of one event gives
us no information about the occurrence of the other. This manifests itself in the conditional
probability formula as

P(A|B) = P(A).

From (1.8), we can see that this is equivalent to

P(A ∩ B) = P(A)P (B).

The generalization of this rule to a collection of events, Ai, i = 1, . . . , n, is a bit messy:

P(Ai ∩ Aj) = P(Ai)P (Aj ),

P (Ai ∩ Aj ∩ Ak) = P(Ai)P (Aj )P (Ak),

...

P (∩n
i=1Ai) = P(A1)P (A2) · · ·P(An)

for all combinations of the indices such that 1 ≤ i < j < k < · · · ≤ n.
We should note that independence depends on the probability measure being used.

Consider the following example.
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Example 1.25. Let � = {1, 2, 3, 4} and consider

A1 = {1, 2}, A2 = {3, 4},
B1 = {1, 3}, B2 = {2, 4}.

Case 1: Define P({1}) = P({2}) = P({3}) = P({4}) = 1
4 so that P({A1}) = P({A2}) =

P({B1}) = P({B2}) = 1
2 . Then,

P(A1 ∩ B1) = P({1}) = 1

4
,

P (A1)P (B1) =
(1

2

)(1

2

)
= 1

4
.

A1 and B1 are independent events!

P(A1 ∩ A2) = P(∅) = 0,

P (A1)P (A2) =
(1

2

)(1

2

)
= 1

4
.

A1 and A2 are not independent!

Case 2: Now, define P({1}) = 1
2 , P ({2}) = 1

4 , P ({3}) = P({4}) = 1
8 , so that P({A1}) =

3
4 , P ({A2}) = 1

2 , P ({B1}) = 5
8 , P ({B2}) = 3

8 . Then,

P(A1 ∩ B1) = P({1}) = 1

2
,

P (A1)P (B1) =
(3

4

)(5

8

)
= 15

32
.

A1 and B1 are not independent!

Remark 1.26. For any eventA ⊂ �, it is easy to prove thatA and� are always independent
and that A and ∅ are independent.

Independence is a concept that confuses many students. The name seems to stir the
imagination and invite all sorts of interpretations. Many students confuse independence
with orthogonality, or mutual exclusivity. Two events, A and B, are orthogonal if one event
implies that the other event will not occur, i.e.,

P(B|A) = 0

and vice versa. As Figure 1.5 shows, this can conceptually be understood as no overlap
between the events in our running example where probabilities are given by areas. In this
case, this is clearly not the same as independence. The occurrence of one event in a mutually
exclusive pair tells you unequivocally that the other has not occurred.
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A
B

Ω

Figure 1.5. Orthogonal Events.

1.6 Exercises
1. Define a probability space for the following events:

(a) One hand of blackjack (i.e., two cards out a deck of 52 cards).

(b) Getting hit by lightning while standing in a 100 ft by 100 ft meadow during an
electrical storm.

You are free to define the sample space and σ -algebra any way you choose so long
as you are consistent. You need only define the probability measure with enough
specificity so that there is no confusion about what you intend. Also, we are not
looking for complicated answers. If you find yourself trying to calculate the odds of
getting hit by lightning in part (b), you are on the wrong track.

2. You are playing a game of “Texas Hold ’Em” against one other opponent. In this
game, you and your opponent each get two cards (the “hole” cards) which are placed
face down. You then get five community cards which are placed face up. Your hand
is the best possible hand of five cards that you can make out of your two hole cards
and the five community cards, i.e., the best five out of seven cards. In this game, you
received an Ace and a Jack as your two hole cards, and your opponent received two
Aces. Believing that you had a strong hand (you did not) you bet everything that you
had in hopes of getting your opponent to fold his hand. However, your opponent,
believing that he had a strong hand (he did), called your bet, and now you need the
five community cards to keep you from going broke. The first four cards were a King,
a 5, a Jack, and then a 2. There is only one more card to be dealt, and the only card
that will save you is a Jack.

(a) What is the probability that you will win (i.e., that a Jack turns up)?

(b) Let us change the game. Instead of just the two of you, let us assume that you
had another opponent who dropped out of the game after getting his two cards.
Since he dropped out before the betting, you do not know what two cards he
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1.6. Exercises 19

received. What is your probability of winning now given what you know about
the other opponent’s cards (which is nothing)? To help you out, assume that
the other opponent was the first to receive his cards, the opponent that remained
in the game was the second to receive his cards, and you were last so that the
sequence of cards dealt was

X −Ace−Ace−X −Ace− Jack− King− 5− Jack− 2,

where X stands for the other opponents’ unknown cards. Again, the only card
that will save you is another Jack.

(c) As one final twist, let us now assume that you do not know who got his cards
first and the order in which the community cards showed up. Does your final
answer change at all? (Hint: It does not, but you have to prove why.)

3. Prove that (A ∪ B)c = Ac ∩ Bc.

4. Determine whether the following qualify as σ -algebras:

(a) Let � be the set of all real numbers between 0 and 1. Let A be the set of all
subsets of � that consist solely of rational numbers.

(b) Let A be the same set as part 1 above. This time let � be the set of all rational
numbers between 0 and 1.

(c) Let � be the set of all rational numbers between 0 and 1. Let A be the set of all
subsets of � that either are finite or whose complement is finite.

5. There are two different architectures for redundant spacecraft inertial reference units
(IRUs). The first is a 2:1 redundancy (see Figure 1.6) in which the spacecraft has
two identical boxes, each with one gyro per axis. For an IRU to be functional all
three of its gyros need to be working. The other kind is a 4:3 redundancy scheme
(see Figure 1.7) in which there is only one IRU, but it has four gyros arranged in
a cone so that the spacecraft can sense motion in all three axes so that long as any
three of the four gyros are operational. Assuming that each of the individual gyros in
either configuration is identical so that the probability of surviving the entire mission
is the same for each, which of the two configurations, 2:1 or 4:3, has a higher overall
probability of staying operational for the entire mission? That is, which architecture
has the higher probability of success when the component gyros are the same?

6. Consider the following system:

The failure of any single element in the system is independent of failures in any of the
other systems. The probability of failure for each individual system (see Figure 1.8)
is

P(A) = P(D) = 0.01, P (C) = P(F) = 0.02,

P (B) = P(E) = 0.03, P (G) = 0.001.

What is the probability of failure for the entire system?
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IRU 2 - X
Axis gyro

IRU 2 - Y
Axis gyro

IRU 2 - Z
Axis gyro

IRU 1 - X
Axis gyro

IRU 1 - Y
Axis gyro

IRU 1 - Z
Axis gyro

Figure 1.6. 2:1 Redundancy.

Axis 1 gyro

Axis 2 gyro

Axis 3 gyro

Axis 4 gyro

Figure 1.7. 4:3 Redundancy.
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A D

C

B E

F

G

Figure 1.8. Probability of Failure.

7. A register contains 16 random binary digits which are mutually independent. Each
digit is a 0 or 1 with equal probability.

(a) Describe a probability space {�,A, P } corresponding to the contents of the
register. How many points does � have?

(b) Express each of the following four events explicitly as a subset of � and find
the probability of these events:

i. The register contains 1111001100110101.
ii. The register contains exactly 4 zeros.

iii. The first 5 digits are all ones.
iv. All digits in the register are the same.

8. Chung’s disease is a heretofore unknown malady that afflicts 1 in every 100,000
Americans. However, there is a test that detects this disease which is accurate 99.9%
of the time (meaning that if the test is given to 1000 healthy people, it will be positive
only 1 time, resulting in a false alarm, and if it is given to 1000 people with the
disease, it will be negative only 1 time, resulting in a missed detection).

(a) What is the probability that a person will test positive for Chung’s disease?

(b) What is the probability that a person will have Chung’s disease given that he or
she has tested positive?

9. Prove that

P(A1, . . . , An) = P(A1)P (A2|A1)P (A3|A1, A2) · · ·P(An|A1, A2, . . . , An−1).

10. Show that if A and B are mutually exclusive and P(A) > 0, then P(B|A) = 0.

11. Show that if P(B) and P(A) are both nonzero, then A and B cannot be both mutually
exclusive and statistically independent.

12. Three urns U1, U2, and U3 contain white balls, black balls, and red balls in different
proportions. U1 contains one white, two black, and two red balls; U2 contains two
white, one black, and one red ball; and U3 contains four white, five black, and three
red balls. We reach into one urn and draw out two balls, one white and one red,
without knowing which urn was sampled. Determine the probabilities that the urn
sampled was U1, U2, or U3 if each urn is equally likely a priori.



book
2008/9/3
page 22

�

�

�

�

�

�

�

�
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13. At a certain altitude above the Earth’s surface, hypothetical data has shown that the
average number of meteoric particles passing through a unit surface of space in one
day is .15 particles per square foot per day. A spaceship with a cross-surface of 100
square feet is to be placed in orbit at this altitude. The probability of destruction of
the spaceship given that it is struck by K particles is estimated as

P(destruction) = 1− e−0.01K , K = 0, 1, 2, . . . .

What is the probability that the vehicle will be destroyed by meteoric particles during
a one-day mission?

14. Prove that if An is a sequence of sets in the algebra A such that An+1 ⊂ An and
∩∞n=1An = ∅, then if P is a probability measure on A, limn→∞ P(An) = 0.

15. Show that if B ⊂ A, P(B |A) ≥ P(B).

16. Show that if A ⊂ B, P(B |A) = 1.

17. Show that P(B ∪ C |A) = P(B |A)+ P(C |A) if B ∩ C = ∅.

18. An “Instant Lotto” game is played with cards that have 9 windows covered with gold
paint. Behind the gold paint, each game card has either an x or the picture of a prize.
One of the prizes appears twice on each card, and all other prizes appear no more
than once. The player rubs off the gold paint and wins if the two matching prizes are
exposed before an x is exposed. Assuming that a card has x in k windows, where
0 ≤ k ≤ 7, do the following:

(a) Describe a suitable probability space {�,A, P } for the experiment of playing
the game.

(b) Express the event W that the player wins explicitly as a subset of �. What is
P(W)?

(Hint: The answer to (a) is not unique. Some choices for (a) make (b) easier.)

19. Let’s Make a Deal was a popular game show in which a contestant (usually wearing
a silly costume) is shown three curtains. Behind one curtain is a great prize (let us
say it is a car), and behind the other two are cheap prizes. The contestant is allowed
to pick one of three curtains. After the contestant makes his initial choice, the game
show host (the incomparable Monty Hall) would open up one of the curtains showing
one of the dud prizes and give the contestant an opportunity to change his mind and
switch his choice to the remaining curtain.

(a) Should the contestant switch? That is, is his probability of winning larger if he
switches? What are the odds of winning for each strategy? Justify your answer.

(b) Suppose that just immediately after Monty raises the curtain on the dud prize,
an alien spacecraft shows up and sees the two curtains. What are the aliens’
chances of winning if they pick between the two remaining curtains? If their
odds differ from the contestant’s, explain why.
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20. Consider the game of blackjack. Let us assume that you are the only one playing and
that you get two consecutive draws from the deck.

(a) What is the probability of getting a blackjack?

(b) Let B be the event that you get a blackjack and IB be the indicator function that
is 1 if you do get a blackjack and 0 if you do not. What is the distribution of IB?

(c) What is the mass density of IB?

21. Let us play baseball. It is the bottom of the ninth inning, and the opposing team (the
home team) is at bat. You have a one run lead, and there is a runner on second. If you
get two more batters out without letting any score, you win the game. Unfortunately
for you, the legendary Barry Bonds is up to bat. He is currently batting .350 and is
having such a good night that you can assume that if he gets a hit, it will be a home
run, and you will lose the game. The three batters that follow Barry are hitting .250,
.250, and .300, respectively, but, fortunately, none of them poses a threat of hitting a
home run.

You are the manager and need to decide if you are going to pitch to Bonds or walk
him instead. Make your case by considering the following four probabilities with the
listed assumptions to simplify this scenario:

(a) What is the probability of winning if you choose to pitch to Bonds? You can
assume the following:

• If Barry hits, it will be a home run, and you will lose. Game over!

• If Barry makes an out, then getting either of the next two batters out will
win the game.

(b) What is the probability of winning if you choose to walk Bonds? You can
assume the following:

• If you walk Barry, you must get both of the following batters out or you
will lose the game. A double play is not a possibility.

(c) What is the probability of losing if you choose to pitch to Bonds?

• If Barry hits, it will be a home run, and you will lose.

• If you get Barry out, but all three of the following batters gets a hit, you
will lose.

(d) What is the probability of losing if you choose to walk Bonds?

• If any two of the following three batters gets a hit, you will lose.

Show your reasoning and clearly identify the events that you use in your calculation.
Considering these probabilities, what should you do as a manager?
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Chapter 2

Random Variables and
Stochastic Processes

Assuming an underlying probability space, as defined in Chapter 1, a real number, called a
random variable, is defined. Since estimation and stochastic control algorithms all process
real numbers, the concept of the random variable is central to all the concepts that follow. For
example, based on a probability space on which the random variable is defined, probability
distributions and probability density functions are defined. By indexing the random variable
with a parameter, the notions of a stochastic sequence and stochastic process are introduced.
We focus first on the properties of stochastic sequences in this chapter as well as their role
in discrete-time estimation theory in Chapters 3 and 4. In Chapters 5 and 6 the emphasis is
on the characterization and properties of stochastic processes and their role in continuous-
time estimation theory. Finally, by using probability distributions and probability density
functions, the notion of averaging or expectation is defined.

2.1 Random Variables
The concept of an experiment served us well in introducing probability theory. However,
the problems that you will run into will not be phrased in terms of events or sets. To tie
probability theory to our everyday experience, we will introduce the concept of a random
variable.

Definition 2.1. Given a probability space, (�,A, P ), a random variable X(·) : � → Rn

is a real- (vector-) valued point function which carries a sample point, ω ∈ �, into a point
y ∈ Rn in such a way that every set, A ⊂ �, of the form

A =
{
ω : X(ω) ≤ x, x ∈ Rn

}
(2.1)

is an element of the σ -algebra A.

Remark 2.2. The vector form of the random variable is sometimes referred to as a random
vector.

25
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26 Chapter 2. Random Variables and Stochastic Processes

Remark 2.3. When dealing with two vectors x and y such that

x =

⎧⎪⎨
⎪⎩

x1
...

xn

⎫⎪⎬
⎪⎭ , y =

⎧⎪⎨
⎪⎩

y1
...

yn

⎫⎪⎬
⎪⎭ , (2.2)

we define x < y if xi < yi for all i.

At first glance, this definition may not seem to be of much use, but in fact it carries
our theory over from abstract sets to real numbers and does so in a way that preserves
the probability space. This is accomplished by specifying that the sets given by (2.1) are
measurable. Random variables connect probability theory to realistic engineering problems,
since we can model the elements of our problems as random variables.

By convention, random variables are denoted with capital letters, and the values
that they take on are denoted by the corresponding lowercase letters. Thus, X(ω) = x

is understood to mean “the realization of random variable, X(ω), is the real number (or
vector), x.” Aside from being widely used, this convention allows us to use shorthand
notation elsewhere. The drawback comes later when we have run out of letters in both the
English and Greek alphabets. Also, when we mix probability with linear systems theory,
we end up with a clash of conventions, as the latter uses lowercase letters to denote vectors.

Example 2.4. Consider an experiment that consists of two independent flips of a coin.
� = {HH,HT, TH, T T }. Let A be the event that at least one head turns up in the tosses,
i.e., A = {HH,HT, TH }. Let IH (·) be a random variable such that

IH (ω) =
{ 1 if ω ∈ A,

0 otherwise.

In the language of functions, the sample space � is the domain of X(ω), while the
points that X maps to in Rn are called the range, denoted by

X(�) =
{
x ∈ Rn : x = X(ω) for ω ∈ �

}
.

In our coin flipping example, X(�) = {0, 1}. Note that several different ω’s map to
the same value of X. Thus, we can see that X(·) is not necessarily a one-to-one mapping.

Example 2.5. Let us look at some events generated by our random variable IH (ω):

A1 = {ω : X(ω) ≤ −1} = ∅,
A2 = {ω : X(ω) ≤ 0} = {T T },
A3 = {ω : X(ω) ≤ 1} = �.

Any set that our random variable X generates is assigned a probability in the original
σ -algebra A. In mathspeak, we would say that these sets must be measurable with respect
to A. A simpler way to understand this is that these sets must belong to A. If this is not
the case, then we do not have a properly defined random variable. The following example
illustrates this point.
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Example 2.6. Let � = (0, 10]. The events of interest are if ω ∈ I1 := (0, 5] or if
ω ∈ I2 := (5, 10]. Thus A = {∅, I1, I2, �}. The sample point ω can be any point in �,
but we care only if it is in either of our two intervals. So, what is the appropriate form for
X(ω)?

First try: Define X(ω) = ω.

A = {ω : X(ω) ≤ 3} = (0, 3].
However, A 
∈ A!

Second try: Define X(ω) by assuming that it has constant values over (0, 5] and (5, 10],
e.g., X(ω) = 5 if ω ∈ I1, and X(ω) = 10 if ω ∈ I2:

A1 = {ω : X(ω) ≤ 3} = ∅,
A2 = {ω : X(ω) ≤ 6} = (0, 5],
A3 = {ω : X(ω) ≤ 20} = (0, 10].

This works!

As it turns out, the sets I1 and I2 are irreducible elements, or atoms, of A. An
implication of our definition of a random variable is that X must be constant over such sets.

Definition 2.7. In general, A ⊂ � is an atom of A if A ∈ A and no subset of A is an
element of A other than A and ∅.

Because it cannot be broken down any further,9 an atom of a σ -algebra must map to a
single point in Rn. If it did not, then the random variable would map a point in the domain
to more than one point in the range, which is a no-no for a function.

Now, consider sets in Rn of the form

AX =
{
X(ω) ∈ Rn : −∞ < Xi(ω) ≤ ai, i = 1, . . . , n

}
⊂ �X = X(�). (2.3)

We denote the inverse image of AX ⊂ �X as

X−1(AX) :=
{
ω : ω ∈ �, Xi(ω) ≤ ai, i = 1, . . . , n

}
.

By definition, X(AX)
−1 ∈ A.

Now, an interesting consequence of the properties of random variable such as X(·) is
that it effectively transforms our original probability space (�,A, P ) into a new probability
space (�X,AX, PX). The new sample space, �X, is determined by X(�) = �X, and the
new σ -algebra, AX, is the σ -algebra generated by sets of the form X−1(AX). The new
probability measure, PX, is defined via

PX

(
AX ⊂ �X

)
:= P

(
{ω : X(ω) ∈ AX}

)
= P

(
X−1(AX)

)
. (2.4)

9The word “atom” comes to us from the ancient Greeks, who used it to describe the smallest unit of matter.
You are probably familiar with the term from physics where it is, unfortunately, applied to objects which are not
actually the smallest units of matter, hence leading to the oxymoronic term, “subatomic.”
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28 Chapter 2. Random Variables and Stochastic Processes

Remark 2.8. In the language of measure theory a random variable is what is known as a
measurable function.

For continuous random variables consider the sample space � = Rn where the
underlying σ -algebra is the Borel algebra Bσ . Define the random variable as

X(ω) = x,

where the ω-sets for singletons are

{x} = {ω : X(ω) = x}
and x ∈ � are all the rational numbers dense on the real line,10 and {x} forms the atoms
of Bσ Note that the sets AX given in (2.3) are infinitely countable if the ai’s are rational
numbers. Therefore, X−1(AX) = {ω : X(ω) ≤ x}, where x is now the vector with the ai’s
as elements.

2.2 Probability Distribution Function

Discrete and Continuous Random Variables

The definition of a random variable quite naturally leads to a function,

F(x) = P
(
{ω : X(ω) ≤ x}

)
,

known as a probability distribution function. Sometimes F(x) is denoted as FX(x) when
more detailed notation is required. It is a real scalar-valued function that can be thought of as
describing the distribution of the probability measure across the sample space, �. However,
since its output is defined by the application of P upon sets defined by our random variable
X, it does not give us any information not already given to us byP or the derived probability
measure, PX. One advantage of using F , however, is that it is a bit awkward to use P or
PX, (2.4), whereas F is a function that operates on real vectors and returns real scalars,
F : Rn → R. Moreover, a probability distribution function is defined at every point in Rn.
The probability measure, on the other hand, is not defined on every subset of �.

Consider the components of X(ω) and x as

X = [
X1 . . . Xn

]T
, x = [

x1 . . . xn
]T ;

then

F(x) = F(x1, x2, . . . , xn) = P
(
{ω : X1(ω) ≤ x1, X2(ω) ≤ x2, . . . , Xn(ω) ≤ xn}

)
is called the joint probability distribution function of X1, X2, . . . , Xn. As in the scalar case,
F exists for every X ∈ Rn, since the sets AX are always elements of A.

As we mentioned earlier, the probability distribution function describes the accumu-
lation of the probability measure as we sweep it over the probability space. As such it has
the following properties:

10A countable set S is dense in an uncountable set T if for t ∈ T there is a ts ∈ S such that for every δ > 0,
‖t − ts‖ < δ. The rational numbers are dense on the real line. Also, see Remark 2.39.
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Figure 2.1. A Right-Continuous Function.

1. F(x) is a nondecreasing function, that is, x1 ≤ x2 ⇒ F(x1) ≤ F(x2).

2. F(x) is a right-continuous function (see Figure 2.1), that is, F(x) = lim
ε→0+

F(x + ε).

3. F(∞) := lim
x→∞F(x) = lim

x1,...,xn→∞
P ({ω : X1(ω) ≤ x1, . . . , Xn(ω) ≤ xn}) = 1.

4. F(−∞) := lim
x→−∞F(x) = lim

x1,...,xn→−∞
P ({ω : X1(ω) ≤ x1, . . . , Xn(ω) ≤ xn}) = 0.

It is important to remember that probability distribution functions and probability
measures are essentially interchangeable pieces of information. In fact, one can generate
one from the other. We have seen how measures lead to distribution functions. To see the
reverse, i.e., how measures can be obtained from distribution functions, let us consider the
decomposition of the sets that define the distribution function. Let x1 < x2, so that

{ω : X(ω) ≤ x2} = {ω : X(ω) ≤ x1} ∪ {ω : x1 < X(ω) ≤ x2} .
Then, using Axiom 2, (1.4), we get

P
(
{ω : X(ω) ≤ x2}

)
= P

(
{ω : X(ω) ≤ x1}

)
+ P

(
{ω : x1 < X(ω) ≤ x2}

)
,

which can be rewritten as

P
(
{ω : x1 < X(ω) ≤ x2}

)
= F(x2)− F(x1).

If F(ω) is discontinuous, one can use the above formula as a starting point to determine the
probability at the discontinuity. Let x2 = x0 and x1 = x0 − ε. Then, letting ε → 0+,

P
(
{ω : X(ω) = x0}

)
= F(x0)− F(x−0 ).

Example 2.9. Let us return to the two-coin toss experiment,

IH (ω) =
{ 1 if ω ∈ A,

0 otherwise,



book
2008/9/3
page 30

�

�

�

�

�

�

�

�
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A = {HH,HT, TH }.
For different values of x we have

x < 0 : F(0−) = P
(
{ω : IH (ω) < 0}

)
= P(∅) = 0,

x < 1 : F(1−) = P
(
{ω : IH (ω) < 1}

)
= P

(
{T T }

)
= 1

4
,

x <∞ : F(∞) = P
(
{ω : IH (ω) <∞}

)
= P(�) = 1.

Thus, the probability of A is

P(A) = P
(
{ω : X(ω) = 1}

)
= F(1)− F(1−) = 3

4
.

We already know that probability distribution functions can have discontinuous jumps
at various points in the sample space. Here we will see that this is largely due to the discrete
nature of the underlying random variable.

Definition 2.10. A real random variable X(ω) is said to be discrete if there exists a finitely
countable set S = {xj } such that∑

xj∈S
P
({

ω : X(ω) = xj
}) = 1. (2.5)

There is an important consequence of (2.5): individual points will have nonzero
probabilities.

Example 2.11. Consider one toss of a die:

F(a) := P
(
{ω : X(ω) ≤ a}

)
,

where the atoms of the σ - algebra are {{1}, {2}, {3}, {4}, {5}, {6}} and the random variables
defined on these atoms are x({1}) = 1, x({2}) = 2, x({3}) = 3, x({4}) = 4, x({5}) =
5, x({6}) = 6. Therefore,

F(1) = P
(
{ω : X(ω) ≤ 1}

)
= P

(
{1}

)
= 1

6
,

F (2) = P
(
{ω : X(ω) ≤ 2}

)
= P

(
{1, 2}

)
= 1

3
,

...

F (6) = P
(
{ω : X(ω) ≤ 6}

)
= P

(
{�}

)
= 1.

The distribution function thus has the shape of a stairway with the steps occurring at those
points with a nonzero probability; see Figure 2.2.

Note that discrete random variables are the consequence of a finite sample space.
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Figure 2.2. The Distribution Function for the Die Roll.

2.3 Probability Density Function
Suppose now that there exists an integrable function f (x) such that

F(b) =
∫ b

−∞
f (x)dx. (2.6)

The function f is called the probability density function for F . Sometimes f (x) is denoted
fX(x) when more detail is required. The underlying random variable, X, is then said to be
a continuous random variable. Now, given that f and F are related through an integral,
one is tempted to immediately associate f with the derivative of F ,

f (x) = ∂F

∂x

∣∣∣
X=x

.

As it turns out, such an association is not immediate but instead requires that F possesses
a property called absolute continuity. Very roughly speaking, this means that F does
not change too abruptly in any finite interval. In the more rigorous (ε, δ) language of
mathematics we say that for any positive number ε > 0 there exists another real number
δ > 0 such that

k∑
i=1

(bi − ai) < δ,

where [ai, bi], i = 1, . . . , k, are nonoverlapping intervals, implies

k∑
i=1

F(bi)− F(ai) < ε.
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Clearly, a continuous and smooth F(·) will satisfy this requirement. An F(·) with dis-
continuities, however, can still be absolutely continuous, so long as it has only simple
discontinuities11 and only a finite number of discontinuities.

Absolute continuity is a fairly significant property for measures. It can be shown to be
equivalent to F having the form of an integral like (2.6). Moreover, it is the cornerstone to
being able to write one probability measure as an integral over another probability measure,
e.g.,

P(A) =
∫
A

f dμ. (2.7)

In measure theory, this result is called the Radon–Nikodym theorem. Why is that such a big
deal? Well, up to now we told you that we are working with probability spaces (�,A, P )

while saying only a minimal amount about how you find P . Equation (2.7) connects P to
density functions. It tells us that we get probability measures by integrating over sets using
familiar density functions. How you get the density functions is another question, but we
will get to that later.12

Getting back to the probability density function, we should note that it gets its name
from its similarity to mass density. It describes how each point in the sample space is
weighted in the probabilistic sense. It generalizes the notion of a measure as giving the
“size” of a set by quantifying that in many sets, some points count more than others.

The following properties of the probability density function follow from its definition.
If you have had some experience with proofs, they are fairly easy to prove.

Proposition 2.12.

• f (x) ≥ 0 ∀ x (since F(x) is nondecreasing).

•
∫∞
−∞ f (x)dx = 1 = F(∞).

•

P
(
{ω : x1 < X(ω) ≤ x2}

)
= F(x2)− F(x1) =

∫ x2

x1

f (x)dx,

P
(
{ω : x1 ≤ X(ω) ≤ x2}

)
= F(x2)− F(x−1 ) =

∫ x2

x−1
f (x)dx,

P
(
{ω : x1 ≤ X(ω) < x2}

)
= F(x−2 )− F(x−1 ) =

∫ x−2

x−1
f (x)dx,

P
(
{ω : x1 < X(ω) < x2}

)
= F(x−2 )− F(x1) =

∫ x−2

x1

f (x)dx.

• If F(x) is continuous at a point x0, then P ({ω : X(ω) = x0}) = 0.
11A “simple discontinuity” is actually a very specific mathematical term.
12We should add that when one of us was a graduate student, our first class in stochastic processes began with

probability density functions. The instructor, who was a genuine mathematician and one of some renown, had
come to the conclusion that talking about measures to engineering students was a hopeless task, and so he initiated
the topic with density functions, basically telling us to trust him that they exist.
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• If F(x) is discontinuous at a point x0, then

P ({ω : X(ω) = x0}) = F(x0)−F(x−0 ) , f (x0) = P
(
{ω : X(ω) = x0}

)
δ(x−x0).

Remark 2.13. The symbol “∀” means “for all” or “for each.”

Let us look at an example.

Example 2.14. For a weather vane, the sample space is � = {ω : 0◦ < ω ≤ 360◦}. We
define the random variable X as X(ω) = x, where x is any rational number in the interval
(0◦, 360◦]. Then,

F(ρ) = P
(
{ω : X(ω) ≤ ρ}

)
=
{ ρ

360 for 0◦ < ρ ≤ 360◦,
0 else

and

f (ρ) =
{ 1

360 for 0◦ < ρ ≤ 360◦,
0 otherwise.

Remark 2.15. Random variables with distribution functions that are continuous over
nonzero intervals but that also have discontinuities at some points are called mixed random
variables.

Common Distributions Functions for Random Variables

The connection between abstract notions of probability measures and engineering problems
are the distribution and density functions. The question now becomes what distribution
or density function to use. You will probably discover that this is most often resolved by
using intuitive arguments about what is reasonable for the problem at hand. We will briefly
discuss three very common examples of distribution and density functions with the typical
reasoning behind their use.

The first of these is the uniform distribution function (see Figure 2.3), which we have
already used in Example 2.14. This distribution describes the probability of equally likely
events and has the distribution and density functions you would expect. If our underlying
random variable is defined on the interval (a, b],

F(x) = x − a

b − a
,

f (x) = 1

b − a
.

Another distribution that you may run into is the exponential distribution. This dis-
tribution is defined only on the interval (0,∞] and is given by

F(x) =
∫ x

0
λe−λydy =

[
−e−λy

]x
0
= 1− e−λx,

where the corresponding probability density function is

f (y) = λe−λy.
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Figure 2.3. Uniform Random Variables on Various Different Intervals.

We would say that the above distribution has an exponential distribution with rate λ.
Exponential distributions (see Figure 2.4) describe the probability of wearout. That

is, if the random variable X(ω) = ω gives the time of wearout for some system, then the
probability that X ≤ T is given by

P
(
{ω : X ≤ T }

)
= F(T ) = 1− e−λT .

The general argument is that the longer that a system is in service, the more likely it is that
it will experience a failure once it has outlived an initial period in which manufacturing
defects will show themselves.13

The most common distribution that you will run into, however, is the Gaussian prob-
ability distribution. Occasionally, you will hear this distribution referred to as the normal
distribution. The Gaussian distribution has a density function given by the equation

f (x) = 1

σ
√

2π
e
− (x−m)2

2σ2 .

The variable m is the mean of the density function, and σ is the standard deviation. The
mean is the weighted average of X, and the standard deviation is a measure of how far X
fluctuates from this value. We will expand on both of these concepts later in this chapter.
When plotted out (Figure 2.5), the Gaussian density function has the all too familiar “bell
curve” shape. The distribution function does not have a neat, closed form but has been
calculated and put into tables.

13This is why warranties exist for the initial period during which you own something.
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Figure 2.4. Exponential Random Variables.

For a random vector X, the Gaussian density function has the form

f (x) = 1

(2π)
n
2 |P | 1

2

exp

[
−1

2
(x −m)TP−1(x −m)

]
. (2.8)

In this case, the variable m is the mean vector, and the matrix P is the covariance matrix.
These are the vector analogues to the mean and standard deviation introduced earlier. The
symbol |P | refers to the determinant of the matrix P .

The Gaussian probability density function has been found, from first principles, to be
the solution to many problems in physics—most famously the Brownian motion problem,
which Einstein solved. The mathematical properties of the Gaussian distribution will be
examined in Section 2.7.

2.4 Probabilistic Concepts Applied to Random Variables
We introduced probability theory using sets and set operations. Random variables are
functions on these sets, and, because of their measurability property, it is fairly easy to apply
probabilistic notions to them. For instance, we can define independent random variables by
looking at the sets that they map into.

Definition 2.16. Two random variables X and Y are called independent if any event of the
form “X(ω) ∈ A” is independent of any event of the form “Y (ω) ∈ B” where A,B are
sets in Rn.
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Figure 2.5. Gaussian Random Variables.

The immediate implication of this definition is that for any sets A and B we have

P
(
X ∈ A, Y ∈ B

)
= P

(
X ∈ A

)
P
(
Y ∈ B

)
.

Distribution functions are a consequence of the measurability of random variables, and so
the independence of two random variables can be expressed through their joint distribution
function. Not surprisingly, the joint probability distribution of two independent random
variables is the product of their marginal distribution functions:

F(x, y) = P
(
X ≤ x, Y ≤ y

)
= P

(
X ≤ x

)
P
(
Y ≤ y

)
= F(x) F (y), (2.9)

and the same is true for the joint density function of two absolutely continuous random
variables:

fXY (x, y) = ∂2

∂x∂y
F

∣∣∣
X=x,Y=y

= ∂

∂x

∂

∂y
F |X=x F |Y=y

= ∂F

∂x

∣∣∣∣
X=x

∂F

∂y

∣∣∣∣
Y=y

= fX(x) fY (y). (2.10)
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Other probabilistic concepts carry over as well, and most of the time it is simpler to state
these in terms of distribution or density functions than through formal statements like Def-
inition 2.16.

Consider a collection of random variables, X1, . . . , Xn. The joint probability distri-
bution of X1, . . . , Xn is given by

F(x1, x2, . . . , xn) = P
(
{ω : X1 ≤ x1, X2 ≤ x2, . . . , Xn ≤ xn}

)
,

and the marginal probability distribution of X1, . . . , Xk , where k < n, is given by

F(x1, x2, . . . , xk) = F(x1, x2, . . . , xk,∞, . . . ,∞).

Likewise, the joint probability density of X1, . . . , Xn is computed as

f (x1, . . . , xn) = ∂n

∂x1 ∂x2 · · · ∂xn F |X1=x1,...,Xn=xn ,

and the marginal probability density of X1, . . . , Xk, k < n, is given by

f (x1, . . . , xk) =
∫ ∞

−∞
· · ·

∫ ∞

−∞
f (x1, . . . , xk, sk+1, . . . , sn)dsk+1 · · · dsn

= ∂n

∂x1 ∂x2 · · · ∂xn F |X1=x1,...,Xk=xk,xk+1→∞,...,xn→∞

= ∂k

∂x1 ∂x2 · · · ∂xk F |X1=x1,...,Xk=xk .

Therefore, we can also compute the marginal distribution function through

F(x1, x2, . . . , xk) =
∫ x1

−∞
· · ·

∫ xk

−∞

∫ ∞

−∞
· · ·

∫ ∞

−∞
f (s1, . . . , sn)ds1 · · · dsn.

2.5 Functions of a Random Variable
The random variable, X, transforms the original probability space (�,A, P ) into a new
space, (�X,AX, PX). If we take any continuous function g(·), which maps Rn into Rm,
we get yet another probability space, (�Y ,AY , PY ), where AX and AY are Borel algebras.
Hence,

(�,A, P )
X−→ (�X,AX, PX)

g−→ (�Y ,AY , PY )

or
(�,A, P )

g(X(·))−→ (�Y ,AY , PY ).

Corresponding to this new probability space is a new distribution function, F , induced by
the probability measure PX on �X:

FY (y) = P
(
{ω : Y (ω) ≤ y}

)
= P

(
{ω : g(X(ω)) ≤ y}

)
= PX

(
{x : g(x) ≤ y}

)
.

To get the corresponding density function, we need to make some assumptions about g:
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1. g−1 exists at every x and is itself a continuous function.

2. g and g−1 have continuous partial derivatives.

3. m = n.

If these conditions are met, we can derive the new probability density function from the
following formula.

Proposition 2.17. Given g and g−1 and a random vector X(ω) with density function fX,
the n-vector Y (ω) = g(X(ω)) has the density function

fY (y) = fX

(
g−1(y)

)∣∣∣J (y)∣∣∣,
where |J (y)| stands for the absolute value of the determinant of the matrix

J (y) =

⎡
⎢⎢⎣

∂g−1
1

∂y1
· · · ∂g−1

n

∂y1

...
. . .

...
∂g−1

1
∂yn

· · · ∂g−1
n

∂yn

⎤
⎥⎥⎦
∣∣∣∣∣∣∣∣
Y=y

.

Proof. Define B := {x : g(x) ≤ y} so that

PX(B) =
∫
B

fX(σ )dσ.

Similarly,

FY (y) =
∫ y

−∞
fY (s)ds = P

(
{ω : Y (ω) ≤ y}

)
= PX

(
{x : g(x) ≤ y}

)
= PX(B).

Hence, we get ∫ y

−∞
fY (s)ds =

∫
B

fX(σ )dσ. (2.11)

Let us make the transformation s = g(σ ). What we want to do is to rework the right-hand
side of (2.11) so that it is an integral over s. By matching the integrands (the term inside
the integral), we will get our proposition.

First, we note that σ = g−1(s) and dσ = |J (s)|ds. This last step requires that you
remember how to transform integrals from your calculus class. Now we can transform the
limits of integration on the right-hand side of (2.11) by noting that

g(B) = g
(
{x : g(x) ≤ y}

)
= {y : Y ≤ y},

which changes the limits to ∫
B

−→
∫ y

−∞
.

Therefore, ∫ y

−∞
fY (s)ds =

∫ y

−∞
fX

(
g−1(s)

)∣∣∣J (s)∣∣∣ds.
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Example 2.18. Suppose that we have a random variable, Y , defined as the sum of two
independent random variables, X1 and X2:

Y = X1 +X2.

If X1 and X2 have density functions, fX1 and fX2 , respectively, then what is the density
function of Y ? In order to use the derived density formula, we need to convert Y into a linear
function of X1 and X2. The trick that we will use is to expand the order of the problem so
that we are dealing with vectors. Define

Z1 = Y = X1 +X2,

Z2 = X2,

so that we get a vector,

Z =
{

Z1

Z2

}
,

which is linearly related to our original random variables, X1 and X2:

Z = AX, A =
[

1 1
0 1

]
. (2.12)

We can now apply the derived probability density function formula:

Z = g(X) = AX =⇒ X = g−1(Z) = A−1Z,

where

A−1 =
[

1 −1
0 1

]
.

Thus, we get that our inverse equation is

X = g−1(Z) =
[

1 −1
0 1

]{
Z1

Z2

}
=
{

Z1 − Z2

Z2

}
.

The determinant of our Jacobian is∣∣∣J (z)∣∣∣ = det

[
∂g−1

∂z

]
Z=z

= det

[
1 −1
0 1

]
= 1.

Our derived density is then

fZ(z1, z2) = fX1X2(z1 − z2, z2).

Since we stated earlier that X1 and X2 are independent,

fZ(z1, z2) = fX1(z1 − z2)fX2(z2).

Finally, to get the density function for Y , which by construction is the same variable as Z1,
we need to integrate Z2 out of the above; i.e., we need to calculate the marginal density,

fY (y) = fZ1(z1) =
∫ ∞

−∞
fX1(z1 − z2)fX2(z2)dz2.

Hopefully you will recognize the above as a convolution integral.
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2.6 Expectations and Moments of a Random Variable

Basic Definitions

We turn to probability theory when we do not know the physics that underlie a process.
However, the constructs that we have presented thus far—probability spaces, measures,
distribution and density functions—are not always known either. A more typical circum-
stance is when we have only certain metrics, or statistics, about a process.

The first such statistic is the mean. Let X be a random variable. The mean of X is
then defined to be

E[X] :=
∫ ∞

−∞
x f (x)dx, (2.13)

where x ranges over all possible realizations of X. The mean is also known as the first
moment or expected value of X. We call

E[·] :=
∫ ∞

−∞
(·)f (·)d(·) (2.14)

the expectation operator.
From our everyday experience, we understand the mean to be the average of some

number of independent measurements of X, denoted as X1, X2, . . . , Xn:

mn = 1

n

n∑
k=1

Xk. (2.15)

To distinguish this from our probability-based notion of a mean, we will call this the sample
mean. Later we will derive a relationship between these two notions using something
called the law of large numbers. What is interesting to note here is that E[X] is tabulated
by weighting all possible outcomes of X by the probability density associated with that
outcome. Thus, it is a weighted average. The sample mean, on the other hand, weights all
realizations equally. Logically, one would expect that if we were to take a large number
of samples, the underlying probability behind X would lead to some realizations occurring
more often than others and would in the limit lead us to the same value as the probabilistic
formula. Again, this is a notion that we will revisit later.

Example 2.19. X is uniformly distributed from 0 to 1 (see Figure 2.6),

f (x) =
{

1, 0 ≤ x ≤ 1,

0 otherwise.

Then

E[X] =
∫ 1

0
xf (x)dx =

∫ 1

0
xdx = 1

2

[
x
]1

0
= 1

2
.

Example 2.20. X has a ramp-like distribution (see Figure 2.7):

f (x) =
{

2x, 0 ≤ x ≤ 1,

0 otherwise,
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0 1
X

p
x

1

Figure 2.6. Uniform Probability Density Function.

0 1
X

p
x

2

Figure 2.7. Ramping Probability Density Function.

E[X] =
∫ 1

0
xf (x)dx = 2

∫ 1

0
x2dx = 2

3

[
x3
]1

0
= 2

3
.

Example 2.21. Let us consider the exponentially distributed random variable, X, that gives
the time of failure for some system. The probability that X < T is determined by a
probability density function,

f (y) = λe−λy.

The expected time of failure is then

E[X] =
∫ ∞

0
tλe−λtdt = −te−λt

∣∣∣∞
0
+
∫ ∞

0
e−λtdt = −1

λ
e−λt

∣∣∣∞
0
= 1

λ
.

Example 2.22. What is the expected value of one roll of one die?
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Remark 2.23. In addition to being the weighted average, the expected value can also be
interpreted as being the center of mass of the probability distribution function.

The expectation operator works on vectors

X =

⎧⎪⎨
⎪⎩

X1
...

Xn

⎫⎪⎬
⎪⎭

and then

E[X] =

⎧⎪⎨
⎪⎩

∫∞
−∞ · · ·

∫∞
−∞ x1f (x)dx1 · · · dxn

...∫∞
−∞ · · ·

∫∞
−∞ xnf (x)dx1 · · · dxn

⎫⎪⎬
⎪⎭ =

⎧⎪⎨
⎪⎩

E[X1]
...

E[Xn]

⎫⎪⎬
⎪⎭ .

Also, the expectation of a constant is the constant itself, i.e.,

E[c] =
∫ ∞

−∞
cf (x)dx

= c

∫ ∞

−∞
f (x)dx︸ ︷︷ ︸

1

= c.

Slightly more interesting is the fact that expectation carries over simply to a function of X.
If Y (·) = g(X(·)), then the expectation of Y is

E[Y ] :=
∫ ∞

−∞
g(x)f (x)dx =

∫ ∞

−∞
y fY (y)dy,

where fY is the density function found from the transformation formula (Proposition 2.17).
Note, however, that, in general, E[g(X)] 
= g(E[X]). This leads to the result that the
expectation operator is linear. Let Y = g(X) and Z = h(X):

E[αY + βZ] =
∫ ∞

−∞
[αg(x)f (x)+ βh(x)f (x)] dx

=
∫ ∞

−∞
αg(x)f (x)dx +

∫ ∞

−∞
βh(x)f (x)dx

= α

∫ ∞

−∞
g(x)f (x)dx + β

∫ ∞

−∞
h(x)f (x)dx

= αE[Y ] + βE[Z].
We can use E[·] to derive other statistics for the random variable. E[X2] is called the

mean square or second moment of the random variable and is given by the equation

E[X2] =
∫ ∞

−∞
x2 f (x)dx.
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It is possible to generalize this notion to higher-order moments

E[Xn] :=
∫ ∞

−∞
xnf (x)dx,

but, in our experience, we almost never see n > 2. This is largely because it is difficult to
attach any heuristic meaning to the higher moments. Squared quantities, on the other hand,
are seen nearly everywhere in science and engineering, since they can be related to energy
or power.

A variation on the second moment, called the variance, or second central moment,
turns out to be a very useful statistic:

var(X) = E
[(
X − E[X])2

]
= E[X2] − E[X]2. (2.16)

It is an interesting fact that the variance is the mean square minus the square mean. Quite
often, this is the easier way to calculate the variance.

The variance shares the same formula as the moment of inertia in mechanics. The latter
is a measure of the distribution of mass about the center of mass. Similarly, the variance is
a measure of the distribution of outcomes about the mean. The reader is probably familiar
with the square root of the variance,

σX =
√

var(X),

which is known as the standard deviation. Because it is almost always denoted with a σ , the
standard deviation is quite frequently referred to as the “sigma.” Having made it through
grade school, you no doubt have the notion of σ as measuring the “spread” of grades about
the class average burned into your psyches. In other contexts, particularly in investing, the
size of σ is taken to be a measure of uncertainty and risk.

The related quantity from statistics is called the sample variance and is given by

σ 2
n =

1

n− 1

n∑
k=1

(Xk −mn)
2,

where the Xk can be thought of as n different measurements of the random variable X. Note
that the scaling factor is the inverse of n−1 and not n. The reason for this is that the inverse
of n− 1 leads to an unbiased estimate of σ 2

X (see the exercises).

Example 2.24. What is the variance of a random variable with the uniform probability
density function given in Example 2.19?

E[X2] =
∫ 1

0
x2dx =

[1

3
x3
]1

0
= 1

3
.

The variance is then

var(X) = E[X2] − E[X]2 = 1

3
− 1

4
= 1

12
.
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Table 2.1. Interpreting the Correlation Coefficient.

γXY = 1 Perfect correlation X behaves exactly like Y

γXY = 0 No correlation X and Y seem to be independent
γXY = −1 Perfect anticorrelation X and Y seem to act oppositely to one another

A related statistic can be derived if we have two random variables X and Y with a
joint probability density function f

XY
. The covariance of X and Y is then defined to be

cov(X, Y ) := E
[(
X−E[X])(Y −E[Y ])] = ∫ ∞

−∞

(
x−E[X]

)(
y−E[Y ]

)
f (x, y) dx dy.

The covariance is an interesting quantity, because it can give us some sense of how two
random variables depend upon one another. That is, if X and Y are independent, then

cov(X, Y ) = 0.

Unfortunately, the converse is not true. That is cov(X, Y ) = 0 does not imply that X and
Y are independent in general (we will discuss an important exception to this rule later).

Remark 2.25. Do not get too hung up on making a distinction between the terms “covari-
ance” and “variance.” It is not uncommon for (2.16) to be called the covariance of X.

Quite often the covariance is normalized to yield the correlation coefficient (see
Table 2.1):

γXY = cov(X, Y )

σXσY
.

Our colleagues in the social sciences use correlations to uncover cause and effect relation-
ships.

For random vectors, the second central moment becomes the covariance matrix:

PXX := E
[
(X−mX)(X−mX)

T
]
=

⎡
⎢⎢⎢⎢⎣

var(X1) cov(X1, X2) · · · cov(X1, Xn)

cov(X2, X1)
. . .

...
...

cov(Xn,X1) · · · var(Xn)

⎤
⎥⎥⎥⎥⎦ .

By its constructionPXX is symmetric and nonnegative definite. Its diagonal elements are the
variances of the individual elements of X, and its off-diagonal elements are the covariances
of Xi and Xj . We can also generalize the notion of “mean square minus the square mean”:

PXX = E[XXT] −mXm
T
X.

The covariance matrix will be an important element in our study of estimation. In that
context, it will be used as a measure of the quality of our estimates.

We must emphasize again that the mean and variance are only statistics, i.e., that give
us only a snapshot of the nature of the experiment that we are examining. It is the probability
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measure that gives us the complete stochastic description of the problem. However, it is
quite often the case that we have only statistics, and usually these statistics are the mean and
variance. How then do we draw inferences about the probabilities of the events associated
with our experiment or random variable?

Suppose that our random variableX can take on only nonnegative values, i.e., f (x) =
0 for x < 0. Then,

E[X] =
∫ +∞

−∞
xf (x)dx

=
∫ a

0
xf (x)dx +

∫ +∞

a

xf (x)dx

≥
∫ +∞

a

xf (x)dx

≥ a

∫ +∞

a

f (x)dx

= aP [X ≥ a],
which implies

P [X ≥ a] ≤ E[X]
a

, a > 0. (2.17)

This is known as the Markov inequality. For random variables that take both negative and
positive values, we can use the variance to obtain

P
(
|X − E[X]|2 ≥ a2

)
≤ var(X)

a2
.

In a slightly modified but equivalent form, this becomes

P
(∣∣∣X − E[X]

∣∣∣ ≥ a
)
≤ var(X)

a2
. (2.18)

This is known as the Chebyshev inequality. It is remarkable how often this inequality is
used.

Let us now return to the sample mean (2.15). It is generally assumed that when we
do not know a random variable’s expected value, we can determine it by calculating the
sample mean, mn. This turns out to be correct. To see why, consider a random variable
X with unknown mean m = E[X] and variance σ 2 = var(X). We take n measurements
of X, X1, X2, . . . , Xn, which themselves are realizations of independent and identically
distributed (i.i.d.) random variables with mean m and variance σ 2. Therefore, their sample
mean mn is also a realization of a random variable such that

E[mn] = 1

n

n∑
k=1

E[Xk] = 1

n
nm = m,

var(mn) = E
[
(mn−m)2

]
= 1

n2

n∑
k=1

n∑
l=1

cov(Xk,Xl) = 1

n2

n∑
k=1

var(Xk) = 1

n2
nσ 2 = 1

n
σ 2.
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We see that the sample meanmn has the true meanm as its own expected value. In estimation
theory, we would say that it is an unbiased estimator of m. Moreover, its variance around
m is inversely proportional to the number of samples we take. In fact, using Chebyshev’s
inequality (2.18) we obtain

P
(∣∣∣mn−E[mn]

∣∣∣ ≥ ε
)
≤ var(mn)

ε2
= σ 2

n ε2
⇒ P

[∣∣∣mn−E[mn]
∣∣∣ < ε

]
≥ 1− σ 2

n ε2
−→
n→∞ 1.

This last limiting expression is the weak law of large numbers, which states that if the
variables X1, X2, . . . are i.i.d. with mean m and sample mean given by (2.15), then

∀ε > 0, lim
n→∞P

(∣∣∣mn −m

∣∣∣ < ε
)
= 1. (2.19)

A stronger version of this is the strong law of large numbers, which states that if, in addition,
the random variables X1, X2, . . . have finite variance σ 2, then

P
(

lim
n→∞mn = m

)
= 1. (2.20)

The difference between (2.19) and (2.20) is subtle. The weak law of large numbers
states that for any given ε, an infinite number of sample means will be less than ε away from
m. The strong law, on the other hand, states that all but a finite number of sample means
will converge to m as n→∞. In other contexts, the strong law is referred to as “regression
to the mean.”

2.7 Characteristic Functions
Earlier, we noted that the expectation of a function of the random variable g(X(·)) can be
found by simply inserting g(X(·)) into the expectation operator:

E
[
g(X)

]
:=

∫ ∞

−∞
g(x)f (x)dx.

Let us now consider a specific function of X,

g(X) = ejνX,

where j is the imaginary number, j = √−1. The expectation of ejνX is called the charac-
teristic function of X and is denoted with a φ

X
:

φ
X
(ν) = E

[
g(X)

]
=
∫ ∞

−∞
ejνxf (x)dx.

If X is a vector, then
g(X) = ejν

TX,

so that its corresponding characteristic function is

φ
X
(ν) = E

[
g(X)

]
=
∫ ∞

−∞
· · ·

∫ ∞

−∞
ejν

Txf (x)dx1 · · · dxn

=
∫ ∞

−∞
· · ·

∫ ∞

−∞
ejν1x1 · · · ejνnxnf (x1, . . . , xn)dx1 · · · dxn.
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Now, for any integral, it is true that∣∣∣∣
∫ ∞

−∞
ejνxf (x)dx

∣∣∣∣ ≤
∫ ∞

−∞

∣∣ejνxf (x)∣∣ dx.
We add to this the fact that |ejν | = 1 and 0 ≤ f (x) to get

|φ
X
(ν)| =

∣∣∣∣
∫ ∞

−∞
ejνxf (x)dx

∣∣∣∣
≤
∫ ∞

−∞

∣∣ejνxf (x)∣∣ dx
=
∫ ∞

−∞

∣∣ejνx∣∣ f (x)dx
=
∫ ∞

−∞
f (x)dx

= 1,

which also leads us to conclude that

φ
X
(0) = 1. (2.21)

If you have not noticed by now, the characteristic function is the Fourier transform
of the probability density function. The usual admonition with the Fourier transform of a
quantity is that it gives no “new” information but may provide a more useful form of the
information for some situations. We will examine two such situations. The first regards
sums of random variables. We saw earlier that the probability density function of the sum
of two random variables is the convolution of their individual density functions. Perhaps
the most well-known property of Fourier transforms is that they turn convolutions into
products.

Example 2.26. Let us once again consider

Y = X1 +X2,

where X1 and X2 are independent random variables with probability density functions fX1

and fX2 . As we saw last time, the probability density function of the sum of two random
variables is given by a convolution of their individual probability densities:

fY (y) =
∫ ∞

−∞
fX1(y − x2)fX2(x2)dx2.

The characteristic function of Y is

φ
Y
(ν) =

∫ ∞

−∞
ejνyfY (y)dy

=
∫ ∞

−∞
ejνy

∫ ∞

−∞

[
fX1(y − x2)fX2(x2)dx2

]
dy.
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Interchanging the order of integration, we obtain

φ
Y
(ν) =

∫ ∞

−∞

[∫ ∞

−∞
ejνyfX1(y − x2)dy

]
fX2(x2)dx2.

Make the change of variable ρ = y − x2 so that dρ = dy. The characteristic function of Y
then becomes

φ
Y
(ν) =

∫ ∞

−∞

[∫ ∞

−∞
ejνρ+jνx2fX1(ρ)dρ

]
fX2(x2)dx2

=
∫ ∞

−∞
ejνρfX1(ρ)dρ

∫ ∞

−∞
ejνx2fX2(x2)dx2

= φ
X1
(ν)φ

X2
(ν).

Now, this result can be extended further. If

Y = X1 + · · · +Xn,

then it can be shown that

φ
Y
(ν) = φ

X1
(ν)φ

X2
(ν) . . . φ

Xn
(ν).

Similarly, if
Y = αX + b,

then

φ
Y
(ν) =

∫ ∞

−∞
ejνyfY (y)dy

but using the change of variables formula

fY (y) = fX(g
−1(y))

dg−1

dy
= fX

(
y − b

α

)
1

α
.

Then,

φ
Y
(ν) =

∫ ∞

−∞
ejνyfX

(
y − b

α

)
dy

α

=
∫ ∞

−∞
ejν(αx+b)fX(x)dx

= ejνb
∫ ∞

−∞
ejναxfX(x)dx

= ejνbφX(αν).

(2.22)

Another useful feature of characteristic functions is that they can be used to determine
the moments of a random variable.
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Lemma 2.27.

E
[
Xn
]
= 1

jn

dnφX(ν)

dνn

∣∣∣∣
ν=0

.

Proof. Starting from the definition of the characteristic function, we get

φ
X
(ν) =

∫ ∞

−∞
ejνxf (x)dx,

so that
dnφ

X
(ν)

dνn
=
∫ ∞

−∞
(jx)nejνxf (x)dx.

At ν = 0,
1

jn

dnφ
X
(ν)

dνn

∣∣∣∣
ν=0

=
∫ ∞

−∞
xnf (x)dx = E

[
Xn
]
.

Finally, the characteristic function can make analyzing a Gaussian random variable
easier.

Proposition 2.28. If X is a Gaussian random vector with mean, m, and covariance matrix,
P , then its characteristic function is

φ
X
(ν) = exp

(
jνTm− 1

2
νTPν

)
.

Proof.

φ
X
(ν) = 1

(2π)
n
2 |P | 1

2

∫ ∞

−∞
exp

(
jνTx

)
exp

(
−1

2
(x −m)TP−1(x −m)

)
dx

= 1

(2π)
n
2 |P | 1

2

∫ ∞

−∞
exp

(
jνTx − 1

2
(x −m)TP−1(x −m)+ jνTm− jνTm

)
dx

= ejν
Tm

(2π)
n
2 |P | 1

2

∫ ∞

−∞
exp

(
jνT(x −m)− 1

2
(x −m)TP−1(x −m)

)
dx.

If we make the change of variables, y = x −m, and complete the square of

jνTy − 1

2
yTP−1y = −1

2
(y − jPν)TP−1(y − jPν)− 1

2
νTPν,

we get that

φ
X
(ν) = exp

(
jνTm− 1

2
νTPν

)
1

(2π)
n
2 |P | 1

2

∫ ∞

−∞
exp

(
−1

2
(y − jPν)TP−1(y − jPν)

)
dy.

(2.23)
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The second term in (2.23),

1

(2π)
n
2 |P | 1

2

∫ ∞

−∞
exp

(
−1

2
(y − jPν)TP−1(y − jPν)

)
dy,

is equal to 1, since it is the integral from −∞ to ∞ of the density function of a Gaussian
random variable with mean, jPν, and covariance, P . The remaining term is our pro-
position.

In Section 2.3, we stated that the Gaussian distribution has many useful properties
that make them extremely convenient to use mathematically. We are now in possession of
the mathematical tools needed to explore these claims.

Proposition 2.29. Uncorrelated Gaussian random variables are independent.

Proof. If X and Y are jointly Gaussian, then from (2.8),

f (x, y) = 1

(2π) |P | 1
2

exp

(
−1

2

[
x −mX y −mY

]
P−1

{
x −mX

y −mY

})
. (2.24)

Since they are uncorrelated,

P =
[

σ 2
X 0
0 σ 2

Y

]
. (2.25)

Substituting (2.25) into (2.24) gives us

f (x, y) = 1

2πσXσY
exp

(
− (x −mX)

2

2σ 2
X

− (y −mY )
2

2σ 2
Y

)

= 1

σX
√

2π
exp

(
− (x −mX)

2

2σ 2
X

)
1

σY
√

2π
exp

(
− (y −mY )

2

2σ 2
Y

)
= f (x)f (y),

which implies that X and Y are independent.

In some sense, any collection of jointly Gaussian random variables is independent,
since any transformation T that diagonalizes the covariance matrix allows us to rewrite (2.8)
as the product of individual density functions.

Our next claim is that affine, and hence linear, combinations of Gaussians are Gaussian.

Theorem 2.30. If X is a Gaussian random vector with mean, mX, and covariance, PX, and
if Y = CX+V , where v is a Gaussian random vector with zero mean and covariance, PV ,
then Y is a Gaussian random vector with mean, CmX, and covariance, CPXC

T + PV .

Proof. Since CX + V is the sum of two random variables, we know from Example 2.26
that the characteristic of this sum is

φ
Y
(ν) = φ

V
(ν)φ

X
(Cν).
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We now apply the formula for the characteristic function of a Gaussian (Proposition 2.28):

φ
Y
(ν) = exp

(
1

2
νTPV ν

)
exp

(
jνTCmX − 1

2
νTCTPXCν

)

= exp

(
jνTCmX − 1

2
νT [CTPXC + PV

]
ν

)
.

The above is the our desired result.

Next, we claim that Gaussians are completely characterized by their mean and covari-
ance. Essentially this means that we gain no more information from the higher moments
(i.e., moments greater than the second moment) of a Gaussian random variable. Earlier we
mentioned that we rarely see these higher moments, as there is no easy intuitive interpretation
for them. For a Gaussian, no generality is lost by ignoring these higher moments.

Consider a random variable,X. Letmbe its mean. Apply Lemma 2.27 and Proposition
2.28 for a scalar to get

E
[
(X −m)

]
= (j)−1 dφ(ν)

dν

∣∣∣∣
ν=0

= (j)−1

[
−σ 2νe−

σ2ν2

2

]
ν=0

= 0,

E
[
(X −m)2

]
= (j)−2 d

2φ(ν)

dν2

∣∣∣∣
ν=0

= (j)−2

[
−σ 2e−

σ2ν2

2 + σ 4ν2e−
σ2ν2

2

]
ν=0

= σ 2,

E
[
(X −m)3

]
= (j)−3 d

3φ(ν)

dν3

∣∣∣∣
ν=0

= (j)−3

[
3σ 4νe−

σ2ν2

2 − σ 6ν3e−
σ2ν2

2

]
ν=0

= 0,

E
[
(X −m)4

]
= (j)−4 d

4φ(ν)

dν4

∣∣∣∣
ν=0

= (j)−4

[
3σ 4e−

σ2ν2

2 − 6σ 6ν2e−
σ2ν2

2 − σ 8ν4e−
σ2ν2

2

]
ν=0

= 3σ 4.

If you work out the algebra, you will find that

E
[
(X −m)n

]
=
{ 0, n odd,

1 · 3 · 5 · · · (n− 1)σ n, n even.

So, you can see that the higher moments are either zero or functions of the second moment.
Finally, we will prove an almost unbelievable result from probability theory, called

the central limit theorem.

Theorem 2.31. Let X1, . . . , Xn be i.i.d. random variables with finite mean and variance,
E[Xk] = m < ∞, E

[
(Xk −m)2

] = σ 2 < ∞, and denote their sum as Yn := ∑n
k=1 Xk .

Then, the distribution of the normalized sum

Zn := Yn − E[Yn]√
var(Yn)

= Yn − nm

σ
√
n

is a Gaussian distribution with mean 0 and variance 1 in the limit as n→∞.
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Proof. To prove this result, we will prove that, as n → ∞, the characteristic function of
Zn converges to the characteristic function of a Gaussian random variable with mean 0 and
variance 1.

First, let us compute the mean and variance of Yn:

E[Yn] = E

[ n∑
k=1

Xk

]
=

n∑
k=1

E[Xk] = nm,

var(Yn) = E
[
(Yn − nm)2

]
= E

[( n∑
k=1

(Xk −m)

)2]

= E

[ n∑
k=1

(Xk −m)

n∑
l=1

(Xl −m)

]
=

n∑
k=1

n∑
l=1

E
[
(Xk −m)(Xl −m)

]

=
n∑

k=1

n∑
l=1

cov(Xk,Xl) =
n∑

k=1

var(Xk)

= nσ 2.

We should point out that we have used the fact that X1, . . . , Xn are independent to conclude
that cov(Xk,Xl) = 0 for k 
= l.

Now we turn our attention to the normalized sum Zn:

Zn = Yn − E[Yn]√
var(Yn)

= Yn − nm

σ
√
n

= 1

σ
√
n

n∑
k=1

(Xk −m).

Its characteristic function is

φZn
(ν) = E

[
ejνZn

]
= E

[
exp

{
jν

1

σ
√
n

n∑
k=1

(Xk −m)

}]

= E

[ n∏
k=1

exp

{
jν

1

σ
√
n
(Xk −m)

}]

=
n∏

k=1

E

[
exp

{
jν

1

σ
√
n
(Xk −m)

}]

=
(
E

[
exp

{
jν

1

σ
√
n
(Xk −m)

}])n

=
(
e
−j

(
νm

σ
√
n

)
φXk

(
ν

σ
√
n

))n

, (2.26)

where (2.22) is used to construct the last characteristic function. Note that a critical simpli-
fication occurs in the above, because the characteristic function of a sum of i.i.d. random
variables turns into the product of the individual characteristic functions. This is one of the
great virtues of characteristic functions.

To simplify the notation define ν̂ = ν

σ
√
n

and φ̂Xk
(ν̂) = e−j ν̂mφXk

(ν̂). Expand the
exponential into a Taylor series where, by the assumed finite mean and variance, φ̂Xk

(ν̂) is
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twice continuously differentiable. The Taylor series is

φXk
(ν̂) = φ̂Xk

(ν̂)

∣∣∣∣
ν̂=0

+dφ̂Xk
(ν̂)

dν̂

∣∣∣∣
ν̂=0

ν̂ + 1

2

d2φ̂Xk
(ν̂)

dν̂2

∣∣∣∣
ν̂=0

ν̂2 + r(ν̂)

= 1+ j ν̂ E[Xk −m]︸ ︷︷ ︸
0

+ (j ν̂)2

2! E
[
(Xk −m)2

]
︸ ︷︷ ︸

σ 2

+ r(ν̂)

= 1− ν2

2n
+ r(ν̂),

where Lemma 2.27 and (2.21) are used above. The remainder r(ν̂) using the integral
remainder formula14 has the property that it goes to zero faster than the second order term,
i.e.,

lim
n→∞ nr

(
ν

σ
√
n

)
→ 0.

Hence, we obtain

lim
n→∞φZn

(ν) = lim
n→∞

[
1− ν2

2n
+ r

(
ν

σ
√
n

)]n
= lim

n→∞

[
1− ν2

2n

]n
= e−

1
2 ν

2
,

which, according to Proposition 2.28, is the characteristic function of a Gaussian random
variable with mean 0 and variance 1.

Remark 2.32. Convergence of densities that do not have finite mean and variance will be to
another density function rather than the Gaussian density function. See Exercise 33, where
the characteristic function for the Cauchy density is not differentiable at ν = 0, implying
that the mean does not exist. Note also that since the first two moments are assumed
bounded in the theorem, the characteristic function is at least twice differentiable and that
no assumption is made requiring that the higher-order moments be bounded.

2.8 Conditional Expectations and Conditional
Probabilities

We briefly introduced conditional probabilities as part of our first look at probability. In
doing so, we purposefully went for an intuitive approach over a mathematical one. In
truth, there is more to conditional probabilities than one might suspect. First of all, they
are actually special cases of conditional expectations. Also, they are random variables, not
scalar values like regular, or unconditional, expectations.

To illustrate, let us consider two random variables, X and Y , both of which are defined
and measurable over a probability space (�,A, P ). We will assume that A is generated by
X, though A is not the only possible σ -algebra on �. Consider

By = {ω : Y (ω) = y} ⊂ �.

14The integral remainder is of the form r(ν̂) = ∫ ν̂

0 (ν̂ − s)
[

d2φ̂Xk
(s)

dν̂2 − d2φ̂Xk
(0)

dν̂2

]
ds, assuming that r(ν̂) is only

twice differentiable.
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These sets generate another σ -algebra, B, and, by construction, the sets By are the atoms
of B, since Y is constant over these sets. Each By , moreover, is the union of the atoms of
A, because we have already said that Y is measurable over A. Hence, B is coarser than
A, which is to say its atoms are larger than the atoms of A.15 A consequence of this is that
B ⊂ A; i.e., it is a subset of A.

If we initially restrict ourselves to the sets By , we can define a random variable,
E[X ∣∣By ], via ∫

By

E[X ∣∣By ]dP (ω) :=
∫
By

X(ω)dP (ω), (2.27)

where dP (ω) is the incremental probability measure on the atoms of A and the integral is
over the collection of atoms of A comprising By . Note that if By were the entire space, the
right-hand side of (2.27) would be the expectation of X. As it is, we get something like
a “restricted” expectation. Also note that the integrals above should be understood as the
limit of taking a step function-like approximation of X over disjoint sets that partition By .
This notion will be clearer after we discuss integration in detail later in this text.

E[X ∣∣By ] is the conditional expectation of X given By . Since it is defined on B, it is
constant on By , since By is an atom of B. Hence

E[X ∣∣By ]P(By) =
∫
By

X(ω)dP (ω)

or

E[X ∣∣By ] = 1

P(By)

∫
By

X(ω)dP (ω)

so long as P(By) > 0. Now, consider the special case where

X(ω) =
{

1, ω ∈ A,

0, ω 
∈ A,

A ∈ A. X is an indicator function, and for this particular random variable, we define

P(A
∣∣By ) := E[X ∣∣By ].

This is the conditional probability of A given By , and incredibly we see that it is a special
case of the conditional expectation, not the other way around. Let us revisit the equation
for conditional expectation but for the specific case when X is an indicator function for A.
Since P(A

∣∣By ) is constant over the atoms of B,∫
By

P (A
∣∣By )dP = P(A

∣∣By )P (By),

which is the left-hand side of (2.27) for this special case. The right-hand side is∫
By

X(ω)dP (ω) =
∫
A∩By

dP (ω) = P(By ∩ A).

15This is a radically different interpretation than what we gave in Section 1.5, where we described the conditional
probability as resulting from a truncation of the probability space.
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Equating the two sides, we get

P(A
∣∣By ) = P(By ∩ A)

P (By)
,

which is the formula we gave as a definition in Section 1.5.
For the sake of clarity and to take advantage of the fact that random variables are

constant over the atoms of a σ -algebra, we have presented conditional expectations in terms
of a specific class of sets, By . However, since Y is measurable with respect to B, we could
condition on B explicitly. That is, E[X|B] is a random variable defined on the events in the
σ -algebra B. In this more general case, conditional expectation of X given B is∫

B

E[X|B]dP =
∫
B

XdP, B ∈ B. (2.28)

Our previous examples are related via

E[X ∣∣By ] := E[X |B ]
∣∣∣
ω∈By

.

Example 2.33. Consider a four-sided die. The obvious σ -algebra is composed of all pos-
sible events:

A =
{
∅, {1}, {2}, {3}, {4}, {1, 2}, {1, 3}, . . . , �

}
.

The atoms of this σ -algebra are the singleton sets, {1}, {2}, {3}, {4}. Consider an alternate
σ -algebra,

A(1) =
{
∅, {1, 3}, {2, 4}, �

}
.

The atoms of A(1) are the sets

A1 = {1, 3},
A2 = {2, 4}.

Define the random variable, X, to be such that

X({1}) = 1,

X({2}) = 2,

X({3}) = 3,

X({4}) = 4.

Now denote E[X |Ai ] as the expected value of X given the atoms, Ai , of A(1). Note that

E[X ∣∣A(1) ] =
{
E[X |Ai ]

}
=
{
E[X |odd ], E[X |even ]

}
.

Let us calculate some expectations:∫
A1={1,3}

E[X |A1 ]dP (ω) = E[X |A1 ]P(A1) = 1

2
E[X |A1 ].
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From (2.27),

E[X |A1 ]1
2
=
∫
A1={1,3}

X(ω)dP (ω)

= X({1})1

4
+X({3})1

4

= 1 · 1

4
+ 3 · 1

4
= 1.

Hence,

E[X |A1 ] = 1
1
2

= 2.

Similarly,

E[X |A2 ] = E[X |{2, 4} ] = 2 · 1
4 + 4 · 1

4
1
2

= 3

so that
E[X ∣∣A(1) ] = {2, 3}.

These examples, if nothing else, should confirm to you our previous statement that
conditional expectations are random variables.

We can derive distribution and density functions for conditional probabilities. In truth,
we have already been using the density functions. Start with

P(A|B) = P(A ∩ B)

P (B)
(2.29)

and let

A := {ω : X(ω) ≤ x},
B := {ω : y < Y(ω) ≤ y + δy}.

Then,
P(B) = FY (y + dy)− FY (y)

and

P(A ∩ B) = P
(
{ω : X(ω) ≤ x and y < Y(ω) ≤ y + δy}

)
= P

(
{ω : X(ω) ≤ x and Y (ω) ≤ y + δy}

)
− P

(
{ω : X(ω) ≤ x and Y (ω) < y}

)
= FXY (x, y + δy)− FXY (x, y)

so that

P(A|B) = FXY (x, y + δy)− FXY (x, y)

FY (y + δy)− FY (y)
. (2.30)
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Now divide the numerator and denominator of (2.30) by δy:

P(A|B) =
FXY (x,y+δy)−FXY (x,y)

δy

FY (y+δy)−FY (y)

δy

.

IfF is absolutely continuous in x and y, then the conditional probability distribution function
falls out when we take the limit δy → 0:

FX|Y (x|y) = lim
δy→0

P(A|B) =
∂FXY (x,y)

∂y

∂FY (y)

∂y

=
∫ x

−∞ fXY (s, y)ds

fY (y)

(

= FXY (x, y)

FY (y)
! !
)
.

The conditional probability density function then comes from

fX|Y (x|y) = ∂

∂x
FX|Y (x|y) = fXY (x, y)

fY (y)
.

If you compare this result to (2.29), you should see that it is analogous. Moreover, if X and
Y are independent, then we have

FX|Y (x|y) =
∫ x

−∞ fXY (s, y)ds

fY (y)
=
∫ x

−∞ fX(s)fY (y)ds

fY (y)
=
∫ x

−∞
fX(s)ds = FX(x),

which implies
fX|Y (x|y) = fX(x).

Using these results, we can demonstrate a number of interesting facts about condi-
tional expectations. The first is that we can recover the unconditional expectation from the
conditional one through the marginal probability. Start with

E[X] =
∫ ∞

−∞
xfX(x)dx

=
∫ ∞

−∞
x

[∫ ∞

−∞
fXY (x, y)dy

]
dx

=
∫ ∞

−∞
x

[∫ ∞

−∞
fX|Y (x|y)fY (y)dy

]
dx.

Now interchange the order of integration:16

E[X] =
∫ ∞

−∞

[∫ ∞

−∞
xfX|Y (x|y)dx

]
︸ ︷︷ ︸

E[X|Y=y]

fY (y)dy.

Therefore,

E[X] = E
[
E[X|Y ]

]
.

16For those of you who care, this requires that we apply Fubini’s theorem.
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To paraphrase Jazwinski [23], this result basically tells us that the expectation of X can
be computed by finding its average for all fixed values of X and then averaging over all
possible values of Y .

The following are a pair of results concerning conditional expectations.

Lemma 2.34.

1. E[X|Y ] = E[X] if X and Y are independent.

2. E[g(Y )X|Y ] = g(Y )E[X|Y ].

Proof.

1.

E[X|Y ] =
∫ ∞

−∞
xfX|Y (x|y)dx =

∫ ∞

−∞
x
fXY (x, y)

fY (y)
dx. (2.31)

If X and Y are independent, then

fXY (x, y) = fX(x)fY (y). (2.32)

Substitute (2.32) into (2.31) to get the proposition.

2.
E
[
g(Y )X

∣∣∣Y = y
]
= E

[
g(y)X

∣∣∣Y = y
]
= g(y)E

[
X

∣∣∣Y = y
]
. (2.33)

Example 2.35. Let us return to the four-sided die (Example 2.33). You may recall that

E[X ∣∣A(1) ] = {2, 3}.
Hence,

E[X] = E[X |A1 ]P(A1)+ E[X |A2 ]P(A2)

= 2 · 1

2
+ 3 · 1

2
= 5

2
.

The coarseness of the σ -algebra, B, has a profound effect on the conditional expec-
tation and probability. If B = {∅, �}, every function with respect to B must be a constant
function. Thus, P(A|B) turns into the scalar value, P(A). Heuristically, we would say that
the information given by B tells us nothing about A. Not surprisingly, E[X|B] = E[X] in
this case. At the other extreme, if B = A and G ∈ A, then∫

G

E[X|B]dP =
∫
G

XdP (2.34)

is true for any element of B or A. In this special case, E[X|B] = X. The right-hand side of
(2.34) is just another integral of a function measurable with respect to A. The corresponding
conditional probability turns out to be the indicator function for IA,

P(A|G ∈ B) = IA =
{

1, ω ∈ G,

0 else.

A heuristic explanation of this result is that knowing the outcome of the experiment, B tells
us everything about A.
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2.9 Stochastic Processes

Extending the Concept of Random Vectors

A stochastic process is an infinite collection of random variables. While we will ultimately
use this object to model uncertain signals, we want to emphasize from the beginning that a
stochastic process is just a generalization of a random variable.

Definition 2.36. A stochastic process is a family of random variables, X(ω, t), indexed by
a real parameter t ∈ T and defined on a common probability space (�,A, P ).

The “real parameter t” in the above definition is almost always taken to be time. Thus,
a random process can be thought of as a function that takes both the sample point and time
as arguments. Hence, we will often use the notation X(ω, t) or X(t) or Xt to denote a
random variable. Now, if the parameter set T = N, the natural numbers, then Xt is often
called a random sequence to reflect the discrete nature of the time parameter. If T = R,
then Xt is called either a random function or process. We should also note that the values
of Xt can also be discrete or continuous in nature.

If we look at random processes in a certain way, we can see that they are a natural
extension of the idea of random vectors to infinite collections:

X

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

X1

X2
...

Xn

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

Random Variable Random Vector

⎧⎪⎪⎨
⎪⎪⎩

...

Xk

...

⎫⎪⎪⎬
⎪⎪⎭

⎧⎨
⎩

|
Xt

|

⎫⎬
⎭

Random Sequence Random Process

The key notion to take away is that a random process is a set of time functions, each of which
is one possible outcome, ω, out of the set of all possible outcomes, �. A random variable
returns a real number, and a random process returns a continuously indexed collection of
real numbers or a real-valued function.

Example 2.37. Consider a sine wave whose amplitude is a random variable taking on values
from −1 to 1 with a uniform distribution:

X(ω, t) = A(ω) sin t, A(ω) ∈ U [−1, 1]. (2.35)

Again, we emphasize that the random variable X takes ω and returns a function. In
this case, it returns a sine function. What throws some students who run across this notion
for the first time is the fact that if we know which sample point, ω, we have selected, we
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Figure 2.8. Sample Path Realization for Example 2.37.

know the time function for all time. Also, recall our discussion in the previous chapter in
which we posed a probability space in which the sample space was a set of six sine waves
whose relative phases were products of π

6 . We argued that this was the same probability
space as the roll of a die. This example can be thought of as a generalization of that example
in which the phase is allowed to range continuously from 0 to 2π . Or, it can be thought of
as the roll of an infinitely sided die.

Now, if we fix t and let X vary over ω, i.e.,

Xt0(ω) := X(ω, t)

∣∣∣
t=t0

,

we get a random variable Xt0 defined on (�,A, P ) with {ω : Xt0(ω) ≤ x} ∈ A. If, on the
other hand, we fix ω and let X vary over t , we get a sample path, or realization, of the ran-
dom process. In Figure 2.8, the four plots are sample paths of the random process X(ω, t).
The different values of X(ω, t) at t = 2.5 are four outcomes of the random variable
X2.5(ω).

We have pointed out that random processes are infinite-dimensional extensions of the
idea of random vectors. However, when we extend our ideas to infinite collections, new
complications arise. With random vectors, we can completely define the probability of the
vector as a collection of random variables by the joint probability,

F(x1, . . . , xn) = P
(
{ω : Xt1(ω) ≤ x1, . . . , Xtn(ω) ≤ xn}

)
.

When T is an infinite set, we have to be a little more careful. If T is a countably infinite
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set, then we can characterize the process with sets of the form

{ω : X(tk, ω) ≤ a, k = 1, 2, . . .} = ∩∞k=1 {ω : X (tk) ≤ a} .
This is because these sets are still events, since they are the intersections of countable sets
of events. If T is a continuous parameter set, we run into trouble because the event

{ω : X(t, ω) ≤ a, 0 ≤ t ≤ 1} = ∩t ∈ [0,1] {ω : X(t, ω) ≤ a}
is the intersection of an uncountable set of events. As previously discussed, the σ -algebra
in our probability space is not necessarily closed under uncountable operations. Thus, the
probability that X(ω, t) ≥ 0 on the interval [0, 1] may not be defined.

Continuity and Separability

To get around the problems which might arise from continuous-time stochastic processes,
we need to add two more conditions to our process.

Definition 2.38.

1. A stochastic process X(ω, t) is said to be continuous in probability at t if

lim
s→t

P
(
{ω : |X(ω, t)−X(ω, s)| ≥ ε}

)
= 0

for all ε > 0.

2. A stochastic process X(ω, t) is said to be separable if there exists a countable, dense
set S ⊂ T such that for any closed set K ⊂ [−∞,∞] the two sets

A1 =
{
ω : X(ω, t) ∈ K ∀t ∈ T

}
, A2 =

{
ω : X(ω, t) ∈ K ∀t ∈ S

}
differ by a set A0 such that P(A0) = 0.

Being continuous in probability means that the probability of a nonzero jump in zero
time is zero. Separability means that we have essentially taken a continuous-parameter
random process and made it possible to analyze it like a discrete-parameter one.

Remark 2.39. When we say that S is dense in T , we mean that S must contain enough points
of T so as to provide essentially a complete representation of T . That is, if we plotted out
the set {X(ω, t) : t ∈ S} versus t , it would look indistinguishable from {X(ω, t), t ∈ T }.
The simplest way to get a separating set of a continuous-time interval T is to simply choose
S to be the set of rational numbers in T . Mathematically, what this means is that for any
point t ∈ T , there exists a sequence tk ∈ S such that tk → t . Thus, if X(t, ω) is a separable
process, it is such that X(tk, ω)→ X(t, ω) if ω 
∈ A0, where A0 is the zero probability set
mentioned in the definition.

The above notions are captured in the following theorem due to Doob [10].
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Theorem 2.40. Let X(ω, t) be a process continuous in probability on an interval T . Then,
any countable set which is dense in T is a separating set.

Remark 2.41. The rational numbers in T provide a separating set S.

Types of Random Processes

Before departing from this section, we will define more specialized cases of random pro-
cesses.

Definition 2.42. Let X be a random process defined on the time interval, T . Let t0 < t1 <

· · · < tn be a partition of the time interval, T . If the increments, X(tk) − X(tk−1), are
mutually independent for any partition of T , then X is said to be a process with independent
increments.

Definition 2.43. We say that a random process, X, is a Gaussian process if for every finite
collection, Xt1 , Xt2 , . . . , Xtn , the corresponding density function,

f (x1, . . . , xn),

is a Gaussian density function.

We can alternatively use the equivalent definition which we get from [46].

Definition 2.44. We say that a random process X is a Gaussian process if every finite linear
combination of the form

Y =
N∑
j=1

αjX(tj )

is a Gaussian random variable.

Definition 2.45. A random process {Xt, t ∈ T }, where T is a subset of the real line, is
said to be a Markov process if for any increasing collection t1 < t2 < · · · < tn ∈ T

P

(
Xtn ≤ xn

∣∣∣∣Xtn−1 = xn−1, . . . , Xt1 = x1

)
= P

(
Xtn ≤ xn

∣∣∣∣Xtn−1 = xn−1

)

or, equivalently,

FXtn |Xt1 ,...,Xtn−1

(
xn

∣∣∣∣x1, . . . , xn−1

)
= FXtn |Xtn−1

(
xn

∣∣∣∣xn−1

)
.

Intuitively, this property says that all future values of the stochastic process Xtn are
dependent only on the present value Xtn−1 . How one gets to this present value is irrelevant.
Jazwinski [23] describes this as a property akin to causality.

Before closing out this section, we should discuss some general properties of Markov
processes. Markov processes are similar in many respects to ordinary differential equations
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in that they rely only on present values to determine future ones. Consider a Markov process,
Xt , and the joint density function of a collection of time samples,

f
Xt1 ...Xtn

(x1, . . . , xn).

By manipulating the definition of conditional probability (1.8), we can write

f
Xt1 ...Xtn

(x1, . . . , xn) = f
Xtn |Xtn−1 ...Xt1

(xn|xn−1, . . . , x1)fXt1 ...Xtn−1
(x1, . . . , xn−1).

A straightforward application of the Markov property leads to

f
Xt1 ...Xtn

(x1, . . . , xn) = f
Xtn |Xtn−1

(xn|xn−1)fXt1 ...Xtn−1
(x1, . . . , xn−1).

Now we can, of course, apply the same steps to fXt1 ,...,Xtn−1
and then to fXt1 ,...,Xtn−2

and so
on to get

f
Xt1 ...Xtn

(x1, . . . , xn) = f
Xtn |Xtn−1

(xn|xn−1) · · · fXt2 |Xt1
(x2|x1) fXt1

(x1).

Thus, if we specify f
Xτ

and the transition probability density function, f
Xt |Xτ

, we know the
probability density function of Xt . In terms of our ordinary differential equation analogy,
f

Xτ
is our boundary condition, and f

Xt |Xτ
is the solution to our equation.

2.10 Gauss–Markov Processes
A Gauss–Markov process is simply a random process that is both Gaussian and Markov.
These processes will play a big role in our study of random processes and filtering theory
for two basic reasons. The first is that Markov processes can be completely described by an
initial condition and a transition density function, which is a great simplification. The second
is that linear transformations of Gaussian random vectors remain Gaussian (Theorem 2.30).
Because of these properties, a Gauss–Markov process can be represented by the state vector
of a multistate linear dynamic system,

xk+1 = �kxk + wk. (2.36)

Hopefully, this will not seem to be such a leap.

Remark 2.46. We note here that we have changed our notation a bit. The lowercase x now
represents an n-element vector that represents the “state” of the linear system described by
(2.36). This is the common convention for linear systems theory.

In (2.36), xk is an n-vector, �k is an an n× n known matrix, and the driving function
or process noise wk is an n-vector-valued, Gaussian random sequence. The statistics of wk

will be assumed to be

E[wk] = w̄k,

E

[
(wk − w̄k)(wl − w̄l)

T
]
= Wkδkl,
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where

δkl =
{ 1, k = l,

0, k 
= l,

and δkl is called the Kronecker delta. We must also assume that the initial state is random
and Gaussian. We will take as its statistics

E[x0] = x̄0,

E

[
(x0 − x̄0)(x0 − x̄0)

T
]
= P0.

Finally, we will assume that

E

[
(x0 − x̄0)(wk − w̄k)

T
]
= 0 ∀k, (2.37)

which will lead us to the conclusion that xk − x̄k is independent of wj − w̄j for j ≥ k.17

Let us start putting the Gauss–Markov properties to work. Since xk and wk are
both Gaussian, xk+1 is Gaussian. The transition probability is related to the independent
increment process noise density for wk and is Gaussian. Using (2.36) and assuming wk is
zero mean, the transition probability is

f
xtk+1 |xtk

(xk+1|xk) = 1

(2π)n/2|Wk|1/2
e−

1
2 w

T
kW

−1wk

= 1

(2π)n/2|Wk|1/2
e−

1
2 (xk+1−�kxk)

TW−1(xk+1−�kxk).

We now determine the propagation equations for the mean and variance. Define the
mean of xk+1 as x̄k+1. Then, we get that

x̄k+1 = �kx̄k + w̄k. (2.38)

We can now make use of (2.38) to derive the propagation equation for the covariance matrix.
Subtract (2.38) from (2.36) to get

xk+1 − x̄k+1 = �k (xk − x̄k)+ wk − w̄k.

We then find that the covariance is propagated by

Pk+1 :=E
[
(xk+1 − x̄k+1) (xk+1 − x̄k+1)

T
]

=E
[(
�k (xk − x̄k)+ wk − w̄k

)(
�k (xk − x̄k)+ wk − w̄k

)T
]

=�kE
[
(xk − x̄k) (xk − x̄k)

T
]
�T

k +�kE
[
(xk − x̄k) (wk − w̄k)

T
]

+ E
[
(wk − w̄k) (xk − x̄k)

T
]
�T

k + E
[
(wk − w̄k) (wk − w̄k)

T
]

=�kPk�
T
k +Wk.

17Prove this for yourself using our various results for Gaussian random variables.
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Note that x̄k and Pk are calculated separately and that together they completely specify a
Gaussian probability density function.

The covariance kernel, Cxx , is akin to the transition probability density function. This
kernel is defined to be

Cxx(k + q, k) := E
[(
xk+q − x̄k+q

)
(xk − x̄k)

T
]
.

Hopefully, you remember from your linear systems class that the value of x at k + q is
related to its value at k through the equation

xk+q = �(k + q, k)xk +
k+q−1∑
j=k

�(k + q, j + 1)wj ,

where
�(k + q, k) = �k+q−1 · · ·�k

is the transition matrix. Therefore,

Cxx(k + q, k) = E

[(
�(k + q, k)(xk − x̄k)+

k+q−1∑
j=k

�(k + q, j + 1)wj

)(
xk − x̄k

)T
]

= �(k + q, k)Pk.

(2.39)

Note that most of the terms above will be zero because of (2.37). If we switch the time shift
to the second argument, then

Cxx(k, k + q) = Pk�(k + q, k)T. (2.40)

This is one of those places where the overuse of the term “covariance” hurts us. P is the
covariance matrix where the two time arguments are taken at the same time point. C is the
covariance where we look at two different time points.

In Chapter 5 we will learn how to analyze continuous-time Gauss–Markov processes.

2.11 Nonlinear Stochastic Difference Equations
Although the state propagated through a nonlinear stochastic difference equation is charac-
terized by a non-Gaussian density function, the dynamic system will still satisfy the Markov
property as long as the dynamics are forced by an independent increment process. The class
of nonlinear stochastic difference equations is of the form

xk+1 = f (xk)+G(xk)wk, (2.41)

where f (·) is a known n-vector function of xk ∈ Rn and G(·) is a known n × n function
of xk and is assumed to be invertible for all k. Assume wk is Gaussian with zero mean and
variance

E

[
(wk)(wl)

T
]
= Wkδkl.
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Since wk is an independent increment process, the transition probability f
xtk+1 |xtk

(xk+1|xk)
is determined from the density of wk by making the transformation of random variables
yk = G(xk)wk , where xk is given in forming the transition probability. From (2.41) the
transition probability is

f
xtk+1 |xtk

(xk+1|xk) = 1

(2π)n/2|G(xk)WkG(xk)T|1/2
e

1
2 y

T
k (G(xk)WkG(xk)

T)−1yk

= 1

(2π)n/2|G(xk)WkG(xk)T|1/2
e

1
2 (xk+1−f (xk))T(G(xk)WkG(xk)

T)−1(xk+1−f (xk)),

where (2.41) is used to explicitly construct the transition probability.
The numerical difficulty occurs in propagating the probability density function as

f
xtk+1

(xk+1) =
∫ ∞

−∞
f

xtk+1 |xtk
(xk+1|xk)fxtk

(xk)dxk, (2.42)

where there are n integrations involved in (2.42). However, there are some interesting
dynamics that allow the mean and variance to be easily propagated. An example is given
below.

Example 2.47. Consider the scalar stochastic difference equation

xk+1 = �kxk +
√

1+ x2
k wk,

where wk is a zero mean with variance E
[
(wk)(wl)

T
] = Wkδkl . The mean E[xk] = mk is

propagated as
mk+1 = �kmk,

and the variance is

E[x2
k+1] = Mk+1 = E[�2

kx
2
k + 2�k

√
1+ x2

k wk + (1+ x2
k )w

2
k ] = (�2

k +Wk)Mk +Wk

since xk and wk are independent.

2.12 Exercises
1. You are operating a digital communications thermal that utilizes binary phase shift

keying (BPSK). When you receive a signal,

s(t) = sin(t),

you interpret it as a digital “1.” When you receive a signal,

s(t) = sin(t + π) = − sin(t),

you interpret it as a digital “0.” The way in which you decipher the signal you receive
is to run the received signal through a correlator,

d = 1

π

∫ T

0
s(t) sin(t)dt,



book
2008/9/3
page 67

�

�

�

�

�

�

�

�

2.12. Exercises 67

where T = 2π . To guard against noise, we define our detection algorithm as follows:

detected bit =
{

1, d > 1
2 ,

0, d < − 1
2 .

(a) What is the value of d when s(t) = sin(t) and when s(t) = sin(t + π)?

(b) Now, unfortunately for you there is a jammer nearby, who puts out a signal,

n(t) = sin(t),

to disable your receiver. Thus, when you operate your correlator you get

d = 1

π

∫ T

0
[s(t)+ n(t)] sin(t)dt.

What are the values of d when s(t) = sin(t) and s(t) = sin(t + π) in the
scenarios above?

(c) To counter the jammer, you decide to “hop” your signal. That is, instead of
sending out your signal on one carrier wave, you randomly switch between
three different frequencies:

s(t) =

⎧⎪⎨
⎪⎩

sin(t), sin(t + π),

sin(2t), sin(2t + π),

sin(3t), sin(3t + π).

We are assuming, of course, the following:

• You do not know the exact frequency of your adversary (otherwise you
could simply not include it in the set of hops).

• The correlator at the receiving end knows exactly the sequence of hops so
that it can adjust the frequency of its sine wave so that it can detect the
incoming signal.

Assuming that the jammer always broadcasts at sin(t), what is the probability
of obtaining the correct bit?

(d) Assume now that your message comes in 8-bit words. In the current scenario,
what is the probability of obtaining the correct word?

(e) To improve the odds of successfully transmitting a multibit word, we designate
the last bit as the parity bit. That is, if we declare that our words are even parity,
then any 8-bit sequence that we transmit will have an even number of “1”’s.
Likewise, odd parity means that out of 8 bits, we have an odd number of “1”’s.
The parity bit is set to “0” or “1” as needed to achieve the specified parity. Using
this parity bit, what is the probability of successful transmission now? What is
the trade-off?
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(f) To improve our odds even further, we now have a scheme in which we keep
the same 8-bit structure, but we now include two parity bits. The first specifies
the parity for bits 0 to 2; the second for bits 3 to 5. What is the probability of
successful transmission now?

(g) What is the probability of getting the number “5” exactly twice in 8 consecutive
rolls of a die?

2. Consider two tosses of a fair coin. Completely define the probability space {�,A, P }.
Now define a different probability space,

{
�,A1, P 1

}
, where the event of actual

interest is the number of heads in two tosses. Define an appropriate random variable,
X(·), to consider the number of heads appearing in two tosses. Obtain the probability
distribution function for this X(·).

3. Let X be a uniform random variable that takes on values between 0 and 1. Let
Y = ln X.

(a) Give the probability density function for Y .

(b) What is the probability that Y < 3?

4. The probability distribution for an Olympic archer hitting his target is centered about
the bullseye and is Gaussian with covariance

P =
[

2 1
1 2

]
.

The mean can be taken to be (0,0) since we specified that the distribution is centered
about the bullseye. Give a formula (involving an integral) for the probability that the
archer’s hit will be within a radius 1 of the bullseye.

5. Let X and Y be independent random variables that are each uniformly distributed on
the interval [0, 1]. Define

Z(·) = X(·)Y (·).
(a) What is the mean, second moment, and variance of Z?

(b) What is the probability that Z assumes a value less than 0.5? What about a value
less than or equal to 0.5?

6. Consider a three-dimensional Gaussian random vectorX(·)whose probability density
is described by

f (x) = 1

(2π)
3
2 |P | 1

2

exp

(
−1

2
[x −m]TP−1[x −m]

)
,

where the mean m and the covariance P are

m =
⎧⎨
⎩

0
0
0

⎫⎬
⎭ , P =

⎡
⎣ 9 0 0

0 2.5 0.5
0 0.5 2.5

⎤
⎦ .
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Surfaces of constant probability density are called surfaces of constant likelihood.
They are ellipsoids with principal axes not generally aligned with the coordinate
axes.

(a) Determine a transformation that aligns the principal axes of the ellipsoids with
the coordinate axes, i.e., transforms P into

P ′ =
⎡
⎣ σ 2

11 0 0
0 σ 2

22 0
0 0 σ 2

33

⎤
⎦ .

(b) Show that the surface of constant likelihood is an ellipsoid of the form

X′1
2

σ 2
11

+ X′2
2

σ 2
22

+ X′3
2

σ 2
33

= c2.

Write an expression for the probability that X1, X2, X3 take values within the
ellipsoid.

(c) Show that our ellipsoid becomes a sphere by defining the new variables

Y1 = X′1
σ11

, Y2 = X′2
σ22

, Y3 = X′3
σ33

and that the probability can be written as a volume integral over the ellipsoid

P ({X1, X2, X3 lies within ellipsoid}) =
∫∫∫ exp

(
−r2

2

)
(2π)

3
2

dy1 dy2 dy3,

where r2 = y2
1 + y2

2 + y2
3 or, equivalently,

P ({X1, X2, X3 lies within ellipsoid}) =
∫ c

0

s(r) exp
(
−r2

2

)
(2π)

3
2

dr,

where s(r) is the surface area of a sphere with radius r .

(d) Calculate the probability for c = 1 and c = 2.

7. You are given the following set of events from the toss of a fair die:

E = { {1}, {2}, {1, 3, 5}, {2, 4, 6} } .
(a) Generate the algebra of eventsA. What is the probability space for this example?

What are the atoms of the algebra?

(b) Define a random variable on the probability space which takes on the maximum
number of different values.

(c) Produce a graph of the probability distribution function associated with the
random variable defined in the previous part.
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8. SupposeA and θ are independent random variables with probability density functions

fA(r) = r

σ 2
e
− r2

2σ2 , r ≥ 0,

fθ (α) = 1

2π
, −π < α ≤ π.

What is the probability density function for X = A sin θ?

9. The random variables X1, X2, . . . , Xn are independent with respective densities
fX1(x1), fX2(x2), . . . , fXn

(xn). Define a new set of variables

Y1 = X1, Y2 = X1 +X2, · · · Yn = X1 + · · · +Xn.

Show that the joint density of the random variables Y1, . . . , Yn is given by

f (Y1, . . . , Yn) = fX1(y1)fX2(y2 − y1) · · · fXn
(yn − yn−1).

10. Let X and Y be independent normal random variables with zero mean and unit co-
variance. Let

Z = Y

X
.

Find fZ .

11. Suppose that

f (x) = α

π(α2 + x2)
, −∞ < x <∞, α constant.

Determine the mean and variance, if they exist.

12. Give conditions on Q for E [eQX2
] to exist if

f (x) = 1√
2πσ

e
−x2

2σ , σ > 0.

13. The random variables X and Y have zero mean. Given that var(X) = 64, var(X +
Y ) = 68, and var(X − Y ) = 132, compute the correlation E[XY ].

14. Find the mean and variance of the random variables with the following characteristic
functions:

(a) φX(s) = λ

is + λ
e−isτ , (b) φY (s) = e−i

s
λ , (c) φZ(s) =

(
λ

is + λ

)2

.

15. Find the mean and variance of the following:

(a) The Rayleigh random variable with probability density function:

f (x) = x

β
e
−x2

2β , 0 ≤ x <∞, β > 0.
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(b) The Poisson random variable with probability mass function

f (k) = e−ssk

k! , k = 0, 1, 2, . . . , s > 0.

(Hint: For the variance, use the fact that k2 = k(k − 1)+ k.)

(c) The binomial random variable with probability mass function

f (k) = n! qkrn−k

k!(n− k)! , k = 0, 1, 2, . . . , q > 0.

(Hint: For the variance, use the fact that k2 = k(k − 1)+ k.)

16. When a current of I Amperes flows through a resistance or R Ohms, the power
generated is given by W = I 2R Watts. Suppose that I and R are independent
random variables with densities

fI (x) =
{

6x(1− x), 0 ≤ x ≤ 1,
0 otherwise,

fR(x) =
{

2x, 0 ≤ x ≤ 1,
0 otherwise.

Find fW(x).

17. Consider the experiment where one card is drawn out of a full deck of cards. Let X
be a random variable that returns the numerical value of the card. Aces have a value
of 1, and face cards have a value of 10.

(a) Draw or describe the probability distribution of X. For those of you who might
not know about a deck of cards, a deck contains 52 cards. There are 13 different
types of cards and 4 of each type. There are 9 numbered cards that go from 2 to
10. There are 4 special types of cards: aces, kings, queens, and jacks. The last
3 types are known as “face cards.”

(b) Draw or describe the probability mass function that corresponds to the distribu-
tion that you drew in the first part of this problem.

18. Consider the following fault management system in which our system, represented
by the block, A, is monitored by a special sensor represented by the block, B, shown
in Figure 2.9. Let X be a random variable that gives the time to failure for block A.
X has an exponential distribution with a parameter, λ1. Suppose that Y is a random
variable that gives the output of the monitoring block, B. IfB is functioning correctly,
Y outputs a “1” if X has failed and a “0” if X is working correctly. However, there
exists the possibility that B itself has failed. In this case, the output of Y will be zero
regardless of the state of health of A. At some time, T , take a look at the output of
block B.

(a) Suppose that Y = 0; what is the probability that X < T ?

(b) Suppose that at some time T , you notice that Y = 1. What then is the probability
that X < t for t < T ?

(c) What is the expected value for X conditioned on Y ?
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A

B

Figure 2.9. Block B Monitors Block A.

19. Calculate the characteristic functions for the following probability densities:

(a)

f (x) =
{

1
b−a , x ∈ [a, b],
0 else.

(b)

f (x) = λe−λx, x > 0.

(c)

f (x) = 1

2
e−|x|, −∞ < x <∞.

20. A coin is tossed with “heads” occurring with probability, p, and “tails” occurring with
probability, q. Note that p + q = 1.

(a) Calculate the expected number of heads in n tosses.

(b) What is the variance associated with this expectation?

21. Prove that if x and y are independent random variables, and a = f (x) and b = g(y),
then a is independent of b.

22. Let x(t) be a function such that

x(t) =
{

0, t 
= t0,

1, t = t0.

In general, will x(t) be separable? When is x(t) separable?
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23. Consider the game of blackjack. Let us assume that you are the only one playing and
that you get two consecutive draws from the deck.

(a) What is the probability of getting a blackjack?

(b) Let B be the event that you get a blackjack and IB be the indicator function that
is 1 if you do get a blackjack and 0 if you do not. What is the distribution of IB?

(c) What is the mass density of IB?

24. Let xt = a cos(ωt + y), where a, ω, and y are independent random variables: a has
mean 2 and variance 4, y is uniform on [−π, π), and ω is uniform on [0, 5]. Find
the mean function mx(t) and the (auto)correlation Rxx(t, τ ) of the random process
xt , t ∈ �.

25. Consider the function

G(x) =

⎧⎪⎪⎨
⎪⎪⎩

0, x ≤ 0,

sin(x), 0 < x <
π

2
,

1, x > π
2 .

(a) Is G(x) a valid probability distribution function?

(b) If so, does it have a corresponding density function?

(c) Suppose that we define a set function, PG, such that if A is some subset of the
real line,

PG(A) =
∫
A

dG,

where the above integral is taken to mean

∫
A

dG =
N∑
i=1

G(bi)−G(ai),

where the collection of intervals, [ai, bi], is the set of intervals that covers A

with the least amount of spillover. Is PG(·) a probability measure?

26. A computer generates random numbers that are uniformly distributed on the interval
[0, 1]. Find an increasing function g(x) such that if x is the random number generated
by the computer, then the random variabley = g(x)has a Rayleigh probability density
function:

f (y) = y

β
e
−y2

2β , 0 ≤ y <∞, β > 0.

27. If the joint probability density function of X and Y is given by

f (x, y) =
{

2, 0 < x < y < 1,
0 otherwise,
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Figure 2.10. Conceptual Drawing of a Gyro Sitting Still in a Lab.

find the probability density function of the following random variables:

Z1 = XY, Z2 = X

Y
, Z3 = max(X, Y ).

28. Prove that if a density function, f (·), is an even function, i.e.,

f (x) = f (−x) ∀ x ∈ R,

then its characteristic function is a purely real function.

29. Calculate the characteristic function of

f (x) = 1

2
e−|x|, −∞ < x <∞.

30. Let us analyze the error on a gyro configured to measure Earth rate while sitting still
in a laboratory; see Figure 2.10. There are four possible sources of error for this gyro.

scale factor 100 parts-per-million
bias/drift 0.1 degrees-per-hour

quantization 12 bit data word
misalignment 1 degree

Derive the error equation and show how this leads to an equation that rolls up the error
variances. Using the values above, determine the uncertainty in the measurement of
Earth rate and comment on any interesting results that you might find.

31. The random variable X is Gaussian, zero mean with variance σ 2. Let Z = X2.
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(a) What is the mean, second moment, and third moment of Z?

(b) What is the density function of Z? Is it Gaussian?

32. Let us introduce a famous problem in statistics called “gambler’s ruin,” though for
now we will look only tangentially at the “ruin” part. In our version of the problem,
you are playing a game in which you wager a dollar. If you win, you get another
dollar. If you lose, you obviously lose your dollar. The odds of winning are p, and
the odds of losing are q. There are no ties in this game, so p + q = 1. Suppose at
the start of your long night of wagering you have M dollars.

(a) What is the probability that you will have exactly zero dollars after N rounds of
the game? For now, to keep things simple, you can assume that if you can dip
below zero prior to round N , you can keep playing on credit.

(b) Plot the probability density function for the scenario in part (a) for N = 100,
M = 50, and p = 1

4 ,
1
2 ,

3
4 . Do not worry about dipping below zero dollars. Plot

those points as well.

(c) Now assume that you have no credit. Once you hit zero you are done. What is
the probability that you hit zero dollars by round N or sooner?

33. (a) Consider two random variables X and Y such that they are independent with
Cauchy density functions

fX =
α
π

α2 + x2
,

fY =
β

π

β2 + y2
.

Define

Z = 1

2
(X + Y ) ;

what is the probability density function of Z? To help you out, the characteristic
functions for fX and fY are

φX(ν) = e−α|ν|,

φY (ν) = e−β|ν|.

(b) Now suppose that we have a sequence of random variables, Xj , j = 1, . . . , N ,
with

fXj
=

αj

π

α2
j + x2

.

What is the density function of Z, where

Z = 1

N

N∑
j=1

Xj?

What happens to this density function as N → ∞? Does it converge to a
Gaussian density function?
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34. Let us return to the “blackjack” game. Let us define the sample space to consist of
all possible hands of two cards drawn from a deck of 52 without any consideration
for suit or the order in which the cards were drawn. The sample space is

� = {AA,A2, A3, . . . , KK} .
Define X(ω1, ω2) to be the random variable that takes a pair of cards and maps it to
a number between 2 and 21 according to the rule

X(ω1, ω2) = f (ω1)+ f (ω2),

where the function f (·) (see Table 2.2) takes cards as arguments and returns their
values, i.e.,

Table 2.2. Function f (·) from Problem #34.

ω f (ω)
2 2
3 3
4 4
5 5
6 6
7 7
8 8
9 9

10 10
J 10
Q 10
K 10
A see below

for the case where ω1 = A,

X(A,ω2) =
{

11+ f (ω2), ω2 
= A,

2, ω2 = A.

(a) We form our algebra by first defining the sets Dj, j = 1, . . . , 6, as

D1 = {ω : X(ω) = 2, 3, 4, or 5},
D2 = {ω : X(ω) = 6, 7, or 8},
D3 = {ω : X(ω) = 9, 10, or 11},
D4 = {ω : X(ω) = 12, 13, or 14},
D5 = {ω : X(ω) = 15, 16, or 17},
D6 = {ω : X(ω) = 18, 19, 20, or 21}.

Our σ -algebra, A, is then defined to be the set of sets formed from the comple-
ments and countable unions of the sets Dj . Calculate E[X|A].
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(b) Define
A = 2�.

Now calculate E[X|A].
(c) Finally define

A = {�,∅}.
Now calculate E[X|A].

35. Prove that x − E[x|y] is orthogonal to y. That is,

E [y (x − E[x|y])] = 0.

Note that this concept is instrumental in deriving the Kalman filter by means of
orthogonal projections, which was how Kalman did it.

36. You are playing blackjack. You are dealt a 10 and a 3, but the dealer has an Ace
and a card that is not shown (we will call this card the “down card”). Consider the
probability space in which the value of the dealer’s hand is the experiment. To clarify
matters, there are only two players, you and the dealer, and you are working from a
single 52-card deck. Thus, only 3 cards have be exposed, yours and the Ace that the
dealer has.

(a) What are the atoms of the sample space given that you know that the dealer has
an Ace and that you have a 10 and a 3?

(b) What is the probability that the dealer has a blackjack given that he is showing
an Ace and that you have 10-3?

(c) What is the expected value of the dealer’s hand given that he has an Ace and
that you have 10-3? Assume that the Ace has a value of 11. If his down card
also turns out to be an Ace, then the value of his hand is 12.

37. A die is rolled 12 times. Calculate a formula for

P(k 6’s in first 5 rolls|four 6’s in all 12 rolls);
for which values of k is this probability nonzero?

38. Let us revisit “gambler’s ruin,” which we introduced to you in an earlier problem.
Once again, in this game, you wager a dollar and have a probability p of winning
another dollar and a probability q of losing your dollar. There are no ties, and so
p + q = 1.

(a) If you start with M dollars, what is the expected value of your cash holdings
after N rounds of gambling?

(b) What happens to this expected value as N → ∞ if p < 1
2 and if p = 1

2 ? By
the way, every game in Las Vegas is such that p < 1

2 if you do not do anything
that will get you in trouble like counting cards.
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78 Chapter 2. Random Variables and Stochastic Processes

39. Define a stochastic process, Xt , as

Xt = A(ω) sin(t),

where A is a uniform random variable that ranges from −1 to 1.

(a) Does Xt have independent increments?

(b) Is Xt a Gaussian process?

(c) Is Xt Markov?

40. Let X be a random variable with mean m and variance σ 2. Let Xk, k = 1, . . . , N , be
measurements or samples of X. Show that the sample variance

σ 2
N =

1

N − 1

N∑
k=1

(Xk −mN)
2 ,

where X̄ is the sample mean

mN = 1

N

N∑
k=1

Xk,

is an unbiased estimator of the variance, i.e.,

E[σ 2
N ] = σ 2.

41. Consider a scalar dynamic system with a state-dependent and independent noise
sequence as

xk+1 = (�(k + 1, k)+Gkwk)xk,

where wk is a white zero-mean Gaussian process with covariance Wkδkj . What are
the propagation equations for the mean and variance of xk?

42. Using MATLAB®, generate three different random sequences of numbers that are
each 10,000 elements long. Each sequence obeys a different probability density
function. In no particular order, these are

(a) Cauchy with α = 2,

(b) exponential with λ = 2,

(c) Rayleigh with σ = 3.

Provide a histogram for each sequence that proves that the given sequence obeys the
density function specified. Include a listing of the computer program that you used to
generate the sequence. To help you out, you should know that MATLAB comes with
two random number generators, rand and randn. You can use these as the starting
point to generate your random sequences.
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43. Let us return to the gambler’s ruin process. As you might recall, the process is
defined to be the sum of N rounds of a betting game in which you win one dollar with
probability p and lose one dollar with probability q. The random variable xN is the
size of your cash holdings after N rounds (do not worry about whether or not xN is
negative):

xN = ξ1 + · · · + ξN .

Here ξk is a random variable that represents the outcome of the kth round of gambling:

(a) What is the variance of xN? What happens as N →∞?

(b) Does xN have independent increments? Explain why.

(c) Is xN Markov? Explain.

(d) Is xN Gaussian? Explain.

44. Prove that any stochastic process with independent increments is a Markov process.

45. Let a and b be independent random variables with

P(a = 1) = P(a = −1) = P(b = 1) = P(b = −1) = 1

2
.

The random process xt , t ∈ �, is defined as xt = 2a + bt .

(a) Sketch the possible sample paths of xt .

(b) Find P [xt ≥ 0] for all t ∈ �.

(c) Find P [xt ≥ 0 ∀t ∈ �].

46. Let xk be a discrete-time process satisfying

xk+1 = �(k + 1, k)xk +Gkwk,

where wk is a white Gaussian process with mean w̄k for all k and covariance kernel
Qkδkj . Show that xk can also be generated by

xk+1 = �(k + 1, k)xk +Gkuk +Gkw
′
k,

where uk := w̄k and w′k is a zero-mean white Gaussian noise with covariance kernel
Qkδkj .

47. Consider the following random sequence:

zk+1 = zk

√
k − 1

k
+
√

3

k
wk+1, z1 = 0,

where the independent noise sequence wk is uniformly distributed over [−1, 1].
(a) Determine the propagation equations for the mean and variance of zk and solve

them to obtain the mean and the variance as functions of k.

(b) What is the distribution of zk as k→∞? (Hint: Write zk as a sum of wk’s.)
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Chapter 3

Conditional Expectations
and Discrete-Time Kalman
Filtering

From the concepts presented in Chapters 1 and 2, conditional expectation and its special
case of conditional probability were defined, where the average of a random variable is
constructed given that certain events have occurred. Here, the notion of state estimation is
first introduced. Asimplifying example, where a Gauss–Markov process is assumed, is used
to illustrate the theory and has significant practical applications. This leads to a conditional
mean state error in discrete time, popularly called the discrete-time Kalman filter. This
importance class of stochastic estimation problems has ramifications for the estimation and
control theory presented in the remainder of this book.

3.1 Minimum Variance Estimation
The thought may have crossed your mind that conditional expectation is an odd subject for
a book chapter. While we have hopefully convinced you that it is quite an interesting topic,
we will admit that we have an ulterior motive, which is to use it to introduce stochastic
estimation. Consider the static parameter estimation problem,

z = h(x)+ v. (3.1)

Our aim is to determine the n× 1 vector, x, given an m× 1 measurement vector, z, that is
corrupted by an m× 1 random vector, v, where h(·) is a known function. Once again, we
have switched to linear systems-styled notation, where lowercase letters represent vectors
and uppercase letters represent matrices.

It will be our claim that the conditional probability density, fx|z, contains all of the
information that we need to solve any estimation problem. The type of estimate that we
get depends on how we choose to use fx|z. The maximum a posteriori estimate, x̂MAP, is
obtained by maximizing fx|z. Conceptually, this can be understood to be the peak value,
or mode, of fx|z. The minimax estimate, denoted xMM , is found by taking the median, or
midpoint, of fx|z. Finally, the minimum variance estimate is found by taking the mean, or
center of mass, of fx|z. This estimate gets its name from the fact that the mean of fx|z can

81
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82 Chapter 3. Conditional Expectations and Discrete-Time Kalman Filtering

fx|z

x̂MAPx̂MVx̂MM

x

Figure 3.1. Different Estimation Objectives.

be shown to minimize the mean square, or variance, of the estimation error,

x̂MV = argmin
x̂

E
[
(x − x̂)2

∣∣ z].
Remark 3.1. An argmin of a function is simply the value of its argument (in this case in
terms of z) at which the function obtains its minimum value. For example, if f (x) = x2,
then

argmax
x

f (x) = 0

since 0 is the value of x at which f obtains its minimum.

The mean of fx|z, by the way, is the conditional mean. Figure 3.1 depicts all three of
these estimates.

In the general case, these three estimates do not coincide. An exception is when fx|z
is Gaussian,18 in which

x̂MAP = x̂MV = x̂MM .

In this case, where g(x) = Hx and H is an n × n matrix, fx|z is symmetric about its
center (see Figure 3.2) so that all three estimates coincide. Hence, all three are equal to the
conditional mean, E [x|z]. As it turns out, the conditional mean is the solution to a general
class of filtering problems.

Let x be some vector-valued random vector. Let ρ(·) be a nonnegative and convex
distance function which gives some sense of the magnitude of x.19 An example of such a ρ
would be the Cartesian 2-norm:

ρ(x) =
√
xTx.

18Another exception is when we get to dynamic systems, where the system is Gauss–Markov.
19Afunctionρ is convex if for any two points, x and y, and some scalarα such that 0 ≤ α ≤ 1, ρ(αx+(1−α)y) ≤

αρ(x)+ (1− α)ρ(y).
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fx|z

x̂MAP
x̂MV
x̂MM

x

Figure 3.2. Symmetrical Conditional Density Function.

Now, define L(·) to be a loss function, which is simply a function such that

L(0) = 0

and
ρ(x1) ≥ ρ(x2) ≥ 0 =⇒ L(x1) ≥ L(x2) ≥ 0.

To aid our discussion we define the estimation error to be

e := x − x̂.

The following theorem, credited to Sherman [36, 37] and given here without proof, then
states that the x̂ that minimizes E [L(e)] is the conditional mean.

Theorem 3.2 (Sherman’s Theorem). Let x be a random vector with mean, μ, and density,
fx(·). Let L(e), e = x − x̂, be a loss function as defined above. If fx(·) is symmetric about
μ and unimodal (i.e., has only one peak), then x̂ = μ minimizes E[L(e)].

Now, our filtering problems are conditioned on measurements, z, which is a different
assumption from that given in Theorem 3.2. Let x̂ = x̂(z); then e(z) = x − x̂(z). Since

min
x̂(z)

E
[
L(e(z))

∣∣∣z] = E
[
Lo(e(z))

∣∣∣z] ≤ E
[
L(e(z))

∣∣∣z] ∀z,x̂,

then
E
[
E [Lo(e(z)) |z ]

]
≤ E

[
E [L(e(z)) |z ]

]
,

since fz(·) does not depend on x̂(z) and is always positive. Sherman’s theorem as applied
to our filtering problem is as follows.
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84 Chapter 3. Conditional Expectations and Discrete-Time Kalman Filtering

Theorem 3.3. Let fx|z be symmetric about its mean, E [x|z], and unimodal. Let L(e(z))
be a loss function as defined above; then x̂ = E [x|z] minimizes E [L(e(z))].

Remark 3.4. Theorem 3.3 relates to a point minimization and not necessarily to sequen-
tial minimization that leads to sequential filters. The linear exponential Gaussian filters
described in Chapters 8 and 10 are not conditional mean estimators.

Note that in the theorems given above, we had to put restrictions on fx|z in order
to assure that the conditional mean is the optimal estimate. For the minimum variance
estimate, however, it will turn out that the conditional mean is always the solution.

Remark 3.5. In the theorem to follow, the notation, S ≥ 0, is understood to mean that S is
a symmetric, nonnegative definite matrix. That is, for any vector, x,

xTSx ≥ 0.

Theorem 3.6. Let L(·) be the general quadratic loss function

L(ξ) = ξTSξ ≥ 0, S ≥ 0.

Then, if the estimate is a function of z, the minimum variance estimate is the conditional
mean.

Proof. Let x be the state, x̂(z) the estimated state, and e = x − x̂(z). The expected value
of the loss function representing the variance is

E[L(e)] = E[eTSe] = E[(x − x̂(z))TS(x − x̂(z))]
= E

[
E[(x − μ+ μ− x̂(z))TS(x − μ+ μ− x̂(z))|z]] ,

where μ = E[x|z] and S ≥ 0. Since the cross-term is

E[(x − μ)TS(μ− x̂(z))|z] = E[(x − μ)|z]TS(μ− x̂(z)) = 0,

then

min
x̂(z)

E[(x − μ)TS(x − μ)+ (μ− x̂(z))TS(μ− x̂(z))|z] = E[(x − μ)TS(x − μ)|z]
⇒ x̂(z) = μ∀z,

and since fz(·) does not depend upon x̂ and is positive for all z,

E[(x − μ)TS(x − μ)] = E
[
E[(x − μ)TS(x − μ)|z]] ≤ E [E[L(e(z))|z]] .

Remark 3.7. The conditional mean minimizes the conditional variance as well as the
unconditional variance.

Example 3.8. A random variable x is to be estimated on the basis of a priori information
and a single noisy measurement expressed as

z = x + v.
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x and v are assumed to be independent. fx is a uniform probability density function that
is 1/2 over the interval (0, 2). fv is also uniform, but it has the value 1 over the interval
(−1/2, 1/2). From the joint density function of x and z, the marginal density is

fz(η) =
∫ ∞

−∞
fx(ξ)fv(η − ξ)dξ.

For uniform densities the convolution integral can be determined either directly or by using
characteristic functions as

�z(ν) = �x(ν)�v(ν),

where

�x(ν) = 1

2jν
(e2jν − 1), �v(ν) = 1

jν
(ejν/2 − e−jν/2).

Then,

�z(ν) = �x(ν)�v(ν) = 1

2jν
(e2jν − 1)

1

jν
(ejν/2 − e−jν/2)

= 1

−2ν2
(e−jν/2 − ejν/2 − ej3ν/2 + ej5ν/2).

The inverse Fourier transform is

fz(η) = 1

2

[
(η + 1/2)U(η + 1/2)− (η − 1/2)U(η − 1/2)

− (η − 3/2)U(η − 3/2)+ (η − 5/2)U(η − 5/2)
]
,

where U denotes the unit step function. The resulting shape of fz(η) is a trapezoid starting
at η = −1/2 and ending at η = 5/2.

The conditional density function of x given z can be written as

fx|z (ξ |η ) = fxz(ξ, η)

fz(η)
= fx(ξ)fv(η − ξ)

fz(η)
,

where we have used the fact that z is just the sum of x and v to rewrite the joint probability
density function of x and z into the equivalent form

fxz(ξ, η) = fx(ξ)fv(η − ξ).

If the actual measurement is z = 1/2,

fx|z (ξ |η = 1/2 ) = fx(ξ)fv(1/2− ξ)

fz(1/2)
= fx(ξ)fv(1/2− ξ)

1/2
,

then fx|z is uniform probability density over ξ ∈ (0, 1). The conditional mean is then

x̂ = E[x |z = 1/2 ] =
∫ 1

0
ξdξ = ξ 2

2

∣∣∣∣1
0

= 1/2,
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and the conditional variance is

P = E
[
(x − x̂)2

∣∣∣z = 1/2
]
=
∫ 1

0
(ξ − 1/2)2dξ = (ξ − 1/2)3

3

∣∣∣∣1
0

= 1

12
.

It is instructive to construct fxz and fz over the range of z ∈ [−1/2, 5/2].20 From
this we will construct the conditional mean and conditional variance.

• For η ∈ [−1/2, 1/2], fz(η) = η+1/2
2 and

fxz(ξ, η) = fx(ξ)fv(η − ξ) =
{

1/2, ξ ∈ [0, η + 1/2],
0 elsewhere.

• For η ∈ [1/2, 3/2], fz(η) = 1
2 and

fxz(ξ, η) = fx(ξ)fv(η − ξ) =
{

1/2, ξ ∈ [η − 1/2, η + 1/2],
0 elsewhere.

• For η ∈ [3/2, 5/2], fz(η) = 5/2−η
2 and

fxz(ξ, η) = fx(ξ)fv(η − ξ) =
{

1/2, ξ ∈ [η − 1/2, 2],
0 elsewhere.

The conditional mean and conditional variance are determined in the three regions
above.

• For η ∈ [−1/2, 1/2],

x̂(z) = E[x|z] =
∫ z+1/2

0 ξfxz(ξ, η)dξ

fz(z)
=

1
2

∫ z+1/2
0 ξdξ

z+1/2
2

= z+ 1/2

2
,

E
[
(x − x̂(z))2|z] = 1

2

∫ z+1/2
0 (ξ − z+1/2

2 )2dξ

z+1/2
2

= 1

12
(z+ 1/2)2 .

• For η ∈ [1/2, 3/2],

x̂(z) = E[x|z] =
1
2

∫ z+1/2
z−1/2 ξdξ

1
2

= z,

E
[
(x − x̂(z))2|z] = 1

2

∫ z+1/2
z−1/2 (ξ − z)2dξ

1
2

= 1

12
.

20Elaboration of this example is due to M. Idan.
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Figure 3.3. Conditional Mean.
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Figure 3.4. Conditional Variance.

• For η ∈ [3/2, 5/2],

x̂(z) = E[x|z] =
1
2

∫ 2
z−1/2 ξdξ

5/2−z
2

= z+ 3/2

2
,

E
[
(x − x̂(z))2|z] = 1

2

∫ 2
z−1/2(ξ − z+3/2

2 )2dξ

5/2−z
2

= 1

12
(5/2− z)2 .

The conditional mean is shown in Figure 3.3, and the conditional variance is shown in
Figure 3.4. Note that the conditional or minimum variance estimate is piecewise linear. A
linear estimate, as shown by the dashed line in Figure 3.3, underestimates for small values
of z and overestimates for large values of z. Furthermore, the conditional variance goes
towards zero as z→−1/2 and z→ 5/2, indicating that for these measurements we are sure
that the estimate x̂ is quite close to the actual value of x. Note that the conditional density
approaches an impulse as z→−1/2 and z→ 5/2. Finally, we calculate the unconditional
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variance as

E
[
(x − x̂(z))2

] = E
[
E[(x − x̂(z))2|z]] = ∫ 5/2

−1/2
E
[
(x − x̂(z))2|z = η

]
fz(η)dη

= 1

12

∫ 1/2

−1/2

(η + 1/2)3

2
dη + 1

12

∫ 3/2

1/2

1

2
dη + 1

12

∫ 1/2

−1/2

(5/2− η)3

2
dη

= 1

16
.

3.2 Conditional Estimate of a Gaussian Random Vector
with Additive Gaussian Noise

The following example is illuminating, and it is a precursor to a full-blown examination of
the Kalman filter. Let x be a Gaussian random vector with mean x̄ and variance M . Let z
be a corrupted measurement of x,

z = Hx + v, (3.2)

where H is a known m× n matrix, and v is an m× 1 Gaussian random vector with mean
0 and variance V and independent of x. Our aim is to estimate x given z. Consider the
conditional probability, fx|z,

fx|z = fz|xfx
fz

= fzx

fz
. (3.3)

Since x, z, v are Gaussian, we would expect the left-hand side, fx|z, to be Gaussian as well.
If this is the case, it is straightforward to determine the mean E[x|z] and the associated
covariance, although the manipulations take some care.

We begin by defining the composite vector,

w =
{

x

z

}
=
[

I 0
H I

]{
x

v

}
.

This vector will be Gaussian, because x and v are. Its mean is

w̄ = E[w] =
[

I 0
H I

]{
x̄

0

}
=
{

x̄

H x̄

}
,

and its covariance is

Mw = E
[
(w − w̄)(w − w̄)T]

=
[

I 0
H I

]
E

[(
x − x̄

v

) (
xT − x̄T vT

)] [ I H T

0 I

]

=
[

I 0
H I

] [
M 0
0 V

] [
I H T

0 I

]
.

Thus, the density function of w, or equivalently the joint conditional density function of x
and z, is

fw = fxz = 1

(2π)
(n+m)

2 |Mw| 1
2

exp

[
−1

2
(w − w̄)TM−1

w (w − w̄)

]
. (3.4)
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Note that

M−1
w =

([
I 0
H I

] [
M 0
0 V

] [
I H T

0 I

])−1

=
[

I −H T

0 I

] [
M−1 0

0 V −1

] [
I 0
−H I

]

=
[

M−1 +H TV −1H −H TV −1

−V −1H V −1

]
.

(3.5)

This gives us the numerator of (3.3). To get the denominator, consider the fact that

z = [
H I

] { x

v

}
. (3.6)

The mean is then

z̄ := E [z] = E
[
Hx + v

]
= HE[x] + E[v] = Hx̄,

and the covariance is

E
[
(z− z̄)(z− z̄)T] = E

[(
H(x − x̄)+ v

)(
H(x − x̄)+ v

)T
]

= HMH T + V.

Thus,

fz = 1

(2π)
m
2 |HMH T + V | 1

2

exp

[
−1

2
(z−Hx̄)T

(
HMH T + V

)−1
(z−Hx̄)

]
. (3.7)

We now have all of the probabilities needed to calculate fx|z. Substituting (3.4) and (3.7)
into (3.3), we get

fx|z = |HMH T + V | 1
2

(2π)n|Mw| 1
2

e−
1
2 φ, (3.8)

where |Mw| = |M||V | and the argument is

φ = [ (x − x̄)T (z−Hx̄)T
] [ M−1 +H TV −1H −H TV −1

−V −1H V −1

]{
x − x̄

z−Hx̄

}

− (z−Hx̄)T (HMH T + V
)−1

(z−Hx̄)

= [ (x − x̄)T (z−Hx̄)T
] [ M−1 +H TV −1H −H TV −1

−V −1H V −1 − (
HMH T + V

)−1

]

×
{

x − x̄

z−Hx̄

}
.

(3.9)
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3.2.1 Simplification of the Argument of the Exponential

Now, let us simplify the term in the (2, 2) position in the central matrix of (3.9). Using the
matrix inversion lemma,21

V −1 − (
HMH T + V

)−1 = V −1H
[
H TV −1H +M−1

]−1
H TV −1. (3.10)

If we substitute (3.10) into (3.9), we get

φ =
[
(x − x̄)T (z−Hx̄)T

]
×
[

M−1 +H TV −1H −H TV −1

−V −1H V −1H
(
M−1 +H TV −1H

)−1
H TV −1

]{
x − x̄

z−Hx̄

}

= (x − x̄)T (M−1 +H TV −1H
)
(x − x̄)− (x − x̄)TH TV −1(z−Hx̄)

− (z−Hx̄)TV −1H(x − x̄)

+ (z−Hx̄)TV −1H
(
M−1 +H TV −1H

)−1
H TV −1(z−Hx̄)

=
[
(x − x̄)− (

M−1 +H TV −1H
)−1

H TV −1(z−Hx̄)
]T

× (
M−1 +H TV −1H

) [
(x − x̄)− (

M−1 +H TV −1H
)−1

H TV −1(z−Hx̄)
]
.

(3.11)

Since we anticipate that the conditional density function will be Gaussian, the conditional
mean and covariance are determined by observing components of the quadratic structure in
(3.11). As will be shown the conditional mean is

x̂ := E[x|z] = x̄ + (
M−1 +H TV −1H

)−1
H TV −1(z−Hx̄), (3.12)

and the conditional covariance is, likewise,

P := E

[(
x − E[x|z]

)(
x − E[x|z]

)T
∣∣∣∣z
]
= (M−1 +H TV −1H)−1. (3.13)

Using (3.13), the conditional mean (3.12) can be written as

x̂ = x̄ + PH TV −1(z−Hx̄). (3.14)

Take a close look. You will be seeing a form of this equation many, many more times in
what follows.

21For a more general form see Exercise 7.
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3.2.2 Simplification of the Coefficient of the Exponential

If the conditional density is Gaussian, we need to show that the coefficient of the exponential
in (3.8) reduces as

|HMH T + V | 1
2

|M| 1
2 |V | 1

2

= 1

|P | 1
2

. (3.15)

This can be shown by using the following matrix manipulations. Note that ifA = M−1, B =
H T, C = H, D = V , then

[
A −B
C D

][
I A−1B

0 I

]
=
[
A 0
C CA−1B +D

]
=
[
M−1 0
H HMH T + V

]
(3.16)

and[
A −B
C D

][
I 0

−D−1C I

]
=
[
A+ BD−1C −B

0 D

]
=
[
M−1 +H TV −1H −H T

0 V

]
.

(3.17)
Since the determinants of (3.16) and (3.17) are the same, we can set them equal to obtain

|HMH T + V |
|M| = |V ||M−1 +H TV −1H | = |V |

|P | , (3.18)

and the result of (3.15) follows.
In summary, (3.8) can be written as

fx|z = 1

(2π)n|P | 1
2

e−
1
2 (x−x̂)TP−1(x−x̂), (3.19)

where x̂ is defined in (3.14) andP in (3.13). Consequentially, this proves that the conditional
probability density function fx|z is conditionally Gaussian.

3.2.3 Processing Measurements Sequentially

An alternative way to derive x̂ is to process each element in the vector measurements z

sequentially,

z =
⎡
⎢⎣

z1
...

zn

⎤
⎥⎦ =

⎡
⎢⎣

H1
...

Hn

⎤
⎥⎦ x +

⎡
⎢⎣

v1
...

vn

⎤
⎥⎦ = Hx + v, (3.20)

where the elements in the vector v are assumed to be independent random variables, implying
that V is diagonal. To convert the batch form (3.14) into a form where each measurement
zk is processed in turn, we first note that P−1 can be written as

P−1 = M−1 +
n∑

k=1

H T
k V

−1
k Hk. (3.21)
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Substitution of (3.21) and (3.20) into the batch equation (3.14) gives

x̂ = x̄ +
(
M−1 +

n∑
k=1

H T
k V

−1
k Hk

)−1 ( n∑
k=1

H T
k V

−1
k zk −

n∑
k=1

H T
k V

−1
k Hkx̄

)
. (3.22)

Multiplying (3.22) through by (M−1 +∑n
k=1 H

T
k V

−1
k Hk) gives

P−1x̂ =
(
M−1 +

n∑
k=1

H T
k V

−1
k Hk

)
x̂ (3.23)

= M−1x̄ +
n∑

k=1

H T
k V

−1
k zk

= M−1x̄ +H T
1 V

−1
1 H1x̄ +H T

1 V
−1

1 (z1 −H1x̄)+
n∑

k=2

H T
k V

−1
k zk (3.24)

= (M−1 +H T
1 V

−1
1 H1)(x̄ +K1(z1 −H1x̄))+

n∑
k=2

H T
k V

−1
k zk,

after cancellation of similar terms. We have already defined a new variable,

K1 = (M−1 +H T
1 V

−1
1 H1)

−1H T
1 V

−1
1 .

If we define some additional terms,

x̂1 = x̄ +K1(z1 −H1x̄),

P−1
1 = M−1 +H T

1 V
−1

1 H1,

we get a form of (3.14) that is similar to (3.23) and (3.24),(
P−1

1 +
n∑

k=2

H T
k V

−1
k Hk

)
x̂ = P−1

1 x̂1 +
n∑

k=2

H T
k V

−1
k zk. (3.25)

Now, let us use the induction argument22 by assuming that at measurement j ,

x̂j = x̂j−1 +Kj(zj −Hj x̂j−1), (3.26)

Kj = (P−1
j−1 +H T

j V
−1
j Hj )

−1H T
j V

−1
j , (3.27)

P−1
j = P−1

j−1 +H T
j V

−1
j Hj (3.28)

and that ⎛
⎝P−1

j +
n∑

k=j+1

H T
k V

−1
k Hk

⎞
⎠ x̂ = P−1

j x̂j +
n∑

k=j+1

H T
k V

−1
k zk. (3.29)

22Induction is a technique from mathematics in which one proves an iterative formula by showing that it is true
for iteration 1 and then showing that if the formula is true for iteration j , then it is true for iteration j + 1.
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Again, we pick off the j + 1 term in the summation involving z to get⎛
⎝P−1

j +
n∑

k=j+1

H T
k V

−1
k Hk

⎞
⎠ x̂ = P−1

j x̂j +H T
j+1V

−1
j+1zj+1 +

n∑
k=j+2

H T
k V

−1
k zk

= P−1
j x̂j +H T

j+1V
−1
j+1Hj+1x̂j +H T

j+1V
−1
j+1(zj+1 −Hj+1x̂j )

+
n∑

k=j+2

H T
k V

−1
k zk

= (P−1
j +H T

j+1V
−1
j+1Hj+1)(x̂j +Kj+1(zj+1 −Hj+1x̂j ))

+
n∑

k=j+2

H T
k V

−1
k zk.

(3.30)

Thus, we have proven the truth of the iterative formulas (3.26)–(3.28). Now, let us take this
iteration to the end to show that we end up with the same x̂ as we do with the batch process.
Let j = n− 1 to incorporate the last measurement

P−1
n x̂ = (P−1

n−1 +H T
n V

−1
n Hn)x̂

= P−1
n−1x̂n−1 +H T

n V
−1
n Hnx̂n−1 +H T

n V
−1
n (zn −Hnx̂n−1).

(3.31)

By multiplying (3.31) by Pn, the update formula for the last measurement is

x̂ = x̂n−1 + PnH
T
n V

−1
n (zn −Hnx̂n−1), (3.32)

demonstrating that the batch estimate is recovered. Therefore, the recursion for processing
the measurements in sequence is given by (3.26)–(3.28).

3.2.4 Statistical Independence of the Error and the Estimate

There are special statistical properties of the recursive estimates that are now determined.
These properties involve the independence of the state estimate x̂k with the error ek = x−x̂k .
We show that E[ekx̂T

k ] = 0 by developing a homogeneous recursion for E[ekx̂T
k ] and

showing that its boundary condition at k = 0 is zero. E[ekx̂T
k ], by the way, is an n × n

matrix. Therefore, each element of ek is orthogonal to each element of x̂k .
We introduce into E[ekx̂T

k ] the difference equations

x̂k = x̂k−1 + PkH
T
k V

−1
k Hkek−1 + PkH

T
k V

−1
k vk,

ek = (I − PkH
T
k V

−1
k Hk)ek−1 − PkH

T
k V

−1
k vk.

Then,

E[ekx̂T
k ] = E

[ {
(I − PkH

T
k V

−1
k Hk)ek−1 − PkH

T
k V

−1
k vk

}
{
x̂k−1 + PkH

T
k V

−1
k Hkek + PkH

T
k V

−1
k vk

}T
]

(3.33)

= (I − PkH
T
k V

−1
k Hk)E[ek−1x̂

T
k−1]

+ (I − PkH
T
k V

−1
k Hk)Pk−1H

T
k V

−1
k HkPk − PkH

T
k V

−1
k HkPk.
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The last two terms reduce as

Pk−1H
T
k V

−1
k HkPk − PkH

T
k V

−1
k HkPk−1H

T
k V

−1
k HkPk − PkH

T
k V

−1
k HkPk

= (Pk−1 − Pk)H
T
k V

−1
k HkPk − PkH

T
k V

−1
k HkPk−1H

T
k V

−1
k HkPk. (3.34)

Note that

(Pk−1 − Pk) = Pk−1H
T
k (HkPk−1H

T
k + Vk)

−1HkPk−1 = PkH
T
k V

−1
k HkPk−1, (3.35)

where the matrix inversion lemma (see Exercise 7 for the general form of the matrix inversion
lemma) is used to reduce (3.34) to zero.

From (3.34) the recursion becomes

E[ekx̂T
k ] = (I − PkH

T
k V

−1
k Hk)E[ek−1x̂

T
k−1]. (3.36)

Since the boundary condition is easily obtained from

E[e0x̂
T
0 ] = E[e0x̄

T
0 ] = E[e0x̄

T] = 0, (3.37)

the homogeneous recursion (3.36) produces the desired orthogonality condition

E[ekx̂T
k ] = 0. (3.38)

These orthogonality conditions will be a constant theme as we develop recursive estimation
algorithms in the following chapters.

3.3 Maximum Likelihood Estimation
We have introduced stochastic estimation via manipulating a conditional probability density
function. This is, of course, not the only way to get an estimate nor the only type of density
function that can be utilized. Once again, consider a parameter estimation problem of the
form

z = Hx + v.

Suppose that instead of fx|z, we consider the conditional density function, fz|x . The maxi-
mum likelihood estimate, x̂MLE , is found via

x̂MLE = argmax
x

fz|x.

To find x̂MLE , we make use of the fact that when x is given, z becomes a random
variable with mean Hx and covariance V . Thus, the conditional probability of z given x is

fz|x = fv = fv(z−Hx) = 1

(2π)
m
2 |V | 1

2

exp

[
−1

2
(z−Hx)TV −1(z−Hx)

]
. (3.39)

The maximum likelihood estimate is found by maximizing the exponent in (3.39) with
respect to x:

max
x

fz|x = max
x

[
−1

2
(z−Hx)TV −1(z−Hx)

]
. (3.40)
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The value of x that maximizes the exponent is found by differentiating (3.40) with respect
to x,

d

dx

[
−1

2
(z−Hx)TV −1(z−Hx)

]
= (z−Hx)TV −1H = zTV −1H − xTH TV −1H,

setting the results to zero,

zTV −1H − xTH TV −1H = 0,

and solving for x,
x̂MLE = (H TV −1H)−1H TV −1z. (3.41)

We will learn in the next chapter that (3.41) has the same form as the weighted least squares
solution. This should not be surprising, as what we are getting by maximizing fz|x is the
estimate that best fits our measurements. This is what we also get with least squares. The
maximum likelihood estimate is the only option if we have no information about our state,
x. However, it is, in some respects, the crudest estimate, because it uses the least amount
of information. That is, we are using only information about the additive noise process, not
the parameter to be estimated.

Finally, recall from our discussion of minimum variance estimation that we get the
maximum a posteriori estimate by finding the value of x that maximizes fx|z:

x̂MAP = argmax
x

fx|z.

This is depicted in Figure 3.1. We should note that many texts also refer to x̂MAP as the
maximum likelihood estimate.

3.4 The Discrete-Time Kalman Filter: Conditional Mean
Estimator

We will now examine the conditional mean and covariance of a discrete-time, Gauss–
Markov system. Since the state of this system changes over time, the mean and covariance
evolve via propagation equations. These equations give us the famed Kalman filter.

Define the measurement history up to time k − 1 as

Zk−1 :=
{
z0 . . . zk−1

}
.

In what follows, we will distinguish two types of estimates based upon the information that
they are conditioned upon. We will denote the conditional mean as

x̂k := E
[
xk

∣∣∣Zk

]
.

This is, obviously, the estimate based upon the most recent data and hence the ultimate
objective of our filter. However, because we are estimating the state of a dynamic system,
it will be necessary to define a propagated estimate,

x̄k := E
[
xk

∣∣∣Zk−1

]
,
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that describes how the state evolves in between measurements. Thus, we will often refer to
it as the the a priori estimate. Later on, we will see that x̂k is obtained from the measurement
update step and will, hence, sometimes be referred to as the a posteriori, or updated, estimate.

Propagating the Conditional Mean

We will assume that we have a linear system described by the canonical state-space repre-
sentation,

xk+1 = �kxk + �kwk , x0 ∼ N(x̄0,M0),

zk = Hkxk + vk.

The additive disturbanceswk and vk will be assumed to be zero-mean, Gaussian, white-noise
processes with covariances, Wk and Vk , respectively, and wk , vk , and x0 are all independent
of each other.

We will assume that at time k − 1, we have the conditional mean estimate, x̂k−1.
To completely describe the underlying probabilities of this estimate, we will also need the
conditional covariance, Pk−1, and so we will assume that we have this as well. At the next
time step, k, we will get another measurement, zk . However, because of the dynamics
of the system, the true state, xk , will have changed over the time interval between steps
k − 1 and k, thereby introducing a systematic, i.e., not probabilistic, error between zk and
an expectation of zk based upon x̂k−1. Thus, our first step is to propagate our estimate and
covariance forward in time to account for the systematic change of the system due to its
dynamic nature.

Starting directly from our definitions of the propagated and updated estimates and the
linear dynamics, we find that

x̄k+1 := E [xk+1|Zk]

= E [�kxk + �kwk|Zk]

= �kE [xk|Zk]+ E [�kwk|Zk]

= �kx̂k + E[�kwk]︸ ︷︷ ︸
0

= �kx̂k.

Hence,

x̄k+1 = �kx̂k. (3.42)

To get the propagation equations for the covariance, we first define

ēk := xk − x̄k,

êk := xk − x̂k.

Note that we distinguish the estimation error that is generated in between measurements
(the propagated error) and the one determined after the measurement update (the updated
error). Not surprisingly, we can also distinguish between the covariance generated between
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measurements and the covariance of the estimate after the measurement. The former, which
we denote Mk , is of interest here since it corresponds to the propagation step. It can be
found by applying the various definitions that we have established:

Mk+1 = E
[
ēk+1ē

T
k+1

∣∣∣Zk

]
= E

[(
�kêk + �kwk

) (
�kêk + �kwk

)T
∣∣∣Zk

]
= �kE

[
êk ê

T
k

∣∣∣Zk

]
�T

k + �kE
[
wkw

T
k

]
�T
k .

This gives us

Mk+1 = �kPk�
T
k + �kWk�

T
k . (3.43)

Updating the Conditional Mean

We have propagated a Gaussian density function from stage k − 1 to k. At stage k the
conditional mean and covariance are to be updated by incorporating the current measure-
ment, zk , using the updated formulas of (3.12) and (3.13) in which we replace z by zk and
(H, V,M,P ) by (Hk, Vk,Mk, Pk). The mean is now

E[xk|Zk] = x̄k −
(
M−1

k +H T
k V

−1
k Hk

)−1
H T

k V
−1
k (zk −Hkx̄k). (3.44)

The covariance is, likewise,

Pk := E

[(
xk − E[xk]

)(
xk − E[xk]

)T
∣∣∣∣Zk

]
=
(
M−1

k +H T
k V

−1
k Hk

)−1
. (3.45)

The Kalman Filter Algorithm

The Kalman filter algorithm is summarized below. Collecting (3.42)–(3.45), we get the
Kalman filtering equations:

x̄k+1 = �kx̂k,

Mk+1 = �kPk�
T
k + �kWk�

T
k ,

x̂k = x̄k + PkH
T
k V

−1
k (zk −Hkx̄k),

Pk =
(
M−1

k +H T
k V

−1
k Hk

)−1
.

By using the matrix inversion lemma, the form of the a posteriori covariance can be rewritten
as

Pk =
(
M−1

k +H T
k V

−1
k Hk

)−1 = Mk −MkH
T
k (HkMkH

T
k + Vk)

−1HkMk. (3.46)

Traditionally, the term
rk = zk −Hkx̄k
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is known as the residual or filter residual. The term that scales the residual,

Kk = PkH
T
k V

−1
k = MkH

T
k

(
HkMkH

T
k + Vk

)−1
,

is traditionally called the Kalman gain.23

Orthogonality Properties of the Conditional Mean Estimator

The residuals from the conditional mean estimator form an independent sequence called
an innovations sequence. This results from the following orthogonality property of the
conditional mean estimator, where, defining the error as ek = xk − x̂k ,

E[ekx̂T
k ] = E

[
E[ekx̂T

k |Zk]
] = E

[
E[(xk − x̂k)|Zk]x̂k

] = 0. (3.47)

Similarly, E[ekzT
k ] = 0, and it is easy to show that E[ekzT

i ] = 0 for all i ≤ k.
To show that the residuals from the conditional mean estimator form an independent

sequence as
E[rkrT

j ] =
(
HkMkH

T
k + Vk

)
δk,j (3.48)

is a bit more involved.

Proof. Define ēk = xk − x̄k and

ēk = �k−1ek−1 + �k−1wk−1.

Then,

E[rkrT
k−1] = E[(Hkēk + vk)r

T
k−1] = E[(Hk(�k−1ek−1 + �k−1wk−1)+ vk)r

T
k−1]

= E
[
E[(Hk(�k−1ek−1 + �k−1wk−1)+ vk)|Zk−1]rT

k−1

] = 0.

In a recursive manner, E[rkrT
j ] = 0 for all j < k. Finally,

E[rkrT
k ] = E[(Hkēk + vk)(Hkēk + vk)

T] = (
HkMkH

T
k + Vk

)
.

In Section 4.5 this orthogonality property is shown to be applicable to a class of linear
estimators that minimize least square cost criteria but may no longer be condition mean
estimators. The orthogonality proofs are more complex. In practice, these orthogonality
conditions can be used to check whether the Kalman filter is being implemented correctly.
These conditions are constructed by generating an ensemble of realizations of the system
and filter and then averaged to produce values that approximately meet the orthogonality
conditions and the variance used in the filter. This process is called a Monte Carlo analysis.

Controllability and Observability Conditions Imbedded in the
Kalman Filter Algorithm

The controllability Gramian is constructed from the variance propagation by lettingVk = ∞
and M0 = 0. The notion is that if the system is controllable with respect to the input process

23Hence we use the letter “K.”
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noise, then eventually all the states will be affected and the associated variance will be
positive definite. Since Vk = ∞ and M0 = 0, then Pk = Mk in (3.43). Then the solution to
the discrete-time Lyapunov equation becomes the controllability Gramian for wk . That is,
the solution to

Mk+1 = �kMk�
T
k + �kWk�

T
k , M0 = 0

is the discrete-time Gramian

MN+1 =
N∑
k=0

�N,k�kWk�
T
k�

T
N,k ≥ 0,

where

�N,k =
{

�N−1
i=k �i, k ≤ N − 1,
I, k = N.

If the system is controllable, then all the states will be affected by the process noise and for
N + 1 ≥ n the controllability Gramian MN+1 > 0.

The stochastic linear system should be observable to obtain good estimates from the
Kalman filter. By letting Wk = 0 for all k ≥ 0 and P−1

0 = 0, the observability Gramian can
be constructed. From (3.43), (3.45), reduced appropriately, we obtain

P−1
k = M−1

k +H T
k V

−1
k Hk, Mk+1 = �kPk�

T
k .

Inverting Mk+1 and substituting into the update for Pk , a recursion in P−1
k is obtained as

P−1
k+1 = (�kPk�

T
k )
−1 +H T

k+1V
−1
k+1Hk+1 = �−T

k P−1
k �−1

k +H T
k+1V

−1
k+1Hk+1, P−1

0 = 0,

where it is assumed that �−1
k is invertible. The solution over N+1 steps is the discrete-time

Gramian

P−1
N+1 =

N∑
k=0

�−T
N,kH

T
k V

−1
k Hk�

−1
N,k ≥ 0,

where

�−1
N,k =

{
�N−1

i=k �−1
i , k ≤ N − 1,

I, k = N.

If the system is observable, then starting with an infinite variance on the state, the error
variance will be bounded at stage N + 1 ≥ n, i.e., 0 < PN+1 <∞. Note that if a mode is
unobservable, but unstable and controllable with respect to the process noise, then the error
variance tends towards infinity.

Comments on the Discrete Kalman Filter

• The a posteriori covariance, Pk , is not dependent upon the measurement, zk . In theory,
the gain can, thus, be precomputed and stored. In practice the Kalman filter gains for
infinite-time time-invariant systems are precomputed for filter implementation.
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• To enhance the numerical computation of the a posteriori covariancePk , rewrite (3.46)
as the sum of two nonnegative definite terms as

Pk =
(
I −KkHk

)
Mk

(
I −KkHk

)T +KkVkK
T
k . (3.49)

For other methods of implementation of the Kalman filter, such as square root filters,
see [18] and [30].

• If a perfect measurement is taken, then Hk lies in the null space of Pk . This is easily
shown by multiplying (3.46) on the left by Hk and on the right by H T

k as

HkPkH
T
k = HkMkH

T
k −HkMkH

T
k (HkMkH

T
k )
−1HkMkH

T
k = 0.

• Our a posteriori estimate, x̂k , turns out to be a linear function of the measurements if
x̂0 = 0. If x̂0 is not zero, then x̂k is an affine function of the measurements. To see
this, note that

x̂k = x̄k +Kk(zk −Hkx̄k)

= (I −KkHk)�k−1x̂k−1 +Kkzk,

which has a general solution

x̂k =
k∑

j=1

�̃(k, j)Kjzj ,

�̃(k, j) = [I −KkHk]�k . . . [I −KjHj ]�j,

when x̂0 = 0. For this reason, the Kalman filter is a member of the class of estimators
known as linear estimators.

• We often talk about “designing” a Kalman filter. In truth, the toughest part about
designing these things is in determining the appropriate dynamic state, x, and the
dynamic model (i.e., the state matrices, �k, �k,Hk) and the covariances (Vk,Wk).

Example 3.9 (Estimating the Speed of a Car). In this first example, we will demonstrate
that the Kalman filter logically combines measurements with a system model.

Suppose that you are driving down a straight and level road at 55 mi/hr (see Figure 3.5).
You drive for precisely 1 hour. According to our model,

ẋ = v,

you should be exactly 55 miles from the start, x̄ = 55:

x̄ = x1 = x0 +
∫ 1

0
vdt = x0 + v.

Your trip meter, however, says that you have actually gone 55.3 miles, i.e., y = 55.3. What
is your best estimate of the distance that you have travelled given x̄ and y?
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Figure 3.5. Car Example.

Logically, as you have two pieces of information, the measurement and the model
prediction, you ought use all your knowledge and blend the information together:

x̂ = (1− b)x̄ + by = x̄ + b(y − x̄).

However, it quickly becomes apparent that the best choice for the blending constant, b, is
not obvious. Consider your choices:

• b = 1
2 , i.e., average the two. This is probably not a good choice because trip meter is

probably reasonably close to the truth.

• b = 1. Throw out the model. This is not necessarily a good choice either, because
this limits you to the accuracy of the trip meter and leaves you vulnerable to any errors
in the trip meter output.

• b = 0. Throw out the measurement. This option makes absolutely no sense.

Instead, let us use statistical weighting to pick b:

b = σ 2
x

σ 2
x + σ 2

y

.

In the above, σ 2
y and σ 2

x are the covariances of the measurement noise and model prediction,
respectively, i.e., the uncertainties of each piece of data. This turns out to be a very general
way to choose the blending, because it encompasses all of our previous choices depending
upon the relative reliability of each datum:

• σx = σy , i.e., the model and measurement are equally reliable, leads to b = 1
2 .

• σx � σy , i.e., the measurement is much more reliable than the model, leads to b ≈ 1.

• σy � σx , the reverse of the prior situation. This leads to b ≈ 0.

For our problem, the quantization of the trip meter to 0.1 miles gives σ 2
y = 0.12

12 =
0.00083 mi2. We do not know the uncertainty associated with the model (a common occur-
rence). Suppose our velocity varies ±1 mi/hr. This leads to σ 2

x = 1
3 mi2. Thus, b = 0.996.
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θ
Towards Earth

Figure 3.6. Earth-Pointing Satellite.

Our final estimate is then

x̂ = x̄ + b
(
x̄ − y

)
= 55+ (0.996)(0.3)

= 55.29.

Example 3.10 (Single-Axis Satellite Attitude Determination). Consider this next exam-
ple, which is based upon a single-axis satellite model taken from [17]. We have a satellite
that nominally points towards Earth (see Figure 3.6). Any angular deviation θ must be
corrected. However, to do so we must generate an estimate. The dynamics of the satellite
are simply

θ̈ = u+ w,

where u is the control input (probably a thruster pulse) and w is a disturbance (solar torques,
gravity gradients, assorted space particles). Note that we have normalized everything with
respect to the moment of inertia of the satellite. Now suppose that at every T seconds, we
get a measurement of θ from an Earth sensor. The sensor output, however, is corrupted by
an additive noise signal:

y(kT ) = θ(kT )+ v(kT ).

A block diagram of the situation is shown in Figure 3.7. In state-space form, the dynamics
of the satellite are given by

d

dt

{
θ

θ̇

}
=
[

0 1
0 0

]{
θ

θ̇

}
+
{

0
1

}
u+

{
0
1

}
w.

The zero-order hold equivalent of this equation leads us to our discrete-time state-space
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1
s

1
s Earth Sensoru �

w � θ̇
�

θ
�

θ(kT )

� � �

v(kT )

�

y(kT )+
+

Figure 3.7.

system

{
θk+1

θ̇k+1

}
=
[

1 T

0 1

]{
θk
θ̇k

}
+
{

T 2

2
T

}
uk +

{
T 2

2
T

}
wk,

zk =
[

1 0
] { θk

θ̇k

}
+ vk.

The resulting filter will have the form

{
θ̄k+1¯̇θk+1

}
=
[

1 T

0 1

]{
θ̄k¯̇θk

}
,

{
θ̂k+1
ˆ̇θk+1

}
=
{

θ̄k+1¯̇θk+1

}
+
{

K1

K2

}
(zk − θ̄k).

Now, let us choose our filter parameters. For simplicity we will always take x0 = 0, T = 1,
uk = 0, and

P0 =
[

10 0
0 10

]
.

To evaluate our various designs we will have two criteria:

1. How well it converges to the true state if the actual initial state is

x0 =
{

0.01
−0.001

}
.

2. How well it attenuates noise above 1
5T .

As a first cut take Wk = 1 and Vk = 1. The resulting filter gains would have a gain
sequence,
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Figure 3.8. Design Example, V = 1, Moderate Bandwidth.

K1 =
[

0.9551
0.5056

]
, K2 =

[
0.8977
0.7483

]
,K3 =

[
0.8328
0.5575

]
,

K4 =
[

0.7969
0.5146

]
, K5 =

[
0.7894
0.5132

]
,

K6 =
[

0.7889
0.5140

]
, K7 =

[
0.7889
0.5139

]
,K8 =

[
0.7889
0.5138

]
,

K9 =
[

0.7888
0.5138

]
,K10 =

[
0.7888
0.5138

]
.

From Figure 3.8, we see that this filter will converge to the correct state in about 6 time
intervals in the absence of any disturbances, which is probably quite good. To analyze
its noise rejection abilities, we note that by the 9th time interval the gain converges to a
steady-state value. Using this value we can generate a bode plot of the system. This plot
(shown in Figure 3.8), shows that the filter attenuates the transmission of the sensor noise
to the estimation error at frequencies above 1

5T . Overall, this is probably a suitable filter for
the task. Suppose, however, that the convergence rate is deemed to be too slow. To speed
this up, we readjust our sensor noise weighting,

Vk = 0.1.

The resulting filter has the performance shown in Figure 3.9. The gain converges to a
steady-state value after 4 intervals and is

Kss =
{

0.9433
0.8420

}
.

Note that these are larger gains than from before. As these plots show, the filter will converge
more quickly to the correct state but fails to attenuate noise at 1

5T . Suppose, now, that the
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Figure 3.9. Design Example, V = 0.1, High Bandwidth.
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0

Figure 3.10. Design Example, V = 10, Low Bandwidth.

noise rejection for our original design is deemed insufficient. To close down the bandwidth
of the filter we set

Vk = 10

to get the performance shown in Figure 3.10. Once again, we see the trade-off between
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convergence and noise rejection. The gain converges to the steady-state value,

Kss =
{

0.5738
0.2308

}
,

after 14 intervals. Note that these gains are smaller than either of our two previous
designs.

3.5 “Tuning” a Kalman Filter
As we have just seen with the single-axis attitude determination filter, the choice of the noise
weightings can have a profound effect on the behavior of the filter. In fact, one of the first
questions that people face when they first confront the Kalman filtering algorithm is how
to pick the parameters Vk and Wk in the Kalman filter. Choosing these parameters is often
called “tuning” the filter. This may seem a bit curious at first as Wk and Vk are given to us in
the problem statement. In fact, unless we have the true covariances, Wk and Vk , we cannot
claim to have an optimal filter or the conditional mean.

It is rare to have the true statistics of the measurements and therefore, in particular, for
the Kalman filter. Moreover, the presence of the “process noise,” wk , is an open question.
The Kalman filter problem statement assumes the existence of such a process (in fact,
observability requirements require such a process to make all of the states visible), but such
processes need not exist in the real physics of the problem. Bias states, for instance, do not
have such a driving disturbance (which is why they can be a source of divergence as we
will see in Chapter 7). The common interpretation in light of these facts is to ascribe model
uncertainty to the process wk so that we can always assume its existence. In light of this,
the choice of Wk becomes all the more important.

To bring some light to this question, let us examine the effect that Vk and Wk will have
on the Kalman filtering algorithm. To simplify our discussion let us assume first of all that

Vk = V ∀k, Wk = W ∀k. (3.50)

In practice, this is almost always the case anyway. We will also assume that we have a
time-invariant, scalar system as well:

xk+1 = φxk + wk,

zk = hxk + vk.

The scalar Kalman filter is then

x̄k+1 = φx̂k,

Mk+1 = φ2Pk +W,

x̂k = x̄k + kk(zk − hx̄k),

Pk = 1
1
Mk
+ h2

V

= MkV

V +Mkh2
,

kk = Pkh

V
.
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Let us now examine what happens to the Kalman filter when we vary the measurement
noise weighting V . Let us take the limit V → 0. The Kalman gain becomes

lim
V→0

kk = Pkh

V

= h
V
Mk
+ h2

= 1

h

so that the update formula becomes

x̂k = x̄k + 1

h
(zk − hx̄k)

= zk

h
.

Thus, when V → 0, the Kalman filtering estimate completely throws out the model and
takes the measurement as the estimate. If one thinks of the measurement as the input to
the filter and the estimate as the output, V → 0 leads to a high bandwidth filter in the
sense that the estimate immediate adjusts to the estimate. Moreover, there is no filtering or
modification of the information given by zk . If V truly is zero, then there is no noise on the
measurement and this should not matter.

If we look at the covariance process, we can see that

Pk = MkV

V +Mkh2
= 0 ∀k > 0

and

Mk =
{
φ2P0 +W, k = 1,

W, k > 1.

In this case, the a posteriori covariance disappears with each measurement. That is to
say, each measurement completely removes any uncertainty in our knowledge of the state.
Between measurements, the uncertainty is entirely due to the process noise, wk .

Now, let us consider the other extreme, V →∞. In this case,

lim
V→∞ kk = Mkh

V +Mkh2

= 0.

The estimate is then

x̂k = x̄k + kk(zk − hx̄k)

= x̄k

= φ x̂k−1.

As this shows, at the other extreme, the Kalman filter throws out the measurement. The
estimate is entirely determined by the propagation of the model. As the filter is in no way
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influenced by the input measurements, one might say that the filter has been shut down,
an extremely low bandwidth filter. Needless to say, the noise on the measurement will not
creep into the estimate. In fact, V →∞ implies that the measurement is so noisy as to be
not worth using.

Now for the covariance, the a posteriori covariance becomes

lim
V→∞Pk = MkV

V +Mkh2

= Mk.

Thus, we can see that the measurement process does nothing to decrease the uncertainty in
the estimate. Hence, the covariance is propagated by the Lyapunov equation,

Mk+1 = φ2Pk +W

= φ2Mk +W,

which is how the covariance is propagated in systems without measurements.
Now, how about the process noise covariance, W? We saw earlier that when V → 0,

the covariance is composed entirely of the W . At the other extreme, V → ∞, if we have
W = 0, then the covariance equation becomes

Mk+1 = φ2Mk

= φ2(k+1)M0,

which will go to zero as k→∞ for a stable system, i.e., |φ| < 1. With W 
= 0,

M = W

1− φ2
.

Thus, we can see that at either extreme, the steady-state values of the covariance processes
are dependent upon W in order to remain nonzero.

Steady-State Properties of the Scalar Example

To obtain a somewhat different perspective, consider the steady-state behavior of the error
covariance. From the update and propagation equations of the error variance with h = 1,

Pk+1 = Mk+1V

V +Mk+1
, Mk+1 = φ2Pk +W,

the recursion for Pk is

Pk+1 = (φ2Pk +W)V

φ2Pk +W + V
.

Note that this discrete-time dynamical system is nonlinear. To gain insight into the effect
of the dynamics as represented by φ, the measurement uncertainty V , and the process noise
W , the steady-state solution is sought where Pk+1 = Pk = P . Therefore,

P = (φ2P +W)V

φ2P +W + V
,
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which reduces to the binomial equation

P 2 + (1− φ2)V +W

φ2
P − WV

φ2
= 0,

which has a solution with two roots,

P = − (1− φ2)V +W

2φ2
±
√[(1− φ2)V +W ]2 + 4WVφ2

2φ2
.

Usually, the condition P ≥ 0 will eliminate one of the roots. Suppose φ = 1; then

P = −W

2
+ W

2

√
1+ 4V/W = W

2

[√
1+ 4V/W − 1

]
,

where only the positive root is allowed. From this the following limits are obtained:

lim
V→0

P → 0, lim
W→0

P → 0.

The limit with respect to V shows that a perfect measurement for this scalar system reduces
the error variance to zero. The limit with respect to W implies that if a constant is measured
repeatedly, the uncertainty in knowing the state converges to zero. Note that the associated
gain will be zero, implying that no more data is being used. In practice, this is to be avoided
since the underlying models for which the filter is based are uncertain themselves. Usually,
some fictitious process noise variance is added into the filter implementation to keep the
filter “open” and the filter gains nonzero.

Suppose that |φ| > 1, i.e., the system dynamics are unstable, and W = 0. Then, the
error variance has two solutions as

P =
{

0,
(1− φ2)V +W

φ2

}
.

It can be shown that locally the positive value of P forms a stable equilibrium and that 0 is
an unstable equilibrium. Although the system dynamics are unstable and are going off to
infinity, the error variance remains finite and bounded. For |φ| ≤ 1, P = 0 in steady state
for W = 0.

3.6 Discrete-Time Nonlinear Filtering
For Gauss–Markov systems a recursive algorithm has been developed consisting of the
propagation of the mean and variance and the update of the mean and variance due to
the measurements. In this section this notion is generalized to nonlinear dynamics and
nonlinear measurements. The difficulty with the following generalized algorithm is that
the indicated mathematical operations are computationally challenging. Nevertheless, the
structure presented leads to an understanding of simpler but approximate filtering algorithms.

Consider the nonlinear discrete-time stochastic where the system dynamics are

xk+1 = ϕk(xk)+ �k(xk)wk, (3.51)
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where xk ∈ Rn, ϕk(xk) is a known n vector function, � ∈ Rn×n is a known invertible matrix
of functions, and wk ∈ Rn is an independent vector sequence with arbitrary densities and
independent of x0 which also has an arbitrary density.

The measurements are defined as

zk = hk(xk)+ vk,

where the measurement zk ∈ Rq , hk(·) is a known n vector, and the measurement noise
vk ∈ Rq is an independent sequence. The measurement history is defined as

Zk = {z1, z2, . . . , zk}.
We determine the evolution of the conditional density function fxk |Zk

. To do this the
evolutionary process is divided into dynamic propagation and measurement update.

3.6.1 Dynamic Propagation

The difference equation representing the dynamic system is a Markov process since, given
xk , statistics of xk+1 depend only on wk . Therefore, the transition probability is

fxk+1|xk (ξk+1|ξk) = f�kwk
(ξk+1 − ϕk(ξk)),

where the derived density function f�kwk
is obtained from the density function of wk using

the transformation yk = �kwk and the argument is obtained from (3.51). Having the a
posteriori conditional density fxk |Zk

, the a priori at k + 1

fxk+1|Zk
(ξk+1|Zk = �k) =

∫
fxk+1|xk (ξk+1|ξk)fxk |Zk

(ξk|Zk = �k)dξk, (3.52)

where the n integrations are taken over the range of xk . Note that the integrand in (3.52)
can be written as a conditional joint density as

fxk+1|xk (ξk+1|ξk)fxk |Zk
(ξk|Zk = �k) = fxk+1|xk,Zk

(ξk+1|ξk, Zk = �k)fxk |Zk
(ξk|Zk = �k)

= fxk+1xk |Zk
(ξk+1, ξk|Zk = �k).

Conditioning on the measurement history Zk , having already conditioned on xk , adds no
new information given the Markov property. This is sometimes called the Chapman–
Kolmogorov equation.

3.6.2 Measurement Update

Having the a priori density fxk |Zk−1 and a new measurement zk , we determine the a posteriori
density fxk |Zk

= fxk |zk,Zk−1 using Bayes’ rule as

fxk,zk |Zk−1 = fxk |zk,Zk−1fzk |Zk−1

= fzk |xk,Zk−1fxk |Zk−1 .



book
2008/9/3
page 111

�

�

�

�

�

�

�

�

3.7. Exercises 111

Therefore, the a posteriori density is

fxk |Zk
= fzk |xk,Zk−1fxk |Zk−1

fzk |Zk−1

.

Since vk is an independent sequence independent of xk , fzk |xk,Zk−1 = fzk |xk . Therefore, the
a posteriori density reduces to

fxk |Zk
= fzk |xkfxk |Zk−1

fzk |Zk−1

.

By using the Chapman–Kolmogorov equation,

fzk |Zk−1 =
∫

fzk |xk (ηk|ξk)|fxk |Zk−1(ξk|Zk−1 = �k−1)dξk,

where the n integrations are taken over the range of xk . The final form for the a posteriori
density is

fxk |Zk
= fzk |xkfxk |Zk−1∫

fzk |xk (ηk|ξk)|fxk |Zk−1(ξk|Zk−1 = �k−1)dξk
.

Remark 3.11. The solution to the estimation problem is the construction of the a posteriori
density function. An estimate can be defined as suggested in Figure 3.1.

3.7 Exercises
1. Consider the conditional estimate of a Gaussian random variable with additive Gaus-

sian white noise. Show that (ē = x − x̄, e = x − x̂)

(a)
E[ēx̄T] = 0,

(b)
E[ex̄T] = 0,

(c)
E[ezT] = 0,

(d)
E[ex̂T] = 0.

2. You are traveling through space on a straight line in a spaceship and need to know
your position in the x-y plane. You do not have any sensors that measure x and y

but instead periodically receive updates from two tracking stations that report your
measured position along with the error covariance of this measurement. In addition,
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you do have onboard sensors that measure vx , the velocity in the x-direction, and vy ,
the velocity in the y-direction.

At time 0, you are at the origin (0, 0) with no uncertainty. At time t , you estimate
your position to be (x̄, ȳ) based on the integration of your velocity sensors over the
interval [0, t],

x̄ =
∫ t

0
vx(s)ds = vxt,

ȳ =
∫ t

0
vy(s)ds = vyt.

To keep things simple, we assume that your velocity has been constant. Your velocity
sensors have noise variances σ 2

x and σ 2
y for the x- and y-axes of motion. These noises

are uncorrelated.

At time t , station 1 reports that is has measured your position to be (x1, y1) with an
error covariance matrix, P1 (a 2 × 2 matrix). Station 2 reports your position to be
(x2, y2) with covariance P2.

Derive an equation that optimally blends (x̄, ȳ)with (x1, y1) and (x2, y2). By optimal,
we mean that it minimizes the estimation error variance.

3. Consider the following signal model:

yk = A sin(ωtk + φ)+ vk,

where ω is a known scalar and vk is a delta-correlated, Gaussian random variable
with zero mean and variance σ 2

V (note that this variance is the same for any time k).
Let us say that you have collected N measurements, y1, . . . , yN .

(a) Calculate the maximum likelihood estimate for A, assuming that φ is given.

(b) Calculate the maximum a posteriori estimate for A, assuming that φ is given
and that A is Gaussian with mean Ā and variance σ 2

A.

(c) Calculate E[A|yk, k = 1, . . . , N] assuming that φ is given and that A is Gaus-
sian with mean Ā and variance σ 2

A.

4. The two-dimensional random vector, x = [x1 x2]T, has the probability density

fx(ξ) = 1

2π |P |1/2
exp

{
−1

2
ξTP−1ξ

}
, P =

[
1 0.5

0.5 1

]
.

A perfect measurement of x1 is obtained as y = x1 = 1.

(a) What is y as a linear function of x? Given this linear relationship, write down
the probability density function of y.

(b) What is the conditional density function of x given y? (Hint: Use Bayes’ rule
and part (a).)
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(c) Using your answer in part (b) compare the conditional covariance of x to its
unconditional covariance. How does the covariance change when we take a
measurement? Is this logical?

(d) What is the minimum variance estimate of x conditioned on y = x1 = 1? (Hint:
Use your answer in part (b).)

5. A parameter, x, is to be estimated on the basis of a priori information and a single
noise measurement. The quality of the a priori information is expressed by the uniform
probabilty density function from 0 to 2. The measurement is of the form z = x + n,
where n is a noise process, independent of x, with a uniform probability density
function from −0.5 to 0.5. The measurement obtained is z = 0.5.

(a) Find the conditional probability density function for x given that z = 0.5. Show
all your work.

(b) Plot this density function over the range of possible values for x.

(c) Compute the conditional mean and variance.

6. Suppose that a static estimate of x is made from a measurement,

z = Hx + v,

where v is Gaussian with mean v̄ and covariance R and x is Gaussian with mean x̄

and covariance M . You may assume that v and x are independent. Suppose that we
choose an estimate,

x̂ = x̄ +K (z−Hx̄) .

(a) Is this a good estimate of x? If not, find a better estimator and state why.

(b) Find the value of K that minimizes the error covariance.

7. Prove the matrix inversion lemma,

(
A− BC−1D

)−1 = A−1 + A−1B
(
C −DA−1B

)−1
DA−1,

which then makes it trivial to prove that

P = M −MH T(HMH T + V )−1HM,

where previously we defined P to be

P = (M−1 +H TV −1H)−1.

Using this result show that

PH TV −1 = MH T(HMH T + V )−1.
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8. Consider the scalar discrete-time system

xk+1 = xk + wk,

zk = xk + vk,

where x is the state and wk and vk are discrete-time Gaussian white-noise processes
such that

E[wk] = 0, E
[
w2

k

] = 1

2
, E[wkwj ] = 0 (k 
= j),

E[vk] = 0, E
[
v2
k

] = 1

4
, E[vkvj ] = 0 (k 
= j).

The initial state is modeled as a Gaussian random variable with statistics

E [x0] = 1, E
[
x2

0

] = 2.

We will now derive the Kalman filter estimates for the first two time steps (i.e.,
k = 1, 2). You may choose your initial conditions; however, your filter must generate
reasonable estimates.

(a) Compute the a priori and a posteriori covariances, Mk and Pk , for k = 1 and
k = 2.

(b) Compute the optimal gain Kk for k = 1 and k = 2.

(c) Compute the optimal estimates x̄k and x̂k at k = 1 and k = 2. Let z1 = ζ1 and
z2 = ζ2.

9. Let us try designing a Kalman filter. The plant is a 1
4 -car model; see Figure 3.11.

This is an extremely simplified model of a car’s suspension system. The model is
a mass-spring-damper and, hence, linear. The top mass is called the sprung mass
and represents the car. The lower mass is called the unsprung mass and represents
the cumulative mass of the tire, wheel, etc. The mass and damper in between the
sprung and unsprung mass represents the suspension system. The spring between the
unsprung mass and ground represents the compliance of the tire.

The equations of motion for the system are

Msẍs = Cs(ẋu − ẋs)+Ks(xu − xs),

Muẍu = Cs(ẋs − ẋu)+Ku(xs − xu)−Ksxu +Kuw.

If you define your state as

x =

⎧⎪⎪⎨
⎪⎪⎩

ẋs
xs
ẋu
xu

⎫⎪⎪⎬
⎪⎪⎭ ,

the state-space equation is

ẋ =

⎡
⎢⎢⎣
− Cs

Ms
−Ks

Ms

Cs

Ms

Ks

Ms

1 0 0 0
Cs

Mu

Ks

Mu
− Cs

Mu
−Ku+Ks

Mu

0 0 1 0

⎤
⎥⎥⎦ x +

⎧⎪⎪⎨
⎪⎪⎩

0
0
Ku

0

⎫⎪⎪⎬
⎪⎪⎭w.
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Ms

Mu

Ks Cs

Ku

Xs

Xu

W
Figure 3.11. 1

4 -Car Model.

Table 3.1. Parameter Values for 1/4-Car Model.

Ms 240 kg
Mu 36 kg

Ks 16000 N
m

Ku 160000 N
m

Cs 1000 N-sec
m

Assume that the parameters for the system are given in Table 3.1: Design and simulate
a Kalman filter to estimate the state of the system. You may assume that the ground
displacement, w, can be modeled as a white-noise process with a covariance of 2
centimeters squared. Note that we have purposefully not specified a lot of information
such as

• the sample period,

• what measurements you will have,

• what the measurement noise will be.
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We leave it to you to decide these things. Provide the MATLAB® script you wrote to
simulate your Kalman filter and plots of displacement states xs and xu of the Kalman
filter plotted versus the truth states generated by the truth model in your simulation.

10. Let the stochastic discrete-time system be

xk+1 = �(zk)xk + �(zk)wk,

zk = Hkxk + vk,

where x0 is a zero-mean Gaussian random vector with covariance P0 and the inde-
pendent Gaussian noise sequence wk and vk have variances Wk and Vk , respectively.
Find the conditional mean estimator for xk .

11. A pair of random variables, X and Y , has a joint density function

f (x, y) =
{

1, 0 ≤ y ≤ 2x and 0 ≤ x ≤ 1,

0 else.

Find E[X|Y = 0.5].
12. (a) Calculate the “maximum likelihood estimate” of the variableR, whereR has the

Rayleigh density function with parameter σ . We put quotes around “maximum
likelihood estimate,” because there is no measurement in this case. Instead, you
are given the random variable, R, and told that it is Rayleigh. Now, give the
most likely value for R.

(b) Calculate the maximum likelihood estimate of R where we now have a noise
corrupted measurement:

y = R + n,

where n is a zero-mean, Gaussian random variable with variance, N .

(c) Finally, calculate the maximum a posteriori measurement for R given the same
measurement equation. There is no closed-form solution to this answer. Take
the calculation as far as you can.

13. Consider the roll of a pair of dice. You are not told what the value of either die roll is,
but you are told that the total of the two die rolls is greater than or equal to 10. What
is the maximum likelihood estimate of the roll of the first die? Now you are told that
the total of the two die rolls is exactly 10. What is the maximum likelihood estimate
of the first die now?

14. Suppose that x is a Gaussian random variable with mean, x̄, and covariance, M .
Suppose further that we take two measurements of x, z1, and z2. If we stack these
measurements up in a single vector, we get

z =
{

z1

z2

}
=
[

H1

H2

]
x +

{
v1

v2

}
,

where

E

[{
v1

v2

} (
vT

1 vT
2

)] = V =
[

V1 0
0 V2

]
.
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Show that the error variance for x̂ given z, which we denote as P , is the same if we
process the measurements all at once (i.e., a “batch” process) or if we process z1 and
z2 sequentially.

15. Consider the scalar linear discrete-time system

xk+1 = axk + wk,

where wk , an independent sequence independent of x0, and x0 are statistically de-
scribed by the Cauchy probability density functions

fx0(η) =
α
π

α2 + η2
,

fwk
(ζk) =

β

π

β2 + ζ 2
k

.

(a) What is the probability density function of x1? To help you out, the characteristic
functions for fx0(η) and fw0(ζ0) are

φx0(ν) = e−α|ν|,

φwk
(ν) = e−β|ν|.

(b) What is the density function of xk?

(c) Suppose measurements are made as zk = xk + vk , where vk is an independent
sequence and vk is Cauchy distributed as

fvk (θk) =
γ

π

γ 2 + θ2
k

.

If a measurement is made at k = 0, what is the conditional probability density
function for x0?

16. Let xk be a scalar discrete-time process satisfying

xk+1 = akxk + wk,

ak+1 = akxk + w̃k,

where xk is measured perfectly, wk and w̃k are independent Gaussian processes with
zero mean and variances Wk and W̃k , respectively, and a0 ∼ N(ā0, A0).

(a) State an algorithm for the estimation of ak .

(b) What are the properties of the estimator for ak and, in particular, what property
of the estimator allows this generalization of the minimum variance or Kalman
filter?

(c) In the implementation, what part of the filter can be computed off-line (a priori)
and what part must be computed online (real time)?
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17. Consider a scalar dynamic system as

xk+1 = �xk + wk,

zk = xk + vk,

where x0 is Gaussian with zero mean and variance P0 and wk and vk are independent
zero-mean Gaussian processes with covariance W and V , respectively.

Suppose that� is not known perfectly so that the filter is implemented with�0, where
� 
= �0. All other parameters are known perfectly. Note that the error ek = xk − x̂k
is now correlated with the estimate x̂k .

(a) Derive the propagation equations for the vector composed of the actual error ek
and x̂k .

(b) From the propagation equations of the actual error ek and x̂k , derive the propa-
gation equations for the actual error variance P a

k . Note that the variance of the
vector (ek, x̂k)T is to be propagated, since ek and x̂k are correlated.

(c) If � = �0, discuss how the variance of the vector (ek, x̂k)T decomposes.

(d) If � 
= �0 < 1, is the value of P a
k as k→∞ finite? Explain.

(e) If � 
= �0 > 1, is the value of P a
k as k→∞ finite? Explain.

18. As part of your new job at Chung Motors, you are asked to design a Kalman filter
to estimate the speed of a car to be used in conjunction with the cruise control. The
dynamics of a car can be approximated with a simple first-order differential equation:

v̇ = −1

τ
v + aM.

Here, v is the velocity of the car, aM is the acceleration applied by the engine, and τ

is a time constant representing the dynamics of the throttle, engine speed, etc. Every
T seconds, an angular encoder that is connected to the rear axle outputs a signal that
gives the distance travelled since the preceding measurement. This signal is digital
and has a resolution of 0.1 miles.

(a) Design a Kalman filter to estimate velocity. Describe your states and show all
of the pertinent equations. Obviously one issue is the measurement which has
units of distance as compared to our ultimate objective, which is to measure
speed. Do we need to add an extra state to the filter so that we can use this
measurement?

(b) Using τ = 2.0 seconds, T = 1 second, show how your filter responds during a
scenario where you are applying a step acceleration of 0.1g for 5 seconds to a
car moving at 50 miles per hour.
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Least Squares, the
Orthogonal Projection
Lemma, and Discrete-Time
Kalman Filtering

An alternate derivation to the conditional mean state estimators and, in particular, the Gauss–
Markov conditional mean or Kalman estimator of Chapter 3 is the least squares approach.
For determining an optimal estimator, the orthogonal projection lemma, associated with the
stochastic gradient of the least squares cost, is an important tool. For a linear system with
non-Gaussian additive noise, the best linear estimator is derived.

4.1 Linear Least Squares
In the last chapter, we were introduced to the Kalman filter through the notion of conditional
expectations. The original derivation of the Kalman filter [25], however, approached the
problem via linear systems theory. In this context, probability theory serves a different
purpose. It enables us to generalize our stochastic processes into linear vector spaces
(Hilbert spaces to be more precise), which then makes available to us the incredibly rich
theory of linear systems. The power of probability theory is sometimes used indirectly so
as to provide an avenue to other techniques. This is one such case.

Let us examine a simplified linear version of the least squares problem. Suppose that
we want to estimate the value of a set of parameters, x, that is linearly related to a set of
measurements, y,

y = Cx.

In a realistic situation, the dimensions of the measurement vector and the parameter vector
often require that several measurements be taken in order to provide enough information
to get a good estimate. As we will demonstrate later, more measurements lead to better
estimates—statistically speaking. Thus, we gather a sequence of measurements,

y
k
= Ckx + v

k
, k = 1, . . . , N.

The least squares method falls out when we attempt to find the estimate, x̂, that minimizes
the sum of squares of the fit error between the measurements and what we would expect the

119
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measurements to be, given our model of the system,

J = 1

2

N∑
k=1

(
y

k
− Ckx̂

)T (
y

k
− Ckx̂

)

= 1

2

N∑
k=1

∥∥∥yk
− Ckx̂

∥∥∥2
.

Getting the least squares solution is expedited by stacking these measurements up on top of
one another so that we get a single linear system of equations,

z = Hx + v,

where

z =

⎧⎪⎨
⎪⎩

y1

...

y
N

⎫⎪⎬
⎪⎭ , H =

⎡
⎢⎣

C1
...

CN

⎤
⎥⎦ , v =

⎧⎪⎨
⎪⎩

v1

...

v
N

⎫⎪⎬
⎪⎭ . (4.1)

The least squares cost function can then be written as

J = 1

2

∥∥∥z−Hx̂

∥∥∥2
.

The solution falls out when we apply a necessary condition from optimization theory that
the cost function has a stationary value at the optimal point. One manifestation of this is
that the first variation of a cost is zero at the optimum:

δJ =
[(
z−Hx̂

)T
H
]
δx̂ = 0.

If δx̂ is allowed to vary freely, this implies that the term in the brackets is zero:

H T (z−Hx̂
) = 0. (4.2)

This implies that the optimal estimate of x will be such that its fit error, z−Hx̂, will lie in
the null space of H T. Equivalently, this says that the fit error is orthogonal to the columns
of H . What are the implications for x̂? Quite simply, Hx̂ should equal z when restricted to
the range of H ,

Hx̂ = z
∣∣
range(H) . (4.3)

Hx̂ has no choice but to lie in the range of H . z will have a portion that lies in this space
and a portion that is orthogonal,

z = z
∣∣
range(H) + z⊥.

To pick off the piece of z that we want we need to find a projection, P , that maps any vector
from the general space that z lives in to the range of H , i.e.,

Pz = z
∣∣
range(H) . (4.4)
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One way to find such a projector is to use the pseudoinverse of H ,

P = HH †,

which we denote with (·)†. It can be shown (we give it as an exercise at the end of this
chapter) that HH † is a projector on the range of H . Thus,

HH †z = z
∣∣
range(H).

Substituting into (4.3),
Hx̂ = HH †z,

which implies that the solution we seek is

x̂
LS
= H †z.

Pseudoinverses and the Singular Value Decomposition

Admittedly, we choose a somewhat jarring way to introduce the pseudoinverse. We basically
asked you to accept that the projector that we seek can be found by postmultiplying H by its
pseudoinverse. The truth is we knew what the answer to our least squares problem would
be, and we knew that we wanted to introduce the pseudoinverse at some point. It is an
interesting and useful enough construct to warrant the detour we are now about to take to
describe it and another useful construct, the singular value decomposition.

Almost always, when one encounters the term “pseudoinverse,” the author has in
mind the Moore–Penrose inverse, which is defined to be any matrix, H †, such that

H = HH †H,

H † = H †HH †,(
HH †

)T = HH †,(
H †H

)T = H †H.

In many texts, the pseudoinverse is given by the equation

H † = (
H TH

)−1
H T. (4.5)

The above is obtained by a trivial manipulation of (4.2) into

H THx̂ = H Tz,

which is known in the literature as the normal equations. However, (4.5) works only if
H is full rank. If it is not, H TH cannot be inverted. Also, obtaining the pseudoinverse
via (4.5) is about the worst way to do so in terms of round-off errors and other numerical
problems. The condition number, which is a metric for nearness to singularity, of H TH is
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the condition number of H squared. Studies of the computational errors induced in least
squares problems [29] show that these errors are a linear function of the condition number.

Many scientific computing packages use the QR decomposition to calculate the pseu-
doinverse. MATLAB® uses the singular value decomposition, which is what we will use
here to explain the pseudoinverse. Before we get to this calculation, we want to spend some
time describing the singular value decomposition and the insights it gives us about linear
systems. We begin by defining orthonormality for matrices.

Definition 4.1. A matrix, U , is called an orthonormal matrix if

UTU = UUT = I.

As a consequence, the matrix, U , must be square, and its columns must be orthonormal.
That is, if ui and uj are, respectively, the ith and j th columns of U , then

uT
i uj =

{
0 if i 
= j,

1 else.

Theorem 4.2. Let H be a real m × n matrix, where m ≥ n. Then, there exists an m × m

orthonormal matrix, U , an n × n orthonormal matrix, V , and an m × n real matrix, �,
such that

H = U�V T. (4.6)

� is of the form

� =
[

S

0

]
or � = [

S 0
]
, (4.7)

where S is a real s × s diagonal matrix, s = min(m, n), and

S =

⎡
⎢⎢⎢⎣

σ1 0 0 0
0 σ2 0 0

0 0
. . . 0

0 0 0 σs

⎤
⎥⎥⎥⎦ .

The real scalars σ1 ≥ σ2 ≥ · · · ≥ σs ≥ 0 are called the singular values of H , and (4.6) is
the singular value decomposition of H .

Proof. Any proof that we would proffer would just be taken from Golub and Van Loan [19].
So just go directly to the source.

If we look at the individual columns of U and V ,

U = [
u1 . . . um

]
, V = [

v1 . . . vn
]
,
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you can easily show that the original matrix, H , can be written as a linear combination of
the outer products of the column of U and V scaled by the singular values:

H =
s∑

k=1

σkukv
T
k .

The columns of U are referred to as the left singular vectors, and the columns of V are the
right singular vectors.

A clear example of why the singular value decomposition is so useful is that it gives
us orthonormal bases for the four fundamental subspaces [41]. These subspaces, which are
the range and kernel of the matrix and the range and kernel of its transpose, completely
describe the actions of a matrix as a mapping. To explain what we mean, let us suppose that
the s singular values of H are such that the first r singular values are nonzero,

σ1 ≥ · · · ≥ σr > 0,

while the remaining s − r singular values are precisely zero,

σr+1 = · · · = σs = 0.

Given this, the range, or column space, ofH is spanned by the r columns ofU that correspond
to the r nonzero singular values,

range(H) = span
{
u1, . . . , ur

}
.

The kernel of H T, or left null space, is then spanned by the remaining m− r columns of U ,

ker
(
H T) = span

{
ur+1, . . . , um

}
.

The null space, or kernel, of H is spanned by the n− r columns of V that correspond to the
n− r singular values of H that are zero,

ker(H) = span
{
vr+1, . . . , vn

}
.

Finally, the row space, which is also the range of H T, is determined by the r columns of V
that match the r nonzero singular values,

range
(
H T) = span

{
v1, . . . , vr

}
.

To see why we can characterize these subspaces in this way, consider the orthonor-
mality of U and V . One consequence of this property is that the columns of V and U are
bases for the input and output spaces, Rn and Rm, respectively. Moreover, since all of these
columns are of unit length, they form orthonormal bases. Now consider the representation
of H in terms of the left and right singular vectors,

H =
s∑

k=1

σkukv
T
k . (4.8)
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From (4.8) it is clear that right singular vectors vk act as projections on the input, x:

Hx =
s∑

k=1

σkuk
(
vT
k x
)
.

The inner product of vk and x returns a scalar whose magnitude gives an indication of how
colinear the input is with the space spanned by vk . Thus, vk acts like a screening filter
that picks off only that component of x which lies in this particular input space. The left
singular vectors, in turn, form the output space. The inner products between x and the vk
leave scalars that scale the vectors uk . Finally, we can see that σk acts like a transmission
gain from the input space spanned by vk to the output space spanned by uk .

From this representation, it is clear that the left singular vectors that correspond to
the zero singular values will never be seen in the output. Thus, these vectors compose the
left null space of H . Since the range of H forms the rest of the output, it is composed of
the rest of the left singular vectors, i.e., those which correspond to nonzero singular values.
Likewise, those right singular vectors, vk , that correspond to the zero singular values must
compose the null space, because any input, x, that lies in the span of these vectors will map
to zero. This, finally, leaves the remaining right singular vectors to form the row space.
Once we define how the pseudoinverse is calculated via the singular value decomposition,
one can see how projectors like the one we use in (4.4) can be defined by a pseudoinverse.

Remark 4.3. Another use of the singular value decomposition is in determining the rank
of a matrix. The rank of a matrix is a nonnegative integer which gives the number of
independent columns and rows of H . It is a fundamental property of a matrix and is crucial
to many computations that hinge on knowing the rank of a matrix. Questions about rank are
intimately tied to the singular value decomposition, since the only reliable way to determine
rank is to count the number of nonzero singular values. This fact is immediate once one
understands that rank is equal to the dimension of the column space or row space. Up to
this point you have probably thought of rank only in absolute terms. That is, a matrix is full
rank or not. The singular value decomposition also tells us the relative rank of a matrix,
i.e., how close the smallest nonzero singular value is to zero.

Remark 4.4. Our use of the term orthonormal to describe the matrices of Definition 4.1 is
a bit nonstandard. Many texts refer to such matrices as “orthogonal matrices.”

So let us now apply the singular value decomposition to calculate the pseudoinverse,
which as we saw earlier is the key to the solution of the least squares problem,

x̂
LS
= H †z. (4.9)

To aid our discussion, let us define the singular value decomposition of H as

H = U

[
S

0

]
V T. (4.10)
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In the general case,

S =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

σ1 0 0 0 . . . 0

0
. . . 0 0 . . . 0

0 0 σr 0 . . . 0
0 0 0 0 . . . 0

0 0 0 0
. . . 0

0 0 0 . . . 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

We have implicitly assumed here thatH has more rows than columns; this is always the case
in least squares problems. We should note, however, that all of our subsequent discussion
can be trivially modified to discuss the case where there are more columns than rows.

Now, given (4.10), we can write the pseudoinverse, H †, as

H † = V
[
S† 0

]
UT, (4.11)

with S† defined as

S† =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
σ1

0 0 0 . . . 0

0
. . . 0 0 . . . 0

0 0 1
σr

0 . . . 0
0 0 0 0 . . . 0

0 0 0 0
. . . 0

0 0 0 . . . 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Note that the general pseudoinverse looks much like the inverse product rule for transposes,

(AB)T = BTAT,

and inverses (assuming, of course, that all of the listed inverses exist),

(AB)−1 = B−1A−1.

The orthonormality of U and V and the special structure of � allow for the simple clean
structure of the pseudoinverse.

We can quickly verify that the pseudoinverse acts much like a regular left inverse,

H †H =
(
V

[
S†

0

]
UT

)(
U
[
S 0

]
V T

)
= V

[
S†S 0

0 0

]
V T

= V

[
I 0
0 0

]
V T

= V TIrV .

The matrix Ir is defined to be an n × n diagonal matrix with the first r diagonal being 1
and the remaining n− r elements 0. Given this, the product V TIrV turns out to be a matrix
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consisting of the first r columns ofV stacked sideways on the first r rows with the remaining
n− r rows being entirely zero:

V TIr =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

vT
1
...

vT
r

0
...

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Thus, it is easy to verify that
H †H = Ir .

Example 4.5. This example does not bear much of a resemblance to a real, physical
system—save perhaps a particle moving under constant jerk, i.e., the derivative of ac-
celeration. Let us suppose that we get a measurement that is the output of a third-order
polynomial,

y
k
= x0 + x1 tk + x2 t

2
k
+ x3 t

3
k
. (4.12)

Our desire is to determine x0, . . . , x3 based on measurements taken at t = 0, 1, . . . , 20. Let
us suppose that these measurements are as given in Table 4.1. These values were generated
by using (4.12) to generate values for y

k
at t = 0, . . . , 20 and then adding a noise term

taken from a random number generator whose distribution is Gaussian with mean zero and
a variance of 20.

Table 4.1. Data for Linear Least Squares Example: Polynomial Fit.

tk yk tk yk

0 −41 11 2636
1 13 12 3397
2 −17 13 4299
3 48 14 5400
4 115 15 6620
5 212 16 8066
6 365 17 9683
7 656 18 11504
8 969 19 13532
9 1429 20 15822

10 1960

Based upon (4.12), the linear mapping from the parameters, x, to the measurement,
y, is

H =

⎡
⎢⎢⎢⎣

1 0 02 03

1 1 12 13

...
...

...
...

1 20 202 203

⎤
⎥⎥⎥⎦ .
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Figure 4.1. Fit for Third-Order Polynomial Example.

A quick examination reveals that H has full column rank. Using your favorite least squares
solver (e.g., pinv from MATLAB),

x̂
LS
=

⎧⎪⎪⎨
⎪⎪⎩
−23.7781

2.5649
−0.5175
1.9980

⎫⎪⎪⎬
⎪⎪⎭ .

This compares favorably to the actual values of these parameters:

x =

⎧⎪⎪⎨
⎪⎪⎩
−20

3
−0.6

2

⎫⎪⎪⎬
⎪⎪⎭ .

The cost associated with the least squares estimate, i.e., the sum of the square of the fit error,
is

J = 6738.2.

A plot of this fit is given in Figure 4.1.
Now, let us play around with this example a little bit. Let us suppose that we do not

know what order polynomial we are dealing with. So we guess that y is generated with a
second-order polynomial, i.e.,

yk = x0 + x1tk + x2t
2
k .
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0 2 4 6 8 10 12 14 16 18 20
−2000

0

2000

4000

6000

8000

10000

12000

14000

16000

18000

t

y

* − measured y

o − estimated y

Figure 4.2. Fit for Second-Order Polynomial Example.

The corresponding linear map is

H =

⎡
⎢⎢⎢⎣

1 0 02

1 1 12

...
...

...

1 20 202

⎤
⎥⎥⎥⎦ .

This again is a matrix with full column rank, which means that we can find the least squares
solution using (4.5). What we get is

x̄
LS
=
⎧⎨
⎩

659.5527
−465.3769

59.4238

⎫⎬
⎭ ,

which looks nothing like the true parameter set. However, as Figure 4.2 shows, the resulting
fit is not too bad, though the goodness of the fit is noticeably worse:

J = 2, 493, 813.7.

Now, let us run the example one last time, but we will increase the variance of the
corrupting measurement noise to 100. Running through the data again (which is now more
corrupted than before), we get as the least squares estimate

x̂
LS
=

⎧⎪⎪⎨
⎪⎪⎩
−54.0474
24.3395
−3.0234
2.0776

⎫⎪⎪⎬
⎪⎪⎭ .
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Clearly, this estimate is a lot worse than before. The least squares solution is thus strongly
dependent upon the given measurements.

4.2 The Orthogonal Projection Lemma

Gram–Schmidt Orthonormalization

We return to our discussion of vector spaces by introducing the Gram–Schmidt orthonor-
malization process. This is an algorithm for turning any independent set of n vectors in
linear vector space, X , into an orthonormal basis set. We will examine this process, because
it will lead to new insights about the Kalman filter.

To begin, let V be a set of n independent vectors in X ,

V = {
v1, v2, . . . , vn

}
.

Start with v1. We get our first basis vector by simply normalizing v1:

u1 = v1

‖v1‖ ,

where ‖v1‖ is the norm or length of v1, i.e., ‖v1‖ =
√
vT

1v1. To get the next basis vector,
subtract from v2 that part of v2 that lies along u1, i.e.,

x2 = v2 − 〈v2, u1〉 u1,

where 〈v2, u1〉 is the inner product vT
2u1. The resulting vector, x2, will be orthogonal to u1:

〈u1, x2〉 =
〈
u1, v2 − 〈v2, u1〉 u1

〉
= 〈u1, v2〉 − 〈v2, u1〉〈u1, u1〉 = 〈u1, v2〉 − 〈v2, u1〉 = 0.

We then get our second orthonormal basis vector by normalizing x2:

u2 = x2

‖x2‖ .

We repeat this process for the rest of the vectors, vj ∈ V . That is, for v3, we subtract those
parts of v3 that lie along u1 and u2:

x3 = v3 − 〈v3, u1〉u1 − 〈v3, u2〉u2.

Once again, x3 will be orthogonal to the two basis vectors, u1 and u2,

〈x3, u1 + u2〉 = 〈v3, u1〉 + 〈v3, u2〉 − 〈v3, u1〉〈u1, u1〉 − 〈v3, u2〉〈u2, u2〉 = 0,

and normalizing x3 will give us our third basis vector.
Hopefully, by now, you can see the pattern in this procedure. We can express this

pattern in a general formula as follows. For any vk , k ≤ n, we define xk to be

xk = vk − 〈vk, u1〉u1 − 〈vk, u2〉u2 − · · · − 〈vk, uk−1〉uk−1.
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The corresponding basis vector, uk , is then found by normalizing xk . Eventually, we will
run out of vectors in V .

What we are doing at each step in the Gram–Schmidt process is breaking the vector
vk into two pieces:

vk = v′k + xk.

One piece, v′k , lies in the subspace spanned by the first k − 1 basis vectors, uj , k =
1, . . . , k − 2. The other piece, xk , is the projection of vk onto the subspace orthogonal to
the uj ’s.

Example 4.6. The vectors

v1 =
⎧⎨
⎩

3
4
5

⎫⎬
⎭ , v2 =

⎧⎨
⎩
−2
0
9

⎫⎬
⎭ , v3 =

⎧⎨
⎩

7
8
−1

⎫⎬
⎭ (4.13)

are linearly independent and hence span R3. The first orthonormal vector is found by
normalizing v1:

u1 = v1

‖v1‖ =
1√
50

⎧⎨
⎩

3
4
5

⎫⎬
⎭ =

⎧⎨
⎩

0.4243
0.5657
0.7071

⎫⎬
⎭ .

To get the second vector, subtract from v2 its projection onto the span of u1:

x2 = v2 − 〈v2, u1〉 u1 =
⎧⎨
⎩
−2
0
9

⎫⎬
⎭−

⎧⎨
⎩

2.34
3.12
3.90

⎫⎬
⎭ =

⎧⎨
⎩
−4.3400
−3.1200
5.1000

⎫⎬
⎭ .

The second basis vector is then found by normalizing:

u2 = x2

‖x2‖ =
⎧⎨
⎩
−0.5875
−0.4223
0.6903

⎫⎬
⎭ .

Finally, we repeat this procedure to get the third basis vector:

x3 = v3 − 〈v3, u1〉u1 − 〈v3, u2〉u2

=
⎧⎨
⎩

7
8
−1

⎫⎬
⎭−

⎧⎨
⎩

2.88
3.8400
4.8000

⎫⎬
⎭−

⎧⎨
⎩

4.8060
3.4550
−5.6476

⎫⎬
⎭ =

⎧⎨
⎩
−0.6860
0.7050
−0.1524

⎫⎬
⎭ ,

so that

u3 = x3

‖x3‖ =
⎧⎨
⎩
−0.6891
0.7083
−0.1531

⎫⎬
⎭ .
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Hilbert Spaces

Our ultimate aim here is to introduce the basic mathematics behind most of the estimation
theory that we will present in this text. This leads us to Hilbert spaces. Hilbert spaces are
infinite-dimensional analogues to Cartesian vector spaces. That is to say, if H is a Hilbert
space and if x ∈ H, then x can be described by a set of basis vectors, ui . The catch here,
however, is that an infinite number of basis vectors is possible,

x =
∞∑
i=1

αiui.

Basically, the two types of infinite-dimensional Hilbert spaces are

1. square summable sequences, {xk}, such that

∞∑
k=1

x2
k <∞,

2. square integrable functions,24 x(t), such that∫ T

0
x(t)2dt <∞.

What makes square summable and square integrable functions special is that one can
define an inner product for these spaces. For square summable sequences, this inner product
is

〈x, y〉 =
∞∑
k=1

xkyk. (4.14)

For square integrable functions, it is

〈x, y〉 =
∫ T

0
x(t)y(t)dt. (4.15)

Equation (4.14) is clearly a generalization of the inner product defined for finite-
dimensional spaces, but what about (4.15)? What you have to do is realize that the inner
product that you have been taught up to now is a special case of a class of functions that
take two vectors and map them to a real number.25 These functions have the following three
properties. If H is a real inner product space, and x, y ∈ H and a, b ∈ R, then

24Actually, it is equivalence classes of square integrable functions that form a Hilbert space. The issue is that it
is possible to have functions that are not identically zero but that when squared and integrated return zero. This
creates problems, so we lump all such functions together along with the zero function and say that they are basically
the same function. This is an equivalence class. We then have to create other equivalence classes for groups of
functions whose differences from each other when squared and integrated come to zero. The collection of all such
equivalence classes is the Hilbert space. This is an important fact, but not for what we will do in this text, so we
will never mention it beyond this point.

25Inner products can map vectors into a complex number; however, this added bit of generality actually does us
no good. It can be shown that a complex inner product space is just a real inner product space in disguise. Thus,
by also considering complex inner products we just get more complexity and no benefit.
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1. 〈y, x〉 = 〈x, y〉,
2. 〈x, x〉 = 0 if and only if x = 0,

3. 〈ax + by, z〉 = a〈x, z〉 + b〈y, z〉.
Once we have an inner product, defining a norm is immediate,

‖x‖ = √〈x, x〉,
and a norm gives us a notion of distance or length in a Hilbert space. It is a generalization
of the modulus of a vector in a Cartesian space.

We go through all the trouble involved with defining Hilbert spaces, because we can
use all of the familiar tools that we learned in linear algebra such as subspaces, basis vectors,
and orthogonal projections.

Consider the following result, which will prove to be immensely useful to us through-
out our study of estimation, the orthogonal projection lemma.

Lemma 4.7 (Orthogonal Projection Lemma). Let X be a Hilbert space with x ∈ X and
let X ′ ⊂ X be a subspace of X . Then there exists a unique vector x̂ such that

min
x ′∈X ′ ‖x − x ′‖ = ‖x − x̂‖

if and only if
〈x − x̂, x ′〉 = 0 ∀x ′ ∈ X ′.

Proof.

(⇐) Suppose 〈x − x̂, x ′〉 = 0 for all x ′ in X ′. Then if we let α ∈ X ′,

‖x − x̂ + α‖2 = 〈x − x̂ + α, x − x̂ + α〉
= 〈x − x̂, x − x̂〉 + 2 〈x − x̂, α〉︸ ︷︷ ︸

=0

+〈α, α〉

≥ 〈x − x̂, x − x̂〉.
Since we get an equality only if α = 0, this implies that the x ′ ∈ X ′ that minimizes
‖x − x ′‖ is x ′ = x̂.

(⇒) Suppose that x̂ minimizes ‖x − x ′‖ and that there exists an x ′ such that

〈x − x̂, x ′〉 = β 
= 0.

Now, for any real scalar λ,

〈x − x̂ + λx ′, x − x̂ + λx ′〉 = ‖x − x̂‖2 + 2λβ + λ2‖x ′‖2.

Now, choose

λ = −β
‖x ′‖2

.
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Best Estimate

Estimation
Error

Figure 4.3. A Simple Example of the Orthogonal Projection Lemma.

Then,

‖x − x̂ + λx ′‖2 = ‖x − x̂‖2 − 2
β2

‖x ′‖2
+ β2

‖x ′‖2
< ‖x − x̂‖2.

This, however, contradicts the assumption that x̂ minimizes ‖x − x ′‖.

The orthogonal projection lemma says that under certain restrictions, the best possible
estimate of a function, or vector, out of a restricted set of functions is the one that is orthogonal
to its estimation error. To see this, consider Figure 4.3. In this figure, we are trying to find
the best estimate of a general vector in the xy-plane restricted to the x-axis. Here we can
see that the best estimate is the projection of the vector onto the x-axis. Note, moreover,
that the difference between this projection and the original vector is a vector that lies purely
on the y-axis. Those of you who remember your high school geometry should recognize
this result as a classic theorem that says that the shortest distance from a point to a line is a
segment perpendicular to that line.

Orthogonal Projections and Least Squares

Let us now connect our discussion in this section with the linear least squares problem. We
derived the least squares estimation formula,

H T(z−Hx) = 0, (4.16)

by minimizing the sum of the squared error. However, we can obtain the above formula
by the orthogonal projection lemma. Since the least squares estimator attempts to fit the
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measurement, z, using linear combinations of the columns of H , the orthogonal projection
lemma says that the fit error should be orthogonal to the space spanned by the columns of
H . Another way of stating this condition is to say that z −Hx should lie in the null space
of H T. This is precisely (4.16).

4.3 Extensions of Least Squares Theory

Weighted Least Squares

Over the years, a number of modifications to the least squares algorithm have been introduced
that extend its capabilities or make up for some of its deficiencies. We will examine two such
modifications. The first is an adjustment that allows one to put a weighting matrix within the
problem. This can be interpreted in a couple of different ways. One is a statistical point of
view that casts the weights as the relative certainty or goodness of a particular measurement.
For instance, suppose that the error in the measurement, z, can be accurately modeled by
an additive term, v:

z = Hx + v.

If we define V = E[vvT], then this can be thrown into the cost function,

J = 1

2

(
z−Hx

)T
V −1

(
z−Hx

)
. (4.17)

The effect of V is to weight or deweight specific measurements relative to one another.
Assuming that H is full rank, the weighted least squares estimate can be written as

x̂
WLS
=
(
H TV −1H

)−1
H TV −1z. (4.18)

This is the near universal representation of the weighted least squares result. However, as we
discussed earlier, the above form of the least squares solution is not the one recommended
for numerical reasons. A better solution, if V is symmetric positive definite, is obtained by
factoring V −1 into

V −1 = NTN. (4.19)

The above is known as the Cholesky factorization,26 and it is one of the more efficient
algorithms in numerical linear algebra.

Substituting (4.19) into (4.17) gives us

J = 1

2

(
z−Hx

)T
NTN

(
z−Hx

)
= 1

2

(
Nz−NHx

)T(
Nz−NHx

)
.

Using either the orthogonal projection lemma or the first-order necessary conditions for
optimality then gives us

H T (Nz−NHx̂
) = 0.

26Sometimes it is also called the square root factorization.
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This then leads to

x̂ = (NH)† Nz

as the weighted least squares solution.
Before moving on, we should reemphasize that it is the relative magnitude between

elements within the weighting matrix that is crucial. The absolute magnitude of V makes no
difference. To see this, let us suppose that we have two weighting matrices, V1 and V2, with
corresponding factorizations, N1 and N2. Let us further assume that these factorizations are
equivalent, except for some scale factor, ρ:

N2 = ρN1.

Define the weighted least squares estimates that we get from N1 and N2 as

x̂1 =
(
N1H

)†
N1z,

x̂2 =
(
N2H

)†
N2z.

If we write N2 as a scaled version of N1, we quickly see that we get the same estimate:

x̂2 =
(
N2H

)†
N2z

=
(
ρN1H

)†
ρN1z

= 1

ρ

(
N1H

)†
ρN1z

=
(
N1H

)†
N1z

= x̂1.

A particularly important consequence of this result is whenV = ρ2I ; i.e., the measurements
are equally reliable and are uncorrelated. In this case, even if we know the noise level, we
cannot make use of this information, because the noise affects all of the measurements
equally.

Recursive Least Squares

A shortcoming of the least squares algorithm is that it is a batch process. That is to say,
we take all of our data and crunch it all at once. If we get an additional measurement, we
have to start all over and reprocess everything. If we still get more data, we have to start
over yet again. This is clearly inefficient. First, as we collect more and more data, the
data vector, z, and the measurement matrix, H , become larger and larger until they become
cumbersome to process. Second, it is a waste of time and resources to process that same
data over and over again. Logically, it would be better if we could simply keep the estimate
that we have and just adjust this estimate with each new data point. This is known as a
recursive process. As it turns out, we have already examined recursive processes when we
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examined the conditional expectation of a Gaussian random variable with additive Gaussian
noise (Section 3.2). The result was the equations (equations (3.26) to (3.28))

x̂j = x̂j−1 +Kj(zj −Hj x̂j−1),

Kj = (P−1
j−1 +H T

j V
−1
j Hj )

−1H T
j V

−1
j ,

P−1
j = P−1

j−1 +H T
j V

−1
j Hj ,

starting with the initial conditions

x̂0 = x̄,

P−1
0 = M−1,

where x̄ and M are best guesses. Note that one could take M−1 = 0 as an initial guess.

Remark 4.8. The above algorithm allows data associated with a static state to be updated
recursively. From a statistical viewpoint, the measurement noise sequence is assumed
uncorrelated.

4.4 Nonlinear Least Squares: Newton–Gauss Iteration
As we mentioned at the beginning of Example 4.5, real engineering problems are nonlinear.
Let us assume a general nonlinear relationship,

y = c(x)+ v,

between our measurement y and our state x. As before, we will assume an additive corrupt-
ing disturbance, v. The general least squares problem for this case is to find x to minimize

J = 1

2

N∑
k=1

∥∥∥yk − c(x)

∥∥∥2
. (4.20)

Here, yk stands for the measurement, y, taken at time, tk . Unlike the linear case, there is
no general solution for the nonlinear problem. What we can do is make an initial guess
at the value, x̂0. If this guess is reasonably close, we would expect that the first-order
approximation would reasonably describe the measurement,

c(x) ≈ c(x̂0)+ Cδx̂0. (4.21)

Here

C := ∂c

∂x

∣∣∣∣
x=x̂0

and
δx̂0 := x − x̂0.
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If we apply (4.21) to the cost function (4.20), we get

J = 1

2

N∑
k=1

∥∥∥(yk − c(x̂0)
)− Ckδx̂0

∥∥∥2

= 1

2

∥∥∥z0 −H0δx̂0

∥∥∥2
. (4.22)

If you compare (4.22) to (4.1), you will see that we have got something that looks a lot like
the linear least squares problem. In this case,

z0 :=

⎧⎪⎨
⎪⎩

y1 − c(x̂0, t1)
...

y
N
− c(x̂0, tN )

⎫⎪⎬
⎪⎭ , H0 :=

⎡
⎢⎣

C1
...

CN

⎤
⎥⎦ .

Here,

Ck := ∂c

∂x

∣∣∣∣x=x̂0
t=tk

.

We put the subscript on H and z, because these matrices are evaluated using the initial
estimate, x̂0. The solution to the linearized least squares problem,

δx̂0 = H
†
0 z0,

gives us a correction to our initial estimate, x̂0, i.e., a new estimate

x̂1 = x̂0 + δx̂0 = x̂0 +H
†
0 z0.

Unlike the linear problem, we are not done here. Our new estimate, x̂1, may not be much
better than our original estimate (hopefully it is a little better). However, there is no reason
why we cannot go through the preceding steps again to get a new estimate. In fact, we can
get a general iteration formula,

x̂k+1 = x̂k +H
†
k zk. (4.23)

Equation (4.23) is called the Newton–Gauss iteration.
There are many difficulties with the Newton–Gauss iteration. If we are smart or lucky

enough to pick an initial estimate that is close to the true value of the parameters, the above
iteration will converge quadratically, which is as good as it gets. However, if our estimate
is too far away, there is no guarantee that the iteration will ever converge.

There are a number of modifications that can be made to the Newton–Gauss iteration
to improve its effectiveness. The most important involves finding some scale factor, αj , to
adjust the correction,

x̂j+1 = x̂j + αH
†
j zj ,

so that the new estimate will not be worse than the old one. The general approach is to carry
out a secondary optimization,

min
α
‖z− h(x̂ + αH

†
j z)‖2.
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Figure 4.4. Nonlinear Least Squares Example: Tracking an Airplane.

The above is a one-dimensional optimization known as a line search27 because it looks for
the optimal correction of x̂ along the line defined by H

†
j z.

Observability can also be a problem in the Newton–Gauss iteration. In the general
case, the linear mapping, H , need not be full rank. When this happens some linear combi-
nation, or combinations, of the parameters will be beyond our reach.

Example 4.9 (Nonlinear Least Squares—Tracking an Airplane). In this example, we
can do something that looks something like a real problem. What we will do is to try
to determine the course of an airplane using angular measurements from a radar tracking
station; see Figure 4.4. This problem is conceptually similar to the problem solved by Gauss
in determining the orbit of Ceres,28 though this problem is much simpler.

We will assume that we are trying to track an airplane traveling in a straight line at a
constant speed in the vertical plane. Its position as a function of time is determined by four
parameters: its initial horizontal position, x0; its vertical position, y0; its horizontal speed,
vx ; and its vertical speed, vy :

x(t) = x0 + vxt,

y(t) = y0 + vyt.

The only measurements we have of the airplane’s motion are sightings from a radar station.
Corresponding to these sightings are the angles of the radar dish at these instants. These
angles are related to the x-y position of the airplane via

θ(t) = tan−1

[
y(t)

x(t)

]
,

27The interested reader should look in [31] for further details on these methods.
28This was the original least squares problem; i.e., Gauss invented least squares to solve this problem!
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Table 4.2. Data for Nonlinear Least Squares Problem: Tracking an Airplane.

k tk θk (degrees)

0 0 5.4628
1 20 18.9309
2 40 33.4603
3 60 45.1648
4 80 53.7033
5 100 62.3816
6 120 68.1143
7 140 71.9306
8 160 75.7515
9 180 78.5952

10 200 80.8027

so long as x and y do not correspond to exceedingly large angles. That is, the arctangent
is defined only for a range of angles and becomes singular if the angle exceeds 180◦ in
magnitude.

To determine the four parameters that define the airplane’s motion, we need to take
several angular measurements. We then need to calculate the partial derivatives of the
measurement with respect to the parameters:

∂θ

∂x0
= −

[
1

1+ y2

x2

][
x0 + vxt(
y0 + vyt

)2

]
,

∂θ

∂vx
= −

[
1

1+ y2

x2

][
(x0 + vxt)(
y0 + vyt

)2

]
,

∂θ

∂y0
= −

[
1

1+ y2

x2

][
1

y0 + vyt

]
,

∂θ

∂vy
= −

[
1

1+ y2

x2

][
t

y0 + vyt

]
.

So let us try out these equations. Let us suppose that we are given the final sequence of
angles as given in Table 4.2. The Jacobian for this problem is found by calculating the
partial derivatives at each time step:

H =

⎡
⎢⎢⎣

∂θ0
∂x0

∂θ0
∂vx

∂θ0
∂y0

∂θ0
∂vy

...
...

...
...

∂θ10
∂x0

∂θ10
∂vx

∂θ10
∂y0

∂θ10
∂vy

⎤
⎥⎥⎦ .
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Table 4.3. Estimates for Tracking Example.

Parameter Truth Estimated

x0 1000 985.4459
vx −3 −2.8295
y0 100 100.6179
vy 12 12.1138

Using the iteration formula (4.23) and an initial guess of

x̂0 =

⎧⎪⎪⎨
⎪⎪⎩

985
−1.5
105
10

⎫⎪⎪⎬
⎪⎪⎭ ,

we find that after 7 iterations our estimates converge to estimates that are fairly close to the
true values (see Table 4.3). The reader should note that the Newton–Gauss estimator does
a remarkably good job in estimating all of the parameters with the exception of the initial
position, x0. In fact, the estimator does not budge very far from the initial guess. If we look
at the singular value decomposition of the measurement matrix for this problem, we find
that the smallest singular value is

σ4 = 5.034× 10−19,

with a corresponding right singular vector

v4 =

⎧⎪⎪⎨
⎪⎪⎩
−0.9955
0.0029
−0.0940
−0.0123

⎫⎪⎪⎬
⎪⎪⎭ .

Thus, we can see that x0 is, for all intents and purposes, unobservable.

For those of you who are interested in real-world problems, we would note that
tracking problems of this sort are similar to missile-intercept problems.

4.5 Deriving the Kalman Filter via the Orthogonal
Projection Lemma

In Section 3.4, we derived the discrete-time Kalman filter by calculating the conditional
mean directly from Bayes’ law and the underlying conditional probabilities. While this fits
nicely into the progression of our discourse at that point, it is valid only for Gauss–Markov
processes. Indeed it is an all too common misconception that the Kalman filter is valid only
for such cases.

The original derivation by [25] used the orthogonal projection lemma, and it is valid
for another class of problems in which the distribution of the measurements is not necessarily
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Gaussian. The estimates are restricted to be a linear function of the measurements and are
optimal in the sense that they minimize the mean-square estimation error.29 Whether or not
this greatly or trivially expands the class of admissible systems is not clear—a fact brought
forth by Kalman himself. Let us rederive the Kalman filter here using the same criteria.

Let xk be the state of a linear, discrete-time system:

xk+1 = �kxk + �kwk,

yk = Hkxk + vk.

The process disturbance, wk , and measurement noise, vk , are assumed to be zero-mean,
delta-correlated random processes but not necessarily Gaussian. Define Yk to be a vector
space generated by the measurement history up to time, k:

Yk = span
{
y1, y2, . . . , yk

}
.

Yk is a subspace of the measurement space Y .
The least squares estimation problem is to find the state estimate sequence {x̂0(Y0),

x̂1(Y1), . . . , x̂N (YN)} over N stages that minimizes the cost criterion

J = min
{x̂0(Y0),x̂1(Y1),...,x̂N (YN )}

E
[ N∑
k=0

(xk − x̂k(Yk))
TQk(xk − x̂k(Yk))

]
. (4.24)

Since the cost criterion is additive, the following simplifications occur as

J = min
{x̂0(Y0),x̂1(Y1),...,x̂N (YN )}

N∑
k=0

E
[
(xk − x̂k(Yk))

TQk(xk − x̂k(Yk))
]

=
N∑
k=0

min
{x̂k (Yk)}

E
[
(xk − x̂k(Yk))

TQk(xk − x̂k(Yk))
]
.

Since the solution to the minimization problem should not depend upon the arbitrary choice
of the weighting matrix Qk ≥ 0, each element of the vector, E

[
(x

j

k − x̂
j

k (Yk))
2
]
, j =

1, . . . , n, itself is minimized. For example, if Qi = I , then

J =
N∑
k=0

min
{x̂k (Yk)}

E
[
(xk − x̂k(Yk))

T(xk − x̂k(Yk))
]

=
N∑
k=0

min
{x̂1

k (Yk),x̂
2
k (Yk),...,x̂

n
k (Yk)}

n∑
j=1

E
[
(x

j

k − x̂
j

k (Yk))
2
]

=
N∑
k=0

n∑
j=1

min
{x̂jk (Yk)}

E
[
(x

j

k − x̂
j

k (Yk))
2
]
. (4.25)

Then, the resulting conditions from the individual minimizations in (4.25) using the orthog-
onal projection lemma are

E
[
(x

j

k − x̂
j

k (Yk))ψ(Yi )
]
= 0, j = 1, . . . , n , i = 0, . . . , k, (4.26)

29This discussion harkens back to our introduction to minimum variance estimation in Section 3.1.
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where ψ(Yi ), i = 0, . . . , k, is any arbitrary linear function of Yk of dimension n or m as
needed. We can compactly write this set of equations as an outer product,

E
[
(xk − x̂k(Yk))�(Yk)

T
]
= 0, i = 0, . . . , k. (4.27)

This form is awkward to apply, so we will take an equivalent track by defining an m-vector
set of orthonormal basis,

Uk =
{
u1, u2, . . . , uk

}
,

for Yk with the property that any two vectors in Uk have the property

E
[
uiu

T
j

]
=
{
I, i = j,

0 else.
(4.28)

From the orthogonal projection lemma, x̂k is optimal if and only if

E
[
(xk − x̂k)u

T
i

]
= 0, i = 1, . . . , k, (4.29)

or

E
[
xku

T
i

]
= E

[
x̂ku

T
i

]
∀ k, i. (4.30)

This, of course, implies

k∑
i=1

E
[
xku

T
i

]
ui =

k∑
i=1

E
[
x̂ku

T
i

]
ui.

Since x̂k(Yk) is confined to lie in the subspace Yk , then it can be constructed by some linear
combination of the bases vectors ui ∈ Yk as

x̂k =
k∑

i=0

Aiui,

where the constant matricesAi are to be determined. Since we have constrained the estimator
to be linear, the result will be the linear minimum-variance filter. A trivial manipulation of
this equation leads to

x̂k =
k∑

i=1

E
[
xku

T
i

]
ui =

k−1∑
i=1

E
[
xku

T
i

]
ui + E

[
xku

T
k

]
uk. (4.31)

Using our state dynamics, (4.31) can be rewritten as

x̂k =
k−1∑
i=1

E
[
(�k−1xk−1 + �k−1wk−1)u

T
i

]
ui + E

[
xku

T
k

]
uk. (4.32)
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Since wk−1 is independent of Yk−1, and it is zero mean, all of the terms involving wk−1 fall
out, which leaves us

x̂k = �k−1

k−1∑
i=1

E
[
xk−1u

T
i

]
ui + E

[
xku

T
k

]
uk

= �k−1x̂k−1 + E
[
xku

T
k

]
uk.

We are almost at the final form of the Kalman filter. What remains is to determine the
correct form of uk . If we recall the Gram–Schmidt orthogonalization process, we would
expect uk to consist of that part of the new measurement, yk , that is orthogonal to Yk−1, i.e.,

uk ∝
(
yk −Hk�k−1x̂k−1

)
. (4.33)

Such a choice for uk is indeed orthogonal to Yk−1. To check this, we begin with the
orthogonal projection lemma to get

E
[
(xk−1 − x̂k−1)y

T
i

]
= 0, i = 1, . . . , k − 1.

Multiply the above by �k−1 to get

E
[
(�k−1xk−1 −�k−1x̂k−1)y

T
i

]
= E

[
(xk −�k−1x̂k−1)y

T
i

]
= 0, i = 1, . . . , k − 1.

Note that we do not see �k−1wk−1 in the expectation because it is independent of Yk−1 and
is zero mean. Now, multiply the above by Hk to get

E
[
(Hkxk −Hk�k−1x̂k−1)y

T
i

]
= 0, i = 1, . . . , k − 1. (4.34)

Since yk = Hkxk + vk and vk is independent of Yk−1, we can write

E
[
(yk −Hk�k−1x̂k−1)y

T
i

]
= 0, i = 1, . . . , k − 1,

which confirms that uk as defined in (4.33) is orthogonal to Yk−1 and is, thus, a valid choice.
To go from a proportionality (4.33) to an equation, we scale (yk −Hk�x̂k) by a gain

matrix
E[xkuT

k ]uk = Kk(yk −Hk�k−1x̂k−1).

We then get that our filtering equation is

x̂k = �k−1x̂k−1 +Kk(yk −Hk�k−1x̂k−1).

This matches the Kalman filtering equation if we define

x̄k = �k−1x̂k−1.

What remains now is to find Kk . Define êk := xk − x̂k . Then,

êk = (I −KkHk)�k−1êk−1 + (I −KkHk)�k−1wk−1 −Kkvk, (4.35)

yk = Hk�k−1
(
êk−1 + x̂k−1

)+Hk�k−1wk−1 + vk. (4.36)
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Substituting (4.35) and (4.36) into the orthogonal projection lemma,

E
[
êky

T
k

]
= �k−1Pk−1�

T
k−1Hk + �k−1Wk−1�

T
k−1Hk

−Kk

[
Hk�k−1Pk−1�

T
k−1H

T
k +Hk�k−1Wk−1�

T
k−1H

T
k + Vk

]
= 0,

where, as before,

Pk := E
[
(xk − x̂k)(xk − x̂k)

T
]
.

If we recall that the a priori covariance, Mk , is related to Pk via a Lyapunov-like equation,

Mk := �k−1Pk−1�
T
k−1 + �k−1Wk−1�k−1,

we then get that

Kk = MkH
T
k

[
HkMkH

T
k + Vk

]−1
.

This is our Kalman gain.
For completeness, we derive the update equation for Pk ,

Pk =E
[
êk ê

T
k

]
= (I −KkHk)�Pk−1�

T (I −KkHk)
T

+ (I −KkHk) �k−1Wk−1�
T
k−1 (I −KkHk)

T +KkVkK
T
k

= (I −KkHk)Mk (I −KkHk)
T +KkVkK

T
k

= (I −KkHk)Mk − (I −KkHk)MkH
T
k K

T
k +KkVkK

T
k

= (I −KkHk)Mk −MkH
T
k K

T
k +Kk

(
HkMkH

T
k + Vk

)
KT

k

= (I −KkHk)Mk −MkH
T
k K

T
k +MkH

T
k K

T
k

= (I −KkHk)Mk.

This alternative derivation of the Kalman filter leads to some important insights:

1. E
[
(xk − x̂k)y

T
i

] = E
[
êky

T
i

] = 0, i = 1, . . . , k. The estimation error is orthogonal
to the measurement history. This is just the orthogonal projection lemma.

2. E
[
(xk − x̂k)x̂

T
i

] = E
[
êkx̂

T
i

] = 0, i = 1, . . . , k. This follows from 1 and from our
restriction that the estimate be a linear function of the measurements.

3. trace E
[
(yk − Hk�k−1x̂k−1)y

T
i

] = 0, i = 1, . . . , k − 1. Again this follows from 1
after some manipulations. The implication is that the residual is independent of the
measurement history.

4. Define rk := yk −Hk�k−1x̂k−1. Then E[rk] = 0 and

E[rkrT
j ] =

{
0, k 
= j,

HkMkH
T
k + Vk, k = j.

The signal rk is a white-noise process and is called the innovations process.

5. To orthonormalize uk , pick

uk =
[
HkMkH

T
k + Vk

]− 1
2
(yk −Hk�k−1x̂k−1).
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4.6 Exercises
1. (a) Show that AA† is symmetric, positive semidefinite.

(b) Show that all the eigenvalues of AA† are 1 or 0.

(c) Show that (
AA†

)2 = AA†;
i.e., AA† is idempotent.

(d) Show that
I − 2AA†

is a reflection.

2. Let C be the alignment matrix for a set of 10 single-axis gyros measuring angular rate
for a spacecraft. Let the vector �G be the gyro outputs, i.e.,

�G = Cω
B/N

.

Show that (
I − CC†

)
�G = 0.

3. A radar system tracks a missile flying with a constant velocity in the x-y plane. Define
the state x of the missile to be

x =

⎧⎪⎪⎨
⎪⎪⎩

vx
x0

vy
y0

⎫⎪⎪⎬
⎪⎪⎭ ,

where vx is the x-velocity of the missile (assumed to be constant), x0 is its initial
x-position, vy is its y-velocity (also assumed constant), and y0 is its initial y-position.
At each time tk , k = 1, . . . , 6, a radar system gives out a measurement of the position
of the missile in the x-y plane. These measurements are directly related to the state
vector through the equation

zk =
{

xk
yk

}
+
{

wxk

wyk

}
=
{

vxtk + x0 + wxk

vytk + y0 + wyk

}
,

where wxk and wyk are zero mean, Gaussian white-noise processes with unit covari-
ance. wxk and wyk , moreover, are independent of each other. Below is a table of the
6 measurements taken by the radar:

Time x-position y-position
10 284.7 302.2
25 470.0 344.7
35 606.1 375.8
42 697.2 396.2
57 885.9 439.7
68 1,030.3 472.8

Using this data and our description of the system, give the maximum likelihood
estimate of vx, x0, vy, and y0.
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4. Prove that if A is an m× n matrix with a singular value decomposition

A = U�V T,

the singular values are the square roots of the eigenvalues of ATA. Are the singular
values also the square roots of the eigenvalues of AAT? If yes, prove it. If not, give
a counterexample. For both ATA and AAT, find the eigenvectors.

5. Use the Newton–Gauss iteration to develop an estimator to find the parameters a, b,
and c of the measurement equation,

y(t) = a + exp (−bt) sin (ct).

Demonstrate the effectiveness of your system by writing a script which generates
measurements which include an additive random noise term and then estimate the
parameters by processing these measurements. You get to pick the truth values of a,
b, and c. Use the singular value decomposition to evaluate the observability of your
example.

6. It is desired to estimate the inertia tensor of a spacecraft while it is on-orbit. The plan
is to use the thrusters on the satellite to impart an angular impulse about one of the
axes of the vehicle. The gyros are then used to measure the resulting angular rates
after the spacecraft has settled into steady-state motion. This is then repeated for the
other two axes. The pertinent measurement equation is⎧⎨

⎩
hx

hy

hz

⎫⎬
⎭ =

⎡
⎣ I11 I12 I13

I12 I22 I23

I13 I23 I33

⎤
⎦
⎧⎨
⎩

ωx

ωy

ωz

⎫⎬
⎭ .

Using the data given in the table below, derive an estimator to find I11, I12, I13, I22, I23,

I33. The table gives the steady-state angular velocities of the satellite after the thrusters
have imparted 0.5 ft-lb-secs of angular momentum about each of the three body axes
one at a time. The angular velocities have units of radians per second. Use the
singular value decomposition to evaluate the observability of this problem. Which
state or combination of states do you expect to be most observable? Which state or
combinations of states do you expect to be least observable?

hx = 0.5 hy = 0.5 hz = 0.5
hy = hz = 0 hx = hz = 0 hx = hy = 0

ωx 0.50× 10−3 0.24× 10−4 0.28× 10−4

ωy 0.02× 10−3 0.98× 10−4 0
ωz 0.03× 10−3 0 0.83× 10−4

7. Let A be a real m× n matrix. Show that

(a) I − A†A is a projection onto the null space of A.

(b) AA† is a projection onto the range of A.
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8. Here is a problem that harkens back to the orbit fitting problem that led to Gauss’s
introduction of the least squares technique. The distance r of a point from the gravity
center in an orbit is given by the equation

r = a

1+ e cos(θ − θp)
.

Here a is the semimajor axis of the orbit, e is the orbit eccentricity, θ is the measured
angular position of the object in the orbit, and θp is the angular position of the perigee
of the orbit. We are given the following set of measurements in the table below. Using
the Newton–Gauss iteration, estimate a, e, and θp:

rk (km) θk (radians)
6800 0.0
6800 0.5
6830 1.0
6900 1.5

9. Let the vector z be a set of linear measurements of a parameter vector x:

z = Hx + v, (4.37)

where v is a zero-mean Gaussian random vector with covariance V . Let

x̂ = H †z

be the least squares solution to (4.37).

(a) Define z − Hx̂ as the measurement residual. What is the covariance of this
residual? Using arguments based upon the fundamental vector spaces of H ,
draw some conclusions about the measurement residual and the limitations of
least squares estimate in reducing this covariance.

(b) Define x − x̂ as the estimation error. What is the covariance of this error?
Again, using the fundamental vector spaces of H , draw some conclusions about
the limits of the accuracy of x̂.

10. The following signal is a vector in the space of square-integrable, periodic signals on
the interval [0, 2π ]:

x(t) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0, t = 0,

1, 0 < t < π,

0, t = π,

−1, π < t < 2π,

0, t = 2π.

Find the minimum mean-square approximation to the x(t) in which the approximation
is restricted to the subspace spanned by the orthonormal basis:

u1(t) = 1√
π

sin(t), u2(t) = 1√
π

sin(2t), u3(t) = 1√
π

sin(3t).
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11. Using the orthogonal projection lemma, derive the vector x̂ which minimizes the
performance index

J = (
x − x̂

)T (
x − x̂

)
if

x =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

4
6
1
−7
−8

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
,

and if x̂ is restricted to lie in the subspace spanned by the vectors,

v1 =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

2
0
1
0
2

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
, v2 =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1√
3

1
0
0

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
, v3 =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0
6
0
−3
0

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
.

(Hint: Use Gram–Schmidt orthogonalization to create a set of orthonormal basis
vectors for the space defined by v1, v2, and v3.)

12. Consider the problem of calculating the value of a constant scalar x where we are
given a sequence of measurements

zk = x + vk.

The process vk is i.i.d.. Suppose that we have collected N measurements zk .

(a) What is the least squares estimate of x?

(b) Suppose that vk is zero mean. What is the estimation error covariance? What
happens to this covariance as N →∞?

(c) Suppose that we do not know that mean of vk . Can we estimate it along with x?

13. Suppose that you have generated the least square estimate

x̂ = H †z

from the measurement set

z = Hx + v.

(a) Using the singular value decomposition, show that the least squares estimate is
a linear combination of vectors from the row space of H .

(b) Explain how least squares form an estimate that is consistent with the orthogonal
projection lemma.
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14. Consider the tracking example presented in Section 4.4 . The objective is to determine
the initial state (position and velocity) of a ballistic (i.e., nonlifting) projectile traveling
in the x-y plane. The equations of motion for this projectile are

ẍ = 0,

ÿ = −g.
Integrated twice, this leads to

x(t) = x0 + vx0 t,

y(t) = z0 + vy0 t −
1

2
gt2.

During the last half of the flight we get a series of measurements of the x- and y-
positions:

zk =
{

x(tk)+ nx(tk)

y(tk)+ ny(tk)

}
.

The objective is to generate a least squares estimate of the initial state of the projectile:

ξ0 =

⎧⎪⎪⎨
⎪⎪⎩

x0

vx0

y0

vy0

⎫⎪⎪⎬
⎪⎪⎭ .

To add a twist to this problem, suppose that the noise terms have a time-dependent
covariance that increases quadratically with time:

E
[
n2
x

] = nx0 t
2,

E
[
n2
y

] = ny0 t
2.

Write a script to generate sample measurements and examples of both a standard least
squares solution and a weighted least squares solution. Do you see any difference?

15. Consider the following system:

xk+1 = �xk,

yk = Hxk + vk.

(a) Derive a least squares problem to estimate x0 from a series of measurements
y0, . . . , yN−1.

(b) Look at the matrix that is central to your least squares problem. It is an important
result from linear systems theory. Comment on its appearance in this problem.

16. This problem is the companion to the previous problem. Consider the following
n-dimensional state-space system:

xk+1 = �xk + �uk,

where x0 = 0. Suppose the desire is to drive the state xk to some target value x∗.
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(a) What are the conditions on x∗ and � necessary for a single control input, u0, to
drive the state to x∗? Describe your answer in terms of the four fundamental
subspaces.

(b) What are the conditions on x∗, �, and � necessary for a sequence of two control
inputs, u0, u1, to drive the state to x∗? Write these conditions in terms of a linear
system. Describe your answer in terms of the four fundamental subspaces.

(c) Now generalize your answer in the above for a sequence of k control inputs
u0, u1, . . . , uk−1. What is the largest number of inputs for which this analysis
makes any sense? Do you recognize this condition as a fundamental result from
linear systems?

17. Let us return to the inertia estimation problem. In this case, our spacecraft consists of
two bodies: a central cylindrical “bus” and an appendage that consists of two point
masses at the end of massless rods. The appendage can move relative to the central
bus about the axis of symmetry. The momentum equation for this satellite is⎧⎨
⎩

hx

hy

hz

⎫⎬
⎭ =

⎡
⎣ It + 2m[d2 + (l sin θ)2] 0 0

0 It + 2m[d2 + (l cos θ)2]) 0
0 0 Ia + 2ml2

⎤
⎦

×
⎧⎨
⎩

wx

wy

wz

⎫⎬
⎭+

⎧⎨
⎩

0
0

2ml2θ̇

⎫⎬
⎭ .

Your task is to estimate It , Ia, l, d, and m. Devise a scheme and test it. Are all of the
variables observable?

18. The residual rk for a linear filter is defined to be the difference between the measure-
ment and the expected measurement,

rk = yk −Hkx̄k.

Show that the residual of a Kalman filter is an innovations process. In doing so,
calculate E

[
rkr

T
k

]
.

19. You have a static linear equation:

z = Hx + v,

where x is Gaussian with mean x̄ and variance M , and v is zero mean with variance
V .

(a) What is the least squares estimate for x?

(b) Is this an unbiased estimate; i.e., is the estimation error zero?

(c) What is the error variance? Is this the minimum variance?
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20. Consider the scalar system:

xk+1 = axk + wk,

yk = cxk + vk,

where wk and vk are zero-mean independent noise processes with covariances Wkδkn
and Vkδkn, respectively. E[wi vj ] = 0 for all i and j . However, wk and vk are not
Gaussian.

(a) Find the best linear minimum variance estimator.

(b) Is this a conditional mean estimator?

21. Consider that a vehicle accelerates in one dimension in an inertial frame. Assume
that the acceleration is a harmonic of the form

a(t) = 10 sin(2πωt) meters/sec2,

whereω = .1 rad/sec. Suppose that the acceleration is measured by an accelerometer
with a sample rate of 50 Hz at sample times tj . The accelerometer is modeled with ad-
ditive white Gaussian noisewwith zero mean and varianceV = .0001(meters/sec2)2.
The accelerometer has a bias ba with a priori statistics ba ∼ N(0, .01(meters/sec2)2).
The accelerometer ac is modeled as

ac(tj ) = a(tj )+ ba + w(tj ).

A GPS receiver is used to measure position and velocity in an inertial space. The
measurements which are available at a 2 Hz rate (synchronized with the accelerometer)
are

z1i = xi + η1i ,

z2i = vi + η2i ,

where xi is the position and vi is the velocity. Their a priori statistics are x0 ∼
N(0 m, (10 m)2) and v0 ∼ N(100 m/sec, (1 m/sec)2). The additive measurement
noises are assumed to be white-noise sequences and independent of each other with
statistics [

η1i

η2i

]
∼ N

([
0
0

]
,

[
1 m2 0

0 (4 cm/sec)2

])
.

• From the above data simulate the stochastic system over 30 sec.

• Implement a minimum variance estimator:

– Show estimates of position, velocity, and accelerometer bias as well as the
filter error variance for one realization.

– Show that over an ensemble of realizations, the simulated error variance is
close to the filter error variance.

– Show that the theoretical orthogonality properties are satisfied for this filter.
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Chapter 5

Stochastic Processes and
Stochastic Calculus

In the previous chapters, the statistical characteristics of stochastic sequences are described.
Although the stochastic process was defined in Chapter 2, it is in this chapter that it is
characterized by its own calculus. This calculus is needed in developing the model for
estimation problems found in Chapter 6 and in the development of the dynamic programming
algorithm needed for the solution of continuous-time optimal control problems found in
Chapter 9. This chapter opens with a demonstration of the convergence of a discrete-
time random walk to a continuous-time Brownian motion process, illustrating the special
character and difficulties of stochastic processes.

5.1 Random Walk and Brownian Motion

Random Walk

Suppose that at discrete instants, k = 1, 2, 3, . . . , a coin is tossed. If heads (H) occurs, a
step �x is taken forward. If we get tails (T ), we take a step backwards, −�x.

Let � = {H, T } and P({H }) = p and P({T }) = q = 1 − p. At each instant, k,
define the random variable, ξk , on � to be

ξk(ω) =
{

�x if ω = H,

−�x if ω = T .

Now, let Xn denote the position reached at instant, n, i.e.,

Xn =
n∑

j=1

ξj . (5.1)

Setting the initial condition to be X0 = 0, we find that (5.1) is equivalent to

Xn = Xn−1 + ξn. (5.2)

Equation (5.2) is a random difference equation. For each k, Xk(·) is a discrete random

153
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Figure 5.1. Sample Path of Random Walk.

variable on the sample points, ωk ∈ �1, called a random walk, illustrated in Figure 5.1
with �x = 1. The sample space, �1, is the space of all H and T sequences of the form

ωk = HT THHHT T · · · .
Alternately, we could have specified that ξk be a continuous random variable. Xk would
then be a random sequence.

Brownian Motion as the Limit of a Random Walk

In ordinary calculus, continuous-time functions can be thought of as the limiting case for
sequences whose time interval between points goes to zero. In a stochastic calculus, one
would expect the same limiting result to hold.

Let us return to the random walk, Xk =∑k
i=1 ξi . The characteristic function of each

individual step, ξi , is

φ
ξi
(ν) = E

[
ejνxi

]
=
∫ ∞

−∞
ejνηf (η)dη,

where f is the probability density function for ξi :

f (η) = qδ(η +�x)+ pδ(η −�x).

The notation, δ(·), represents the Dirac delta function. The characteristic function is then

φ
ξi
(ν) =

∫ ∞

−∞
ejνη

[
qδ(η +�x)+ pδ(η −�x)

]
dη = qe−jν�x + pejν�x.
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For Xk ,

φXk
(ν) = E

[
ejνXk

]
= E

[
exp

(
jν

k∑
i=1

ξi

)]
=

k∏
i=1

E
[
ejνξi

]
.

The last term follows from the assumption that the ξj ’s are independent. Now, since the
ξj ’s are identically distributed,

φ
Xk
(ν) =

k∏
i=1

E
[
ejνξi

]
= (

qejν�x + pe−jν�x
)k
.

In a fixed time interval [0, T ], there are k = T
�t

steps:

φXT
(ν) = (

qejν�x + pe−jν�x
) T

�t .

Now, let p = q = 1
2 :

φXT
(ν) =

(
ejν�x

2
+ e−jν�x

2

) T
�t

= (cos ν�x)
T
�t . (5.3)

The mean of XT is

E[XT ] = 1

j

[
dφXT

dν

]
ν=0

= −�x T

j�t
(cos ν�x)

T
�t
−1 sin ν�x

∣∣∣
ν=0

= 0.

The variance is

E[X2
T ] =

1

j 2

[
d2φXT

dν2

]
ν=0

= 1

j 2

[
�x2T

�t

(
T

�t
− 1

)
(cos ν�x)

T
�t
−2 sin2 ν�x − �x2T

�t
(cos ν�x)

T
�t

]
ν=0

= �x2T

�t
.

We get a continuously valued, continuous-time stochastic process by considering infinites-
imal steps, �x, taken in infinitesimal time increments, �t . If �x and �t are taken to the
limit, then it is required that the ratio of �x2 to �t converges to some finite limit, e.g.,

lim
�x→0
�t→0

�x2

�t
−→ σ 2, 0 < σ <∞.

Now, if we substitute �x = σ
√
�t into (5.3), the characteristic function becomes

φXT
(ν) =

(
ejνσ

√
�t

2
+ e−jνσ

√
�t

2

) T
�t

=
(

cos νσ
√
�t
) T

�t

. (5.4)
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The power T
�t

in the equation for φXT
can be awkward to deal with, so we take the natural

log of (5.4) and expand it into its Taylor series:

lim
�t→0

log φXT
(ν) = lim

�t→0

T

�t
log

[
1− (νσ

√
�t)2

2! +O(�t2)

]

= lim
�t→0

T

�t

[
− (νσ

√
�t)2

2! +O(�t2)

]

= lim
�t→0

T

[
−ν2σ 2

2! +O(�t2)

]

= −ν2σ 2T

2
.

Thus,

φXT
= e−

ν2σ2T
2 ,

which implies that

fXT
(η) = 1√

2πσ 2T
e
− η2

2σ2T .

This clearly shows that XT is a Gaussian random variable with zero mean and variance
σ 2T . The process which produces this density is called Brownian motion.

Definition 5.1. A scalar Brownian motion process (also known as a Wiener or Wiener–Levy
process) is defined as a process such that

1. {Xt, t ≥ 0} is a Gaussian random variable,

2. E[Xt ] = 0 and E[Xt Xs] = σ 2 min(t, s),

3. {Xt, t ≥ 0} has independent increments,

4. P(X0 = 0) = 1.

The fact that Brownian motion has independent increments falls out from its being
the limiting case of a random walk. To see this, start with the random walk:

Xk = Xk−1 + ξk. (5.5)

It is immediate that the random walk has independent increments, since

Xk −Xk−1 = ξk.

If Brownian motion did not have independent increments, then there exists some time
interval, �t ′, and corresponding step size, �x ′, at which the random walk fails to have
independent increments. This cannot happen, however; otherwise our random walk ceases
to be a random walk—independent increments are integral to its definition.
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This leads immediately to the following.

Proposition 5.2. E[Xt Xs] = σ 2 min(t, s).

Proof. Let us first consider the case s > t . Then,

Xs = Xt + (Xs −Xt)

and

E[Xt Xs] = E

[
Xt

(
Xt + (Xs −Xt)

)]
= E

[
X2

t

]
+ E

[
Xt(Xs −Xt)

]

= E
[
X2

t

]
+ E

[
(Xt −X0)(Xs −Xt)

]
.

Since Brownian motion has independent increments,

E

[
(Xt −X0)(Xs −Xt)

]
= E[Xt −X0]E[Xs −Xt ].

The expectation operator is linear; hence

E[Xt −X0] = E[Xt ] − E[X0] = 0,

E[Xs −Xt ] = E[Xs] − E[Xt ] = 0.

Therefore,

E[Xt Xs] = E
[
X2

t

]
= σ 2t,

which is predicated on the assumption that t < s. The same argument with t > s gives
E[Xt Xs] = σ 2s. Thus, we conclude that E[Xt Xs] = σ 2 min(t, s).

Another claim in its definition is that a Brownian motion process is a Gaussian process.
Our derivation has already shown that it is Gaussian at any instant in time. To show that it
is a Gaussian process, however, we need to show that any finite collection of time samples
is jointly Gaussian. So, let us consider such a collection,

Y := [
Xt1 , . . . , Xtn

]T
. (5.6)

The characteristic function of this collection is

φY (ν1, . . . , νn) = E
[
eiν

TY
]
, (5.7)

where the exponent can be expanded out into

νTY =
n∑

i=1

νiXti = νn

(
Xtn−Xtn−1

)
+
(
νn−1+νn

)(
Xtn−1−Xtn−2

)
+· · ·+

(
ν1+· · ·+νn

)
Xt1 .

(5.8)
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Define �Xtk := Xtk −Xtk−1 and substitute (5.8) into (5.7) to get

φY = E

{
exp

[
jνn�Xtn

]
exp

[
j (νn−1 + νn)�Xtn−1

]
· · · exp

[
j (ν1 + · · · + νn)Xt1

]}

= φ
�Xtn

(νn) φ�Xtn−1
(νn−1 + νn) · · · φXt1

(ν1 + · · · + νn).

(5.9)

Note that we have made use of the fact that X has independent increments to rewrite the
characteristic function of Y as a product of other characteristic functions. We already know
thatφXt1

has a Gaussian density. If we can show thatφ�Xtk
is Gaussian, then the characteristic

function of Y is the product of Gaussians, which makes it Gaussian.
To get φ�Xtk

remember that

Xtk = Xtk−1 +�Xtk .

Since Xtk−1 and �Xtk are independent, this implies that

φXtk
= φXtk−1

φ�Xtk
. (5.10)

Hence,

φ�Xtk
= φXtk

φXtk−1

.

Since

φXtk
= exp

(
−1

2
σ 2ν2tk

)
,

φXtk−1
= exp

(
−1

2
σ 2ν2tk−1

)
,

we find that

φ�Xtk
= exp

(
−1

2
σ 2ν2(tk − tk−1)

)
,

which is the characteristic function of a Gaussian random variable with mean zero and
covariance σ 2(tk − tk−1). We can use this result to assert that the joint probability density
function of a collection of nonoverlapping increments,{

Xt1 , Xt2 −Xt1 , Xt3 −Xt2 , . . . , Xtn −Xtn−1

}
:=

{
Xt1 ,�Xt2 ,�Xt3 , . . . , �Xtn

}
,

is given by

fXt1 ...�Xtn
(x1, . . . , xn − xn−1) =

n∏
i=1

1

σ
√

2π(ti − ti−1)
exp

(−(xi − xi−1)
2

2σ 2(ti − ti−1)

)

=
n∏

i=1

f�Xti
(xi − xi−1). (5.11)
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Note that we have set �Xt1 = Xt1 .
To see that Brownian motion is a Markov process, consider that by definition,

FXtn |Xt1 ...Xtn−1

(
xn

∣∣∣∣x1, . . . , xn−1

)
= P

(
Xtn ≤ xn

∣∣∣∣Xt1 = x1, . . . , Xtn−1 = xn−1

)
.

We have just shown how to rewrite the right-hand side of the previous equation in terms of
increments, i.e.,

FXtn |Xt1 ...Xtn−1

(
xn

∣∣∣∣x1, . . . , xn−1

)

= P

(
Xtn −Xtn−1 ≤ xn − xn−1

∣∣∣∣Xtk −Xtk−1 = xk − xk−1, k = 1, . . . , n− 1

)

= P

(
�Xtn ≤ �xn

∣∣∣∣�Xtk = �xk, k = 1, . . . , n− 1

)
.

The last line is equivalent to a distribution function,

FXtn |Xt1 ...Xtn−1

(
xn

∣∣∣∣x1, . . . , xn−1

)
= F

�Xtn |�Xtk
,k=1,...,n−1

(
�xn

∣∣∣∣�xk, k = 1, . . . , n− 1

)
= F�Xtn

(xn − xn−1).

We can go from a conditional distribution to an unconditional one, as we do in getting to
the last line of the previous derivation, by invoking the fact of independent increments. We
know, moreover, from our earlier work that this distribution function is Gaussian. After
completing the square in the exponent, we find that

F�Xtn
(xn − xn−1) =

∫ xn

−∞
1

σ
√

2π(tn − tn−1)
exp

[ −(η − xn−1)
2

2σ 2(tn − tn−1)

]
dη

=
∫ xn
−∞ exp

(− tn
tn−1

x2
n−1+2ηxn−1−η2

2σ 2(tn−tn−1)

)
dη

σ
√

2π(tn − tn−1) exp
( −x2

n−1

2σ 2tn−1

)

=
∫ xn
−∞ f

XnXn−1
(η, xn−1)dη

f
Xn−1

(xn−1)

= F
Xtn |Xtn−1

(xn|xn−1).

Hence,

F
Xtn |Xt1 ...Xtn−1

(
xn

∣∣∣∣x1, . . . , xn−1

)
= F

Xtn |Xtn−1

(
xn

∣∣∣∣xn−1

)
,

which proves our claim that Brownian motion is Markov. As it turns out, any random
process with independent increments is a Markov process (see the exercises). In the case
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of Brownian motion, the transition probability density function (for t > τ ) is given by

fXt |Xτ
(xt |xτ ) = 1

σ
√

2π(t − τ)
exp

[−(xt − xτ )
2

2σ 2(t − τ)

]
.

5.2 Mean-Square Calculus

Sequences, Continuity, Derivatives

In the next few sections, we will be delving into some hefty mathematics. Eventually, we
will be able to use these tools to describe continuous-time state-space systems,

ẋ = Ax + w, (5.12)

in which the driving input, w, is a random process. Note that we have switched over to
the convention used in linear systems in which lowercase letters are vectors and uppercase
letters are matrices. It is up to you to remember what is a random variable and what is a
sample path.

There are problems, however, in dealing with continuous-time, stochastic processes.
Chiefly, the solution to (5.12) is

x(t) = �(t, t0)x(t0)+
∫ t

t0

�(η, t0)w(η)dη, (5.13)

which includes an integral of w. However, w is not integrable by the rules of standard
calculus.30 Also, since (5.12) is being driven by a random process, x itself is a random
process, which makes it an open question about how to interpret ẋ. As it turns out, what we
will have to do is to develop a new calculus.

Mean-Square Convergence

The first step is to develop a notion of convergence for random sequences, since many of
the key concepts from calculus are defined in terms of a limit. Consider, for example, the
standard definition of continuity.

Definition 5.3. A function, f , is said to be continuous at a point, t , if and only if

lim
s→t

f (s) = f (t).

Or, consider the definition of a derivative.

Definition 5.4. A number f is said to have a derivative at t if the following limit exists:

lim
s→t

f (t)− f (s)

t − s
.

As it turns out, we have three convergence notions to choose from:
30Technically, we would say that w is not of bounded variation. This is crucial to the existence of Riemann

integrals. Of course, if you are not sure what a Riemann integral is, this detail is meaningless.
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1. Convergence in probability.

2. Convergence almost surely (convergence with probability 1).

3. Convergence in the mean square.

The first of these notions is actually an idea that we have already introduced.

Definition 5.5. Let xn, n = 1, 2, . . . , be a sequence of random variables. We say that xn
converges in probability to some random variable x if, for every real number ε > 0,

lim
n→∞ P

({
ω : |xn(ω)− x(ω)| > ε

})
= 0.

If you recall our discussion of functions which are continuous in probability, you
will see that this notion is consistent with the definition of convergence in probability
(Section 2.9).

The second convergence concept, convergence almost surely, may remind you of our
discussion of separability.

Definition 5.6. A random sequence, xn, is said to converge almost surely, or converge with
probability 1, to a random variable x if, for almost all ω,

lim
k→∞

∣∣∣xk(ω)− x(ω)

∣∣∣ = 0.

By almost all we mean that the setA0 of allω for which this is not true is such thatP(A0) = 0.

Finally, we come to the notion of convergence that we will use from now on.

Definition 5.7. Let xk be a random sequence such that E
[
x2
k (ω)

]
< ∞ and let x be a

random variable such that E
[
x2(ω)

]
< ∞. The sequence, xk , is said to converge in the

mean square to x if

lim
k→∞E

[
(xk − x)2

]
= 0.

We denote this form of convergence as

l.i.m.
k→∞ xk = x.

According to [23], convergence in the mean square is easier to use than convergence in
probability or convergence almost surely. The drawback with mean-square convergence is
that it can be applied only to sequences for which the second moment always exists. We call
such processes second-order processes. The following theorem shows that having a finite
second moment immediately implies the existence of the mean value function, correlation
function, and covariance function.

Theorem 5.8. Let xt be a second-order process, i.e., E
[
x2
t

]
<∞ for all t ∈ T . Then

1. mx(t) := E[xt ] <∞,
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2. Rxx(t, τ ) := E[xt xτ ] <∞,

3. Cxx(t, τ ) := Rxx(t, τ )−mx(t)mx(τ ) <∞.

Proof. This proof relies on the Schwarz inequality:(
E[yz]

)2 ≤ E
[
y2
]
E
[
z2
]
. (5.14)

1. Set y = xt and z = 1 in (5.14). Then

mx(t) = E[xt ] =
√(

E[xt 1]
)2 ≤

√
E
[
x2
t

]
E[1] =

√
E
[
x2
t

]
<∞.

2.

Rxx(t, τ ) = E[xtxτ ] =
√
E[xtxτ ]2 ≤

√
E[x2

t ]E[x2
τ ] =

√
E[x2

t ]
√
E[x2

τ ] <∞.

3. The proof is similar to part 2.

As it turns out, convergence in the mean square is a stronger notion than convergence
in probability. That is, if xk converges in the mean square, then it automatically converges
in probability.

Theorem 5.9. Convergence in the mean square implies convergence in probability.

Proof. Using the Chebyshev inequality (2.18), we get

P
(|xk − x|2 ≥ ε

) ≤ E
[
(xk − x)2

]
ε2

.

Thus, for any fixed ε > 0,

lim
k→∞E

[
(xk − x)2

]
= 0 =⇒ lim

k→∞P

(
|xk − x|2 ≥ ε

)
= 0,

which proves our claim.

Remark 5.10. Convergence almost surely also implies convergence in probability. How-
ever, mean-square convergence and convergence almost surely neither imply, nor are im-
plied by, each other.
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Mean-Square Continuity and Mean-Square Derivatives

Once we have defined mean-square convergence, we can obtain corresponding notions of
continuity and differentiation.

Definition 5.11. We say that a second-order process x is mean-square continuous if

l.i.m.
h→0

xt+h = xt .

Mean-square continuity is equivalent to the condition that the correlation function be
bicontinuous in its two arguments.

Theorem 5.12. If xt is a second-order process, then it is mean-square continuous at t if
and only if Rxx(t, τ ) is continuous at the diagonal point (t, t).

Proof.

(⇐) Assume that Rxx(t, τ ) is continuous at (t, t). Then,

E

[
(xt+h − xt )

2

]
= E

[
x2
t+h

]− E [xt+hxt ]− E [xtxt+h]+ E
[
x2
t

]
= Rxx(t + h, t + h)− Rxx(t + h, t)− Rxx(t, t + h)+ Rxx(t, t).

Add and subtract Rxx(t, t) to the previous equation to get

E

[
(xt+h − xt )

2

]
=
[
Rxx(t + h, t + h)− Rxx(t, t)

]
−
[
Rxx(t, t + h)− Rxx(t, t)

]
−
[
Rxx(t + h, t)− Rxx(t, t)

]
.

(5.15)

Because we have assumed that Rxx is continuous at (t, t), all of the terms on the
right-hand side of (5.15) go to zero as h→ 0. Hence, E

[
(xt+h − xt )

2
]

also goes to
zero as h goes to zero. This proves sufficiency.

(⇒) Suppose that x is mean-square continuous at t . Then,∣∣∣∣R(t + h, t + h′)− R(t, t)

∣∣∣∣ =
∣∣∣∣E [xt+hxt+h′]− E [xtxt ]

∣∣∣∣
=
∣∣∣∣E [xt+hxt+h′]+ E [xt+h′xt ]− E [xt+h′xt ]− E [xtxt ]

∣∣∣∣
=
∣∣∣∣E[(xt+h − xt )xt+h′

]
+ E

[
xt (xt+h′ − xt )

]∣∣∣∣.
Using the triangle inequality and Schwarz’s inequality, we get∣∣∣∣R(t+h, t+h′)−R(t, t)

∣∣∣∣ ≤
√
E
[
(xt+h − xt )2

]
E
[
x2
t+h′

]
+
√
E
[
x2
t

]
E
[
(xt+h′ − xt )2

]
.
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Since x is mean-square continuous at t by assumption,

lim
h→0

E
[
(xt+h − xt )

2
]
= 0,

lim
h′→0

E
[
(xt+h′ − xt )

2
]
= 0.

This then implies that

lim
h→0, h′→0

∣∣∣R(t + h, t + h′)− R(t, t)

∣∣∣ = 0.

As you can see, the mean-square definitions of concepts such as continuity rely on
second-order quantities. This is a pattern that you will see repeated over and over again.

We now turn our attention to differentiation.

Definition 5.13. A second-order process xt is said to be mean-square differentiable at t if
the following limit exists:

ẋt := l.i.m.
h→0

(xt+h − xt )

h
.

If this limit exists, it is called the mean-square derivative of x at t .

As with continuity, the existence of the mean-square derivative is equivalent to the
existence of the derivative of the correlation function.

Theorem 5.14. The second-order process xt is mean-square differentiable at t if and only
if ∂2Rxx(t,τ )

∂t∂τ
exists at (t, t).

Proof. The proof is left for you.

A property of mean-square derivatives is that they commute with the expectation
operator:

mẋ(t) = E

[
dxt

dt

]
= d

dt
E[xt ] = ṁx(t),

Rẋx(t, τ ) = E

[
dxt

dt
xτ

]
= ∂

∂t
E[xtxτ ] = ∂Rxx(t, τ )

∂t
, (5.16)

Rẋẋ(t, τ ) = E

[
dxt

dt

dxτ

dτ

]
= ∂2

∂t∂τ
E[xtxτ ] = ∂2Rxx(t, τ )

∂t∂τ
.

Mean-Square Integrals

We conclude our introduction to mean-square calculus by defining the mean-square integral.
We will not spend a lot of time with this type of integral, because it will turn out to be
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inapplicable to the most important cases that interest us, which are systems driven by white
noise.

Definition 5.15. Let xt be a stochastic process defined on [a, b] and let t0, t1, . . . , tn be a
partition such that

a = t0 < t1 < · · · < tn = b

and define ρ = maxk(tk+1 − tk) and tk ≤ t ′k ≤ tk+1. Then, the mean-square integral or
mean-square Riemann integral is given by the following mean-square limit (assuming that
this limit exists):

l.i.m.
ρ→0, n→∞

n−1∑
i=0

xt ′i (ti+1 − ti) =
∫ b

a

xtdt. (5.17)

The following theorem shows that the existence of a mean-square integral for a random
process is equivalent to the existence of a Riemann integral for its second-moment function.

Theorem 5.16. xt is mean-square integrable over [a, b] if and only if Rxx(t, τ ) is Riemann
integrable over [a, b] × [a, b].

Proof. We get this proof from Jazwinski [23].

(⇐) Consider a pair of partitions of [a, b],
a = t0 < t1 < · · · < tn = b,

a = τ0 < τ1 < · · · < τm = b,

and define ρ = maxi,j

[
(ti+1 − ti), (τj+1 − τj )

]
. Now, if the limit (5.17) exists, then

the sequence

lim
ρ→0

E

[∣∣∣∣
p−1∑
i=0

xti (ti+1 − ti)

∣∣∣∣2
]

must be Cauchy; i.e., for every ε > 0, there exists a natural number, N , such that
m, n > N implies31

E

[∣∣∣∣n−1∑
i=0

xti (ti+1 − ti)−
m−1∑
i=0

xτi (τi+1 − τi)

∣∣∣∣2
]
< ε. (5.18)

Now, the above consists of a bunch of quadratic terms

E

[∣∣∣∣n−1∑
i=0

xti (ti+1 − ti)−
m−1∑
i=0

xτi (τi+1 − τi)

∣∣∣∣2
]

= E

[n−1∑
i=0

xti (ti+1 − ti)

n−1∑
i=0

xti (ti+1 − ti)− 2
n−1∑
i=0

xti (ti+1 − ti)

m−1∑
i=0

xτi (τi+1 − τi)

+
m−1∑
i=0

xτi (τi+1 − τi)

m−1∑
i=0

xτi (τi+1 − τi)

]
. (5.19)

31The size of N , by the way, depends on the size of the ε.
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If we look at each of these terms, for instance the cross-term,

E

[n−1∑
i=0

xti (ti+1 − ti)

m−1∑
i=0

xτi (τi+1 − τi)

]
=

n−1∑
i=0

m−1∑
i=0

E
[
xti xτi

]
(ti+1 − ti)(τi+1 − τi),

we will see that each is just the Riemann integral of the second-moment function.
Since we have assumed the second-moment function is integrable, the limit

lim
ρ→0

n−1∑
i=0

m−1∑
i=0

E
[
xti xτi

]
(ti+1 − ti)(τi+1 − τi) (5.20)

exists, which means that (5.18) eventually converges to

Rxx(t, τ )− 2Rxx(t, τ )+ Rxx(t, τ ),

which clearly goes to zero in the limit. Thus, xt is mean-square integrable.

(⇒) Now, if xt is mean-square integrable, then by the same arguments used above, we can
claim that the limit (5.20) exists, which implies that the second-moment function is
Riemann integrable.

This theorem will have important consequences when we look at white noise and
systems driven by white noise.

Example 5.17. We have defined some basic notions of mean-square calculus, so let us see
how they apply to Brownian motion. To begin with, Brownian motion is mean-square
continuous. Consider its correlation function

Rxx(t, s) = σ 2 min(t, s).

This is clearly continuous at (t, t) because the limit

lim
h→0, h′→0

[
R(t + h, t + h′)− R(t, t)

]

=
[

lim
h→0, h′→0

{
σ 2(t + h) if t + h < t + h′,
σ 2(t + h′) if t + h > t + h′

]
− σ 2t

= σ 2 lim
h→0, h′→0

⎧⎪⎨
⎪⎩
h if t + h < t + h′,

h′ if t + h > t + h′

= 0

clearly exists and is zero.
Next, Brownian motion is not mean-square differentiable. This is because its corre-

lation function is not differentiable:

Rxx(t, τ ) = σ 2 min(t, τ ) =
{
σ 2τ, τ < t,

σ 2t, τ > t.
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t

σ2

Figure 5.2. First Partial Derivative of Brownian Motion Correlation.

The first partial derivative with respect to t is then

∂Rxx(t, τ )

∂t
=
{

0, τ < t,

σ 2, τ > t.
(5.21)

If you look at this derivative carefully, you will see that this is just a step function with height
σ 2 that triggers at t (see Figure 5.2). The step function is not differentiable at t (where the
jump occurs) because of the discontinuity. Thus, we can see that Brownian motion is not
differentiable in any sense.

Despite this, it is a common convention to regard white noise as the derivative of
Brownian motion. Take the “derivative” of (5.21) with respect to τ ,

∂2Rxx(t, τ )

∂t∂τ
= σ 2δ(t − τ),

where δ is the Dirac delta function. The Dirac delta function is not a function in the strict
sense, so we still cannot claim the existence of a derivative for Brownian motion, but we
simply assert its derivative is a delta-correlated process,

Rẋẋ(t, τ ) = σ 2δ(t − τ),

by using the fact that the expectation operator commutes with the mean-square derivative:

∂2Rxx(t, τ )

∂t∂τ
= ∂2

∂t∂τ
E[xtxτ ] = E

[
dxt

dt

dxτ

dτ

]
= Rẋẋ(t, τ ).
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t

g

t t

t

i i+1

ν

g(t)

Figure 5.3. The Step Function, gν(t).

5.3 Wiener Integrals
We now define the stochastic integral that appeared in (5.13). Define w(t, ω) = dβt (ω)/dt ,
where βt (ω) is a Brownian motion process that we have just shown is not differentiable in
the mean-square sense. Therefore, the stochastic integral to be defined is

I (g) =
∫ b

a

g(t)dβt (ω). (5.22)

If g is a deterministic function of time, we can evaluate (5.22) with the Wiener integral. We
will develop this integral in a systematic fashion.

Choose a partition of the time interval t0, t1, . . . , tν such that a = t0 < t1 < · · · <
tν = b, and define a step function, gν(t), such that

gν(t) = g(ti)χ[ti ,ti+1],

where χ[ti ,ti+1] is the indicator function that is unity on the interval [ti , ti+1] and zero else-
where:

χ[ti ,ti+1] =
{

1, ti ≤ t < ti+1,

0 else.

The step function gν(t) (Figure 5.3) looks like a sample and hold version of the original
function, g(t). We define the Wiener integral for gν

t to be the sum,

I (gν) =
ν−1∑
i=0

gν(t)
[
β(ti+1, ω)− β(ti, ω)

]
. (5.23)
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To get the Wiener integral for our original function, g(t), we have to make a few
assumptions. First, we need to assume that by taking finer partitions of [a, b], we get a
sequence of step functions that converge to g(t) in the mean square. By this, we mean that
if we define ρ = maxi (ti+1 − ti), then

lim
ρ→0
ν→∞

∫ b

a

∣∣∣g(τ)− gν(τ )

∣∣∣2dτ = 0.

The above restriction, in turn, requires that∫ b

a

gν(τ )2dτ <∞ ∀ν,
∫ b

a

g(τ )2dτ <∞. (5.24)

We call such functions square integrable, or L2, functions. The Wiener integral for g is
then defined to be

I (g) := l.i.m.
ρ→0
ν→∞

ν−1∑
i=0

g(ti)
[
β(ti+1)− β(ti)

]
.

Before moving on, let us take a look at what we are getting with the Wiener integral.
If one looks at (5.23), we will see that the integral of a step function is a weighted sum of
increments of a Brownian motion process. As we have seen, a collection of Brownian motion
increments is independent and jointly Gaussian. We have also seen that linear operations on
jointly Gaussian vectors themselves are Gaussian. Therefore, I (gν) is a Gaussian random
variable! Being a random variable, I (gν) has mean,

E
[
I (gν)

]
= E

[ν−1∑
i=0

g(ti)
[
β(ti+1)− β(ti)

]]
=

ν−1∑
i=0

g(ti)E
[
β(ti+1)− β(ti)

]
= 0,

and a second moment (which turns out to also be the covariance),

E
[
I (gν)2

]
=

ν−1∑
i=0

g(ti)
2E

[(
β(ti+1)− β(ti)

)2
]
=

ν−1∑
i=0

g(ti)
2σ 2 [ti+1 − ti]

= σ 2
∫ b

a

(gν(τ ))
2
dτ.

(5.25)

The last integral in (5.25) is an ordinary Riemann integral.
Since I (g) is the mean-square limit of I (gν), it is also Gaussian and has the same

statistics,

E
[
I (g)

]
= E

[
l.i.m.
ρ→0
ν→∞

I (gν)
]
= l.i.m.

ρ→0
ν→∞

E
[
I (gν)

]
= 0,

E
[
I (g)2

]
= E

[
l.i.m.
ρ→0
ν→∞

I (gν)2
]
= l.i.m.

ρ→0
ν→∞

E
[
I (gν)2

]

= σ 2 l.i.m.
ρ→0
ν→∞

∫ b

a

(gν(τ ))
2
dτ = σ 2

∫ b

a

(g(τ ))2 dτ. (5.26)
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Finally, we will mention that the Wiener integral like the Riemann integral turns out to be
linear operator.

If we have a Wiener integral of the form

I
(
g(b)

)
= I

(
g(a)

)
+
∫ b

a

g(τ )dβ(τ), (5.27)

we can then write the stochastic differential of I (g(t)) as

dI = g(t)dβ(t). (5.28)

The proper way to interpret (5.28) is to think of it as another way of writing (5.27). That is,
it exists only because the integral exists. One particularly useful form of the differential is
found when we have a random variable, x, that is obtained by a Wiener integral,

x(b) = x(a)+
∫ b

a

g(τ )dβ(τ),

and another variable, y, defined to be the product of x and a known, differentiable function
of time, C(t):

y(t) = C(t)x(t). (5.29)

The Wiener integral of y is then found by taking the partitions of x and C,

x(b) = x(a)+
ν−1∑
i=0

[
x(ti+1)− x(ti)

]
, (5.30)

C(b) = C(a)+
ν−1∑
i=0

[
C(ti+1)− C(ti)

]
, (5.31)

and substituting them back into (5.29),32

y(b) =
{ν−1∑

i=0

[
C(ti+1)− C(ti)

]
x(ti+1)+

ν−1∑
i=0

[
x(ti+1)− x(ti)

]
C(ti)

}
+ C(a)x(a). (5.32)

By multiply and dividing the first sum by ti+1 − ti , we can rewrite (5.32) as

y(b) =
{ν−1∑

i=0

[C(ti+1)− C(ti)

ti+1 − ti

]
x(ti+1) [ti+1 − ti]+

ν−1∑
i=0

[
x(ti+1)−x(ti)

]
C(ti)

}
+C(a)x(a).

Taking the limit ρ → 0 and applying the definitions for ordinary derivatives and Wiener
integrals, we get

y(b) =
∫ b

a

Ċ(τ )x(τ )dτ +
∫ b

a

C(τ)dx(τ)+ C(a)x(a).

Hence, the differential of y turns out to be

dy(t) = Ċ(t)x(t)dt + C(t)dx(t),

which is the same result that we would get from ordinary calculus. As we will see, however,
differentials of other stochastic integrals can be quite different.

32Truth be known, the bookkeeping involved in getting from (5.29)–(5.31) to (5.32) is not trivial. Try a simple
case with ν = 2 to convince yourself.
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5.4 Itô Integrals
Consider a general nonlinear stochastic differential equation of the form

dx = ft (xt )dt + gt (xt )dβt ,

where dxt = xt+dt − xt and dβt = βt+dt − βt . This stochastic differential equation is
defined in terms of its integral representation as

x(t) = x(t0)+
∫ t

t0

ft (xt )dt +
∫ t

t0

gt (xt )dβt .

In particular, the stochastic integral ∫ b

a

gt (ω)dβt (ω)

is generalized to allow the integrand, gt (ω), to be a random process. The resulting integral
is called the Itô stochastic integral. The Itô Integral turns out to be not much more than a
generalization of the Wiener integral.

As we did earlier, we will first consider a step function approximation of gt (ω) as

gν
t = g

(ν)
i (t, ω),

where

g
(ν)
i (t, ω) =

{
gti (ω), ti ≤ t < ti+1,

0 else.

For the Itô integral, we need to make some restrictions on gν
t (ω) and gt (ω):

• g
(ν)
i (ω) is independent of any Brownian motion increments {βtk −βtl : ti ≤ tl ≤ tk ≤

ti+1} defined on the interval [ti , ti+1].
• gν

t is a second-order process, i.e.,∫ b

a

E
[
(gν

t )
2
]
dt <∞.

• gt (ω) is a second-order process.

Given these assumptions, the Itô integral of gν
t is then defined to be

∫ b

a

gν
t (ω)dβt :=

ν−1∑
i=0

g
(ν)
i (t, ω)

[
β(ω, ti+1)− β(ω, ti)

]
.

We get the Itô integral for our original function, gt , by assuming the existence of a sequence
of step functions, gν

t , that converge to gt in the mean square. The Itô integral is then the
mean-square limit of the Itô integrals of these step functions. We summarize this with the
following wordy theorem.
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Theorem 5.18. Let gt (ω) be a mean-square continuous function on [a, b] such that
E
[|gt |2] < ∞ for all t ∈ [a, b]. Let t0, . . . , tν be a partition of [a, b] such that a =

t0 < t1 < · · · < tν = b and define ρ := maxi (ti+1 − ti). Finally, let gt be independent of
{βtk − βtl : t ≤ tl ≤ tk ≤ b}. Then, if {gν

t } is a sequence of step functions built upon these
partitions,

lim
ρ→0
ν→∞

∫ b

a

E

[ ∣∣∣gt − gν
t

∣∣∣2 ]dt = 0, (5.33)

and the Itô stochastic integral equals the following mean-square limit:

I (gt ) =
∫ b

a

gt (ω)dβt := l.i.m.
ρ→0
ν→∞

ν−1∑
i=0

g
(ν)
i (ω)

(
βti+1 − βti

)
.

Proof. Since gt is mean-square continuous,

lim
ρ→0
ν→∞

E

[∣∣∣gt − gν
t

∣∣∣2] = 0 ∀t ∈ [a, b].

To convince yourself of this, note that

gν
t =

{
gt if t is a partition point,

gti if t is not a partition point.

In the above, ti is the nearest partition point such that ti < t . Define h such that

h =
{

0 if t is a partition point,

t − ti else.

In either case, h < ρ and gν
t = gt−h. We can, thus, claim that gν

t = gt−h → gt as ν →∞.
The mean-square continuity of gt then implies

l.i.m.
h→0
ν→∞

gν
t−h = gt .

From here, we can assert (5.33), since

lim
ρ→0
ν→∞

∫ b

a

E

[∣∣∣gt − gν
t

∣∣∣2]dt ≤ lim
ρ→0
ν→∞

max
t∈[a,b]E

[∣∣∣gt − gν
t

∣∣∣2](b − a) = 0.

We now need to show that the Itô integral is given by the mean-square limit. Let

 (m, ν) := E

[∣∣∣I (gν+m
t )− I (gν

t )

∣∣∣2]

= E

⎡
⎣ ∣∣∣∣∣

m+ν−1∑
i=0

gm+ν
i

(
βti+1 − βti

)− ν−1∑
k=0

gν
k

(
βtk+1 − βtk

)∣∣∣∣∣
2
⎤
⎦ .
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Now,  g
k
:= gν+m

t − gν
t , tk ≤ t < tk+1, is also a step function, and the increments of βt

can be made as fine as we like. Hence, we can define a partition that contains the 2ν + m

points at which gν+m and gν are discontinuous.33 Using  g
k

and this new partition, the
previous equation can be rewritten as

 (m, ν) = E

⎡
⎣ ∣∣∣∣∣

2ν+m−1∑
k=0

 g
k
(βtk+1 − βtk )

∣∣∣∣∣
2
⎤
⎦

= E

[ ∣∣∣∣∣
2ν+m−1∑

k=0

2ν+m−1∑
l=0

 g
k
 g

l

(
βtk+1 − βtk

) (
βtl+1 − βtl

)∣∣∣∣∣
]
.

Because we have assumed that gt is independent of any future increments of βt ,

E
[
 g

k
 g

l

(
βtk+1 − βtk

) (
βtl+1 − βtl

) ] = 0,

when k 
= l. Thus,

 (m, ν) =
2ν+m−1∑

k=0

E
[ ∣∣ g

k

∣∣2 ]E [ ∣∣(βtk+1 − βtk

) ∣∣2 ]

=
2ν+m−1∑

k=0

E
[ ∣∣ g

k

∣∣2 ] σ 2 (tk+1 − tk).

By definition,

 (m, ν) =
2ν+m−1∑

k=0

E
[ ∣∣ g

k

∣∣2 ] σ 2 (tk+1 − tk) = σ 2
∫ b

a

E
[ ∣∣gm+ν

t − gν
t

∣∣2 ] dt.
Thus, by using the triangle inequality, we get

 (m, ν) = σ 2
∫ b

a

E

[ ∣∣∣gm+ν
t − gν

t

∣∣∣2 ] dt
≤ σ 2

∫ b

a

E

[ ∣∣∣gt − gm+ν
t

∣∣∣2 ] dt + σ 2
∫ b

a

E

[ ∣∣∣gt − gν
t

∣∣∣2 ] dt. (5.34)

Since gt is mean-square continuous, the two integrals on the last line of (5.34) go to zero as
ν →∞. Thus,

lim
ρ→0
ν→∞

 (m, ν) = E

[∣∣∣I (gν+m
t )− I (gν

t )

∣∣∣2] = 0,

33We will assume, without loss of generality, that there are no common points of discontinuity. If there are any,
this changes the number of points in our combined partition from 2ν + m to something else but otherwise does
not affect our argument.



book
2008/9/3
page 174

�

�

�

�

�

�

�

�

174 Chapter 5. Stochastic Processes and Stochastic Calculus

which means that I (gν
t ) is a Cauchy sequence in the mean square. Since the inner product

space formed from the mean square is a Hilbert space and thereby is a complete inner
product space (see [34, Ch. 6, Sect. 3]), we can claim that I (gν

t ) converges. Moreover, we
get

lim
ρ→0
ν→∞

E

[ ∣∣∣I (gν
t

)− I (gt )

∣∣∣2 ] = 0.

Remark 5.19. For those of you who are not comfortable with infinite series and conver-
gence, it is worthwhile to spend some time explaining the last few arguments in the preceding
proof. In our earlier discussion about convergence, we explained that a series, ak , con-
verges to some number, a, if for any positive real number, ε, there is some positive integer,
N , such that k > N implies |ak− a| < ε. Of course, this definition works only because you
can make ε as small as you want. In turn, N can be quite large, but, in proofs, you usually
do not care what it is, just so long as it exists.

Now, if a series is convergent, then after a certain point the difference between any of
its subsequent values should become vanishingly small. More precisely, we would say that
for any positive number, ε, we can always find a positive integer, N , such that k, j > N

implies |ak − aj | < ε. Any sequence that has this property is called a Cauchy sequence.
Any convergent sequence must be Cauchy, but not every Cauchy sequence will be

convergent. The problem is not with the sequence but the space in which it is defined.
Specifically, these spaces may have “holes” in them into which the limit of the sequence
may fall. Consider, for example, the sequence,

bk =
k∑

n=1

1

n2
,

defined on the rational numbers. Believe it or not,

lim
k→∞

k∑
i=n

1

n2
= π2

6
,

which is not a rational number. We would say that the space of rational numbers is not
a complete space. That is, it does not include all of the points that are arbitrarily close
to itself. Another way to think of this is that it does not include all of the the numbers to
which a sequence of rational numbers could converge. Our example highlights the fact that
the irrational and rational numbers are mixed tightly together. In fact, for any irrational
number, we can find a rational number that is arbitrarily close (which is good; otherwise
computers would not be much help for us).

The space of real numbers, which is the composite space consisting of rational and
irrational numbers, is a complete space. And so, if we specify that bk is in the space of real
number, we are OK, since bk converges. Thus, we can see that convergence is a function of
the sequence and the space in which it is defined. However, as our example shows, when
a space is complete, any Cauchy sequence defined in that space will converge. In fact,
completeness and the guaranteed convergence of Cauchy sequences are basically the same
property.
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Getting back to the proof of Theorem 5.18, what we showed was that the sequence,
I (gν), was a Cauchy sequence defined on the inner product space formed from the mean
square. Since the inner product space formed from the mean square is a complete space
(see [34, Ch. 6, Sect. 3]), we can claim that I (gν) converges.

As with Wiener integrals, Itô integrals are random variables, though they are not
necessarily Gaussian, because the integrand, g, is now a random process. The mean of the
Itô integral, however, turns out to be zero,

E

[∫ b

a

g(τ, ω)dβ(τ, ω)

]
= 0,

because of the assumption of the independence of g and dβ. The covariance function has
the form

E

[∫ b

a

g(τ, ω)dβ(τ, ω)

∫ b

a

g(t, ω)dβ(t, ω)

]
= σ 2

∫ b

a

E
[
g2
t

]
dt.

Again, this is largely due to the independence assumption. To this point, our discussion has
been at an abstract mathematical level. Let us now examine the following example, which
we took from Jazwinski [23], who, in turn, took it from Doob.

Example 5.20. Let gt (ω) = βt − βa , where our time interval is the closed interval [a, b].
Our objective is to find the value of

∫ b

a

gtdβt =
∫ b

a

(βt − βa) dβt .

We approximate gt with the step function

gν
t = βti − βa, ti ≤ t < ti+1, (5.35)

so that the Itô integral for gν
t is

∫ b

a

gν
t dβt =

ν−1∑
i=0

(βti − βa)(βti+1 − βti ). (5.36)

What we will now attempt to do is to replace the sum on the right-hand side of (5.36)
with something that we can more easily evaluate in the mean-square limit. We first expand
the term, βb − βa , into segments,

βb − βa = (βb − βtν−1)+ (βtν−1 − βtν−2)+ · · · + (βt1 − βa).
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Note that β0 := βa . Thus, the square of βb − βa is equal to

(βb − βa)
2 =

ν−1∑
i=0

(βti+1 − βti )
2 + 2

ν−1∑
i=0
i 
=k

ν−1∑
k=0
k 
=i

(
βti+1 − βti

) (
βtk+1 − βtk

)
. (5.37)

We can rewrite the double sum in (5.37) as34

2
ν−1∑
i=0
i 
=k

ν−1∑
k=0
k 
=i

(
βti+1 − βti

) (
βtk+1 − βtk

) = 2
ν−1∑
i=0

(
βti − βa

) (
βti+1 − βti

)
. (5.38)

If you look closely at the right-hand side of (5.38), you will see that it is the same as the
right-hand side of (5.36)—our desired integral—aside from the scale factor of 2. Thus, we
can substitute (5.37) into (5.38) to get

∫ b

a

gν
t dβt = 1

2
(βb − βa)

2 − 1

2

ν−1∑
i=0

(
βti+1 − βti

)2
. (5.39)

To get the Itô integral of gt (our original objective), we take the mean-square limit of (5.39).
As we discussed before, taking the mean-square limit involves guessing the limit to the
integral and then confirming that (5.39) converges to this limit in the mean square. This is
a bit backwards, but there is not really any other way. For our guess, we choose

∫ b

a

gtdβt = 1

2

[
(βb − βa)

2 − σ 2(b − a)
]
. (5.40)

We now try to confirm our guess:

E

[(∫ b

a

gν
t dβt − 1

2

[
(βb − βa)

2 − σ 2(b − a)
])2]

= E

[(
1

2
(βb − βa)

2 − 1

2

ν−1∑
i=0

(
βti+1 − βti

)2 − 1

2
(βb − βa)

2 + 1

2
σ 2(b − a)

)2]
.

(5.41)

Note that we have used (5.39) to replace gν
t with an equivalent form that will prove to be

more useful for our purposes. Simplifying the right-hand side of the previous equation leads
to

E

[(∫ b

a

gν
t dβt−1

2

[
(βb−βa)

2−σ 2(b−a)
])2]

= 1

2
E

[(ν−1∑
i=0

(
βti+1 − βti

)2−σ 2(ti+1−ti)
)2]

.

34Granted, this is far from obvious, but if you work it out for yourself, you will see that it is true.
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If we expand the quadratic term inside the expectation operator, we get

E

[(∫ b

a

gν
t dβt − 1

2

[
(βb − βa)

2 + σ 2(b − a)
])2]

= 1

2
E

[
ν−1∑
i=0

(
βti+1 − βti

)2
ν−1∑
k=0

(
βtk+1 − βtk

)2

]

−
ν−1∑
i=0

E
[
(βti+1 − βti )

2
] ν−1∑

k=0

σ 2(tk+1 − tk)

+ 1

2
σ 4

ν−1∑
k=0

(tk+1 − tk)

ν−1∑
i=0

(ti+1 − ti).

We can expand the products of sums in the first term on the right-hand side of the previous
equation to get

E

[(∫ b

a

gν
t dβt − 1

2
(βb − βa)

2 + σ 2(b − a)2

)2]

= E

⎡
⎢⎣ν−1∑

i=0

1

2

(
βti+1 − βti

)4 +
ν−1∑
i=0
i 
=k

ν−1∑
k=0
k 
=i

(
βti+1 − βti

)2 (
βtk+1 − βtk

)2

⎤
⎥⎦

−
ν−1∑
i=0

E
[
(βti+1 − βti )

2
] ν−1∑

k=0

σ 2(tk+1 − tk)

+ 1

2
σ 4

ν−1∑
k=0

(tk+1 − tk)

ν−1∑
i=0

(ti+1 − ti).

After calculating all of the expectations, we can combine the last two terms of the previous
equation to get

E

[(∫ b

a

gν
t dβt − 1

2
(βb − βa)

2 + σ 2(b − a)2

)2]

= 3

2
σ 4

ν−1∑
i=0

(ti+1 − ti)
2 + σ 4

ν−1∑
i=0
i 
=k

ν−1∑
k=0
k 
=i

(ti+1 − ti)(tk+1 − tk)

− 1

2
σ 4

ν−1∑
k=0

(tk+1 − tk)

ν−1∑
i=0

(ti+1 − ti).

The 3
2 in the previous equation comes from calculating the expectation of the fourth power

of (βti+1 − βti ) and remembering that it is Gaussian.35 This leads to

E
[
(βti+1 − βti )

4
] = 3σ 4(ti+1 − ti)

2.

35Recall that if x is a Gaussian random variable with mean m and variance σ 2,

E
[
(x −m)n

] = { 0, n odd,
1 · 3 · 5 · · · (n− 1)σ n, n even.
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Getting back to our derivation, we can expand the product of sums in the last terms and
simplify to get

E

[(∫ b

a

gν
t dβt − 1

2
(βb − βa)

2 + σ 2(b − a)2

)2]

= 3

2
σ 4

ν−1∑
i=0

(ti+1 − ti)
2 + σ 4

ν−1∑
i=0
i 
=k

ν−1∑
k=0
k 
=i

(ti+1 − ti)(tk+1 − tk)

− 1

2
σ 4

ν−1∑
i=0

(ti+1 − ti)
2 − σ 4

ν−1∑
i=0
i 
=k

ν−1∑
k=0
k 
=i

(ti+1 − ti)(tk+1 − tk) = σ 4
ν−1∑
i=0

(ti+1 − ti)
2.

We should note that it is fairly straightforward to calculate all of the expectations, because,
again, the Brownian motion increments are Gaussian. Define

ρ := max
i

ti+1 − ti .

Then,

lim
ρ→0

E

[(∫ b

a

gν
t dβt − 1

2

[
(βb − βa)

2 − σ 2(b − a)
])2]

= lim
ρ→0

σ 4
ν−1∑
i=0

(ti+1 − ti)
2

≤ lim
ρ→0

σ 4ρ

ν−1∑
i=0

(ti+1 − ti)

= 0.

Thus, we can see that our guess is correct.

5.5 Second-Order Itô Integrals
We can generalize the Itô integral by considering higher-order differentials. The integral∫ b

a

gt (ω)dβ
2
t = lim

ρ→0

ν−1∑
i=0

gti

(
βti+1 − βti

)2

is known as a second-order stochastic integral. As before, ρ is defined to be the largest
interval in the implied partition of [a, b]used to calculate the integral. Given the excruciating
pain we went through in our first-order example, one might think that second-order integrals
are just that much more impossible. Quite the opposite is true, in fact. Second-order Itô
integrals turn out to be calculable through mean-square Riemann integrals.

Theorem 5.21. Let gt be a second-order random process that is mean-square continuous
on [a, b]. Let ρ := maxi ti+1 − ti . Then∫ b

a

gt dβ
2
t = σ 2

∫ b

a

gt dt.
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Proof. To prove this theorem, we need to show that

l.i.m.
ρ→0

ν−1∑
i=o

gti

[
(βti+1 − βti )

2 − σ 2(ti+1 − ti)
]
= 0,

which is just shorthand for writing

lim
ρ→0

E

[∣∣∣∣ν−1∑
i=0

gti
[
(βti+1 − βti )

2 − σ 2(ti+1 − ti)
]∣∣∣∣2
]
= 0.

We begin by expanding the quadratic

E

[∣∣∣∣ν−1∑
i=0

gti
[
(βti+1 − βti )

2 − σ 2(ti+1 − ti)
]∣∣∣∣2
]

= E

[ν−1∑
i=0

ν−1∑
k=0

gti gtk

[
(βti+1 − βti )

2 − σ 2(ti+1 − ti)
][
(βtk+1 − βtk )

2 − σ 2(tk+1 − tk)
]]

.

Because of the assumption of independent increments and the Brownian motion process
being zero mean, we can get rid of all the cross-terms:

E

[∣∣∣∣ν−1∑
i=0

gti
[
(βti+1 − βti )

2 − σ 2(ti+1 − ti)
]∣∣∣∣2
]
= E

[ν−1∑
i=0

|gti |2
[
(βti+1−βti )

2−σ 2(ti+1−ti)
]2
]
.

The linearity of the expectation operator allows us to move it inside the summation and
expand the quadratic term to get

lim
ρ→0

ν−1∑
i=0

E
[
g2
ti

]
E

[(
(βti+1 − βti )

2 − σ 2(ti+1 − ti)

)2]

= lim
ρ→0

ν−1∑
i=0

E

[
g2
ti

](
E

[(
βti+1 − βti

)4
]

− 2E

[(
βti+1 − βti

)2
]
σ 2(ti+1 − ti)+ σ 4(ti+1 − ti)

2

)

= lim
ρ→0

ν−1∑
i=0

E
[
g2
ti

][
3σ 4(ti+1 − ti)

2 − 2σ 4(ti+1 − ti)
2 + σ 4(ti+1 − ti)

2
]

= lim
ρ→0

2σ 4
ν−1∑
i=0

E
[
g2
ti

]
(ti+1 − ti)

2

≤ lim
ρ→0

2σ 4ρ

ν−1∑
i=0

E
[
g2
ti

]
(ti+1 − ti)

= 0.

We will encounter this integral throughout the remainder of our study of stochastic
processes and in our study of estimation.
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5.6 Stochastic Differential Equations and Exponentials
We are now ready to investigate stochastic differential equations. The most general form
of these equations is

dxt = f (xt , t)dt + g(xt , t)dβt , t ∈ [a, b]. (5.42)

As always, βt is a Brownian motion process. It is worthwhile to repeat here our prior
exhortation that (5.42) is really just another way of writing the integral equation

xt − xa =
∫ t

a

f (xτ , τ )dτ +
∫ t

a

g(xτ , τ )dβτ . (5.43)

The first integral in (5.43) is just a mean-square Riemann integral. The second integral is
an Itô integral. We, therefore, refer to (5.42) as an Itô stochastic differential equation.

So, does (5.42) have a solution? The answer is yes, but as the next theorem shows
that there are a lot of conditions that have to be met first. In truth, these conditions are
analogous to the conditions required to solve an ordinary differential equation.

Theorem 5.22. Consider the stochastic differential equation (5.42), where f and g satisfy
the following:

1. A growth condition:

∥∥∥f (x, t)∥∥∥+ ∥∥∥g(x, t)∥∥∥ ≤ K
(

1+ ‖x‖2
) 1

2

for some K . This is actually a bound on growth.

2. A Lipschitz condition on x and t:∥∥∥f (x2, t)− f (x1, t)

∥∥∥+ ∥∥∥g(x2, t)− g(x1, t)

∥∥∥ ≤ K‖x2 − x1‖,
∥∥∥f (x, t2)− f (x, t1)

∥∥∥+ ∥∥∥g(x, t2)− g(x, t1)

∥∥∥ ≤ K‖t2 − t1‖.

3. The initial condition on xt , xa must be a second-order process that is independent of
the Brownian motion increments {dβt , t ∈ [a, b]}.

Given these restrictions, (5.42) has a solution on [a, b] in the mean-square sense. Moreover,
this solution, xt , is a Markov process and is uniquely determined by the initial condition in
the mean-square sense.

The main point here is that once we have defined a consistent mean-square calculus,
we are assured that a solution exists in the mean-square sense for a fairly general stochastic
differential equation. Of course, actually finding this solution may be quite tricky.

Let us now look at a relatively simple example that involves a function of a Brownian
motion process, eβt . Exponentials are a good place to start when examining stochastic
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differential equations, as they are the foundation for solving ordinary differential equations.
They were, in fact, invented by Euler to solve differential equations.36

To begin, let xt be the scalar stochastic process,

xt = eβt . (5.44)

Now, as we have seen, βt is not differentiable in any sense. So, instead of differentiating
(5.44), we expand it in terms of its power series,

eβt = 1+ βt + β2
t

2! +
β3
t

3! + · · · ,

eβt+δβt = 1+ (βt + δβt )+ (βt + δβt )
2

2! + (βt + δβt )
3

3! + · · · .

Define δxt to be

δxt = eβt+δβt − eβt = δβt + βtδβt + δβ2
t

2! +
β2
t δβt

2! + βtδβ
2
t

2! + δβ3
t

3! + · · ·

=
(

1+ βt + β2
t

2! +
β3
t

3! + · · ·
)(

δβt + δβ2
t

2! +
δβ3

t

3! + · · ·
)

= eβt

(
δβt + δβ2

t

2! +
δβ3

t

3! + · · ·
)

= xt

(
δβt + δβ2

t

2! +
δβ3

t

3! + · · ·
)
.

Now, if this were ordinary calculus, we would drop all of the higher-order terms above first
order to get a linearized version of (5.44),

dxt = xt dβt , (5.45)

as the differential version of (5.44). However, in this case keeping only the first-order term
turns out to be insufficient.

To show this, we will show that the error induced by truncating δxt after the first-order
term does not disappear in the limit as we take smaller and smaller increments. Consider

E
[
δxt − δβtxt

]
= E

[
xt

(
δβ2

t

2
+ · · ·

)]

= E [xt ]E

[
δβ2

t

2
+ · · ·

]
since xt is independent of δβs , s > t

= E [xt ]
(
E

[
δβ2

t

2

]
+ E

[
δβ3

t

6

]
+ · · ·

)
.

36Why do you think we use the letter e to represent them?
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Now, βt is a Gaussian process, and we have shown that its increments, δβt , are Gaussian
also. Therefore,

E
[
δβn

t

]
=
{

0, n odd,

1 · 3 · 5 . . . (n− 1)σ n(δt)
n
2 , n even.

Hence,37

E
[
δxt − δβtxt

]
= E [xt ]

(
σ 2δt + o(δt2)

)
,

which shows that eβt cannot be approximated in small increments with only a first-order
differential like (5.45) since this leaves a residual that is of the same order as the approxi-
mation itself. The above, in fact, indicates that the correct differential representation is to
keep the second -order term:

dxt = xt

(
dβt + dβ2

t

2

)
. (5.46)

In keeping with our interpretation of stochastic differentials, we point out that (5.46)
should be understood as being another way to express the integral equation,

xt − 1 =
∫ t

0
xτdβτ + 1

2

∫ t

0
xτdβ

2
τ . (5.47)

Using Theorem 5.21, however, we can convert the second integral in (5.47) into a mean-
square Riemann integral,

xt − 1 =
∫ t

0
xτdβτ + σ 2

2

∫ t

0
xτdτ.

The corresponding differential is then

dxt = xtdβt + σ 2

2
xtdt, x0 = 1.

This turns out to be the differential equation whose solution is eβt .

5.7 The Itô Stochastic Differential
As we saw earlier, it is pretty hard to calculate much of anything with the mean-square
calculus that we know up to this point. The following theorem, however, will prove to be
our salvation.

Theorem 5.23. Let xt be the unique solution to the vector Itô stochastic differential equation,

dxt = f (xt , t)dt +G(xt , t)dβt , (5.48)

where x and f are n-vectors, G is an n×m matrix, and βt is an m-vector Brownian motion
process such that

E
[
dβt dβ

T
t

]
= Qdt.

37o(δt2) refers to a term that goes to zero at the same rate as δt2.
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Let φ (xt , t) be a scalar-valued real function of xt that is continuously differentiable in t

and that has continuous second derivatives with respect to x. The stochastic differential of
φ is then

dφ = φtdt + φT
x dxt +

1

2
trace GQGTφxxdt. (5.49)

Proof. Begin with a Taylor series representation of the differential dφ,

dφ = φtdt + φT
x dxt +

1

2
dxT

t φxxdxt + · · · . (5.50)

Now, substitute (5.48) into (5.50) and keep the terms up to those which are up to second
order in dβt .38 The differential for φ is then

dφ = φtdt + φT
x dxt +

1

2
trace Gdβtdβ

T
t G

Tφxx + · · · .

The corresponding integral is

φ =
∫ b

a

φtdt +
∫ b

a

φT
x dxt +

1

2
trace

∫ b

a

Gdβtdβ
T
t G

Tφxx dt,

which we can convert to

φ =
∫ b

a

φtdt +
∫ b

a

φT
x dxt +

1

2

∫ b

a

trace GQGTφxxdt

by applying Theorem 5.21 (which defines the second-order Itô integral). The stochastic
differential then becomes

dφ = φtdt + φT
x dxt +

1

2
trace GQGTφxxdt.

This theorem will turn out to be the key to solving almost all of the homework problems
that we can give you. Let us now look at an example.

Example 5.24. Consider the differential equation that we get from xt = eβt ,

dxt = σ 2

2
xtdt + xtdβt . (5.51)

Again, βt is a Brownian motion process with

E
[
dβ2

t

] = σ 2dt.

Let φ = x2
t , so that

φt = 0,

φx = 2xt ,

φxx = 2.

38This also means throwing out the second-order terms dt2 and dtdβt .
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Then, according the Theorem 5.23,

dφ = d(x2
t ) = 2xtdxt + σ 2x2

t dt. (5.52)

Note that if (5.52) were an ordinary differential equation, the second term on the right-hand
side of (5.52), i.e., the one scaled by σ 2, would not exist. Substitute (5.51) into (5.52) to get

d(x2
t ) = σ 2x2

t dt + 2x2
t dβt + σ 2x2

t dt

= 2σ 2x2
t dt + 2x2

t dβt .
(5.53)

Now, define X = E
[
x2
t

]
. If we take the expected value of (5.53), we then get39

dX = 2σ 2Xdt.

This implies that
Ẋ = 2σ 2X,

which is a first-order ordinary differential equation whose solution is

X = e2σ 2t . (5.54)

To check to see if (5.54) is indeed the solution that we are seeking, we can calculate E
[
x2
t

]
directly. Remembering that (5.51) has a corresponding solution, xt = eβt , we can manipulate
the definition of the second moment:

E
[
x2
t

] = E
[
e2βt

]
=
∫ ∞

−∞
e2βt

1

σ
√

2πt
e
− β2

t

2σ2 t dβt

= 1

σ
√

2πt

∫ ∞

−∞
e

2βt− β2
t

2σ2 t dβt .

By multiplying the previous equation by e2σ 2t and e−2σ 2t , we get

E
[
x2
t

] = 1

σ
√

2πt
e2σ 2t

∫ ∞

−∞
e−2σ 2t e

2βt− β2
t

2σ2 t dβt ,

and we are able to complete the square of the exponent of the term in the integral:

E
[
x2
t

] = e2σ 2t 1

σ
√

2πt

∫ ∞

−∞
e
− (βt−2σ2 t)2

2σ2 t dβt︸ ︷︷ ︸
1

.

The integral, along with the scaling term 1
σ
√

2πt
, turns out to be the Gaussian probability

density function evaluated along the entire real line. Hence, this integral is equal to one,
leaving us with

39What happened to the expected value of 2x2
t dβt?
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E
[
x2
t

] = e2σ 2t .

This proves our answer.

Another useful consequence of Theorem 5.23 is the following corollary.

Corollary 5.25 (Fundamental Theorem of Itô Stochastic Calculus). Let φ be a twice
continuously differentiable real scalar function of βt . Then,∫ b

a

∂φ

∂βt

dβt = φ(βb)− φ(βa)− σ 2

2

∫ b

a

∂2φ

∂β2
t

dt.

Proof. Apply Theorem 5.23, substituting βt for xt in the appropriate places. The corre-
sponding differential equation is the trivial

dxt = dβt .

Since βt represents a Brownian motion process, its variance is given by

E
[
dβ2

t

]
= σ 2dt.

A simple application of Theorem 5.23 then leads to

dφ = ∂φ

∂βt

dβt + σ 2

2

∂2φ

∂β2
t

dt.

Integrating dφ gives us the corollary.

Example 5.26. Evaluate
∫ b

a
βn
t dβt . Let

φ = 1

n+ 1
βn+1
t ,

so that

φβ = βn
t ,

φββ = nβn−1.

Apply Corollary 5.25 to get∫ b

a

φβdβt =
∫ b

a

βn
t dβt = 1

n+ 1

(
βn+1
b − βn+1

a

)
− nσ 2

2

∫ b

a

βn−1
t dt. (5.55)

For n = 1,∫ b

a

βtdβt = 1

2

(
β2
b − β2

a

)
− σ 2

2

∫ b

a

dt = 1

2

(
β2
b − β2

a

)
− σ 2

2
(b − a),

which matches the result we found earlier when we tried to calculate the Itô integral “di-
rectly.” Clearly, it was much easier to find the result when using the stochastic differential
formula.
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5.8 Continuous-Time Gauss–Markov Processes
We are finally ready to talk about continuous-time Gauss–Markov processes. We will use
a differential form of the state equation,

dx
t
= F(t)x

t
dt +G(t)dβt . (5.56)

In the deterministic case, one is interested in knowing the solution of (5.56) and maybe
some properties of the system such as its stability and perhaps the controllability of the
pair (F,G). In the stochastic case, we will be interested in knowing the statistics of x

t
. In

practice, this boils down to the mean and covariance.
To begin, take the stochastic differential of x

t
xT

t
. Because this is an outer product

(and hence not a scalar-valued function of xt ), we cannot apply the Itô stochastic differential
formula directly. Instead, we need to apply the formula to the individual elements. Let

x
t
=

⎧⎪⎨
⎪⎩

x1

...

x
n

⎫⎪⎬
⎪⎭ , G =

⎡
⎢⎣

G1
...

Gn

⎤
⎥⎦ .

Define φ
kl
= x

k
x

l
; then

dφ
kl
= φ̇

kl︸︷︷︸
0

dt + [
x

l
x

k

] { dx
k

dx
l

}
+ 1

2
trace

[
Gk

Gl

]
Q
[
GT

k GT
l

] [ 0 1
1 0

]
dt

= dx
k
x

l
+ x

k
dx

l
+ 1

2

(
GkQGT

l +GlQGT
k

)
dt.

If we collect all of these results together for the n elements of x
t

and the n rows of G, we
get

d

⎡
⎢⎣

φ11 . . . φ1n
...

...

φn1 . . . φnn

⎤
⎥⎦ =

⎡
⎢⎣

dx1x1 . . . dx1xn

...
...

dx
n
x1 . . . dx

n
x

n

⎤
⎥⎦

+
⎡
⎢⎣

x1dx1 . . . x1dxn

...
...

x
n
dx1 . . . x

n
dx

n

⎤
⎥⎦+

⎡
⎢⎣

G1QGT
1 . . . G1QGT

n

...
...

GnQGT
1 . . . GnQGT

n

⎤
⎥⎦ .

This means that the differential equation for the outer product x
t
xT

t
is

d
(
x

t
xT

t

) = dx
t
xT

t
+ x

t
dxT

t
+GQGTdt

= Fx
t
xT

t
+Gdβtx

T
t
+ x

t
xT

t
F T + x

t
dβT

t G
T +GQGTdt.

Note that we do not explicitly write F and G as functions of time, as we did earlier, so that
we can make the previous and subsequent equations as clean as possible. If we take the
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expectation of the above equation, defining X := E
[
x

t
xT

t

]
, and note that

E
[
Gdβtx

T
t

]
= GE

[
dβt

]
E
[
xT

t

]
= 0,

E
[
x

t
dβT

t G
T
]
= E

[
x

t

]
E
[
dβT

t

]
GT = 0,

we then end up with
Ẋ = FX +XF T +GQGT. (5.57)

The mean value of x
t
, which we denote x̄t := E

[
x

t

]
, is propagated by the equation

dx̄t := E
[
dx

t

] = E
[
Fx

t
dt +Gdβt

]
= FE

[
x

t

]
dt +GE [dβt ]

= F x̄tdt.

(5.58)

Finally, the covariance of x
t
can then be found by defining the variation away from the mean

as e
t
:= x

t
− x̄

t
. The differential equation for e

t
is then found by subtracting (5.58) from

(5.56):

de
t
= F

(
x

t
− x̄t

)
dt +Gdβt

= Fe
t
dt +Gdβt .

Since the differential equation for e
t

is identical in form to the equation for x
t
, its sec-

ond moment equation is identical to the second moment equation for x
t

(which is (5.57)).
Defining

P(t) := E
[
e
t
eT
t

]
,

we thus get

Ṗ = F(t)P (t)+ P(t)F (t)T +G(t)QG(t)T, (5.59)

which is a continuous-time Lyapunov equation and the covariance equation for x
t
.

Example 5.27. Consider a scalar Gauss–Markov process,

dx
t
= −a x

t
dt + a dβt ,

with

E
[
x

t0

] = x̄
t0
= 0,

E
[
x

t0
xT

t0

]
= X0,

E
[
dβ2

t

]
= q dt.
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Then,

d(x2
t
) = 2x

t
dx

t
+ a2qdt

=
(
−2ax2

t
dt + 2ax

t
dβt

)
+ a2qdt

=
(
−2ax2

t
+ a2q

)
dt + 2ax

t
dβt .

Taking the expectation of the above equation then gives us

dX = −2aXdt + a2qdt,

which has the solution

X(t) = X0e
−2a(t−t0) + 1

2
qa

[
1− e−2a(t−t0)] .

If a > 0 and we let t − t0 →∞, then

X(t)→ X̄ = 1

2
qa.

The above implies that x
t

asymptotically becomes a stationary process.

We conclude this section with a discussion of the continuous-time covariance kernel.
The differential equation for x

t
, (5.56), has a corresponding integral,

x
t
= xt0 +

∫ t

t0

F(τ)x(τ )dτ +
∫ t

t0

G(t)dβt . (5.60)

Note that the first integral in (5.60) is a mean-square stochastic integral, and the second is
a Wiener integral. Assume a solution to the state-space equation, (5.56):

x
t
= �(t, t0)yt , (5.61)

y
t
= x

t0
+
∫ t

t0

�(t0, τ )G(τ)dβτ . (5.62)

We can confirm our guess by, first, checking that it satisfies the boundary condition,

x
t0
= �(t0, t0)y(t0) = I

(
x

t0
+
∫ t0

t0

�(t0, τ )G(τ)dβτ

)
= x

t0
.

We next must show that it satisfies the differential equation. To start, we take the Wiener
differential of x

t
,

dx
t
= �̇(t, t0)yt

dt +�(t, t0)dy.
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We then substitute this result into the integral equation that describes the evolution of
x

t
,

x
t
= xt0 +

∫ t

t0

dx
t

= xt0 +
∫ t

t0

[
�̇(τ, t0)y(τ )

]
dτ +

∫ t

t0

�(τ, t0)�(t0, τ )G(τ)dβτ

= xt0 +
∫ t

t0

[
F�(τ, t0)y(τ )

]
dτ +

∫ t

t0

G(τ)dβτ

= x
t0
+
∫ t

t0

F(τ)x(τ )dτ +
∫ t

t0

G(τ)dβτ .

The last line in the previous equation is the known solution to our differential equation. We
can thus combine (5.61) and (5.62) to get

x
t
= �(t, t0)xt0 +

∫ t

t0

�(t, τ )G(τ)dβτ .

Now, the autocorrelation matrix or covariance kernel is defined to be

Cxx(t, t + τ) = E
[
(x

t
− x̄t )(xt+τ − x̄t+τ )T

]
,

where

x̄t = E
[
x

t

] = E

[
�(t, t0)xt0 +

∫ t

t0

�(t, τ )G(τ)dβτ

]

= �(t, t0)E
[
xt0
]+ E

[∫ t

t0

�(t, τ )G(τ)dβτ

]

= �(t, t0)x̄t0 .

Hence,

xt+τ − x̄t+τ = �(t + τ, t)
(
x

t
− x̄t

)+ ∫ t+τ

t

�(t + τ, s)G(s)dβs,

so that if τ ≥ 0,

Cxx(t, t + τ) = E

[
e
t

(
�(t + τ, t)e

t
+
∫ t+τ

t

�(t + τ, s)G(s)dβs

)T
]

= E
[
e
t
eT
t

]
�(t + τ, t)T + E

[
e
t

∫ t+τ

t

dβT
s G(s)T�(t + τ, s)T

]
︸ ︷︷ ︸

0

= P(t)�(t + τ, t)T.

Repeating this process, we can show that

Cxx(t + τ, t) = �(t + τ, t)P (t) , τ ≥ 0. (5.63)
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5.9 Propagation of the Probability Density Function
The propagation of the probability density function evolving from a nonlinear stochastic
differential equation is characterized by the solution to a deterministic partial differential
equation classically called the Fokker–Planck equation as well as the forward Kolmogorov
equation.

Theorem 5.28 (Kolmogorov). For a scalar Markov process {xt , t ∈ [t0, tf ]} generated
by the Itô stochastic differential equation

dxt = F(xt , t)dt +G(xt , t)dβt , (5.64)

where {βt } has variance parameter σ 2, the transition density function f (xt , t |xτ , τ ) which
characterizes {xt } can be determined from the solution to the partial differential equation

∂f (xt , t |xτ , τ )
∂t

= −∂[f (xt , t |xτ , τ )F (xt , t)]
∂xt

+ 1

2

∂2[σ 2f (xt , t |xτ , τ )G(xt , t)
2]

∂x2
t

.

(5.65)

Proof. Consider an arbitrary function S(xt ) which is a nonnegative, twice continuously
differentiable, real-valued function such that for any x1

t < x2
t , S(xt ) = 0 outside that

interval; i.e., for xt ≤ x1
t and xt ≥ x2

t , S(xt ) = 0, and at xt = x1
t and xt = x2

t , S and its first
and second derivatives are zero. The expected value of S(xt ) is∫ ∞

−∞
S(xt+dt )f (xt+dt , t + dt |xτ , τ )dxt+dt . (5.66)

Using the Chapman–Kolmogorov equation,

f (xt+dt , t + dt |xτ , τ ) =
∫ ∞

−∞
f (xt+dt , t + dt |xt , t)f (xt , t |xτ , τ )dxt , (5.67)

(5.66) can be rewritten as∫ ∞

−∞
f (xt , t |xτ , τ )

[∫ ∞

−∞
S(xt+dt )f (xt+dt , t + dt |xt , t)dxt+dt

]
dxt . (5.68)

Subtract the expression ∫ ∞

−∞
S(xt+dt )f (xt+dt , t |xτ , τ )dxt+dt (5.69)

from (5.66) and (5.68), noting that xt+dt is a dummy variable of integration, to obtain∫ ∞

−∞
S(xt+dt ) [f (xt+dt , t + dt |xτ , τ )− f (xt+dt , t |xτ , τ )] dxt+dt

=
∫ ∞

−∞
f (xt , t |xτ , τ )

[∫ ∞

−∞
S(xt+dt )f (xt+dt , t + dt |xt , t)dxt+dt

]
dxt (5.70)

−
∫ ∞

−∞
S(xt )f (xt , t |xτ , τ )dxt ,
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where we have changed the order of integration from xt+dt to xt in the last term. By using
the fact that ∫ ∞

−∞
S(xt )f (xt+dt , t + dt |xt , t)dxt+dt = S(xt ) (5.71)

and substituting the left-hand side of (5.71) into the last integral in (5.70), this equation
becomes∫ ∞

−∞
S(xt+dt ) [f (xt+dt , t + dt |xτ , τ )− f (xt+dt , t |xτ , τ )] dxt+dt

=
∫ ∞

−∞
f (xt , t |xτ , τ )

[∫ ∞

−∞
[S(xt+dt )− S(xt )] f (xt+dt , t + dt |xt , t)dxt+dt

]
dxt , (5.72)

after we combine the last integral with the one before it. Noting that by definition S(xt+dt )−
S(xt ) = dS(xt ) is an Itô derivative with respect to the stochastic differential equation (5.64)
(denoting Sx = ∂S/∂x and Sxx = ∂2S/∂x2),

dS(xt ) = Sx(F (xt , t)dt +G(xt , t)dβt )+ 1

2
σ 2SxxG(xt , t)

2dt. (5.73)

Substitution of the Itô derivative into (5.72) gives∫ ∞

−∞
S(xt+dt ) [f (xt+dt , t + dt |xτ , τ )− f (xt+dt , t |xτ , τ )] dxt+dt

=
∫ ∞

−∞
f (xt , t |xτ , τ )

[ ∫ ∞

−∞

[
(SxF (xt , t)dt + 1

2
σ 2SxxG(xt , t)

2)dt

]

f (xt+dt , t + dt |xt , t)dxt+dt
]
dxt

+
∫ ∞

−∞
f (xt , t |xτ , τ )

[∫ ∞

−∞
[SxG(xt , t)dβt ] f (xt+dt , t + dt |xt , t)dxt+dt

]
dxt . (5.74)

Note that the last term in (5.74) averages to zero since the density function reduces as

f (xt+dt , t + dt |xt , t) = f (xt + dxt , t + dt |xt , t)
= f (dxt |xt , t) = f (dβt |xt , t) = f (dβt ). (5.75)

By dividing (5.74) by dt and noting that f (dβt ) integrates to one, in the limit (5.74) becomes∫ ∞

−∞
S(xt+dt )

∂f (xt+dt , t |xτ , τ )
∂t

dxt+dt

=
∫ ∞

−∞
f (xt , t |xτ , τ )

[
(SxF (xt , t)dt + 1

2
σ 2SxxG(xt , t)

2)dt

]
dxt . (5.76)

Changing the dummy variable xt+dt to xt , (5.76) becomes∫ ∞

−∞
S(xt )

∂f (xt , t |xτ , τ )
∂t

dxt

=
∫ ∞

−∞
f (xt , t |xτ , τ )

[
(SxF (xt , t)dt + 1

2
σ 2SxxG(xt , t)

2)dt

]
dxt . (5.77)
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Integrating the right-hand side of (5.77) by parts noting that S(xt ) is zero arbitrarily close
to and at the limits of integration, (5.77) is rewritten as∫ ∞

−∞
S(xt )

[
∂f (xt , t |xτ , τ )

∂t
+ ∂[f (xt , t |xτ , τ )F (xt , t)]

∂xt

−1

2

∂2[σ 2f (xt , t |xτ , τ )G(xt , t)
2]

∂x2
t

]
dxt = 0. (5.78)

Since S(xt ) is arbitrary, then the integral can be zero only if the bracket term is zero, implying
(5.65).

Remark 5.29. Since f (xt , t |xτ , τ ) is a random variable with respect to xτ , then taking the
expectation of (5.65) and interchanging expectation with differentiation the Fokker–Planck
equation becomes

∂f (xt , t)

∂t
= −∂[f (xt , t)F (xt , t)]

∂xt
+ 1

2

∂2[σ 2f (xt , t)G(xt , t)
2]

∂x2
t

. (5.79)

Example 5.30. Consider a Brownian motion process as dxt = dβt . The Fokker–Planck
equation (5.79) becomes

∂f (xt , t)

∂t
= 1

2
σ 2 ∂

2f (xt , t)

∂x2
t

, f (x, 0) = δ(x).

The solution to this diffusion equation is

f (xt , t) = 1

(2πσ 2t)1/2
e
− x2

t

2σ2 t .

5.10 Exercises
1. Consider a variation of the coin toss experiment, in which there are three possible

outcomes, each of which is equally likely. Let ξk be a random variable that takes on
the values −�x, 0, and �x depending upon the outcomes of the 3-faced coin toss.
Define

xn =
n∑

k=1

ξk.

(a) Find the characteristic function for xn and use it to find the mean and variance
of xn.

(b) What happens if we attempt to take the limit of the time step �x and the time
between coin flips, �t , to zero. Do we get a Brownian motion process?

2. Let β(·) be a scalar Brownian motion process with statistics

E [β(t)] = 0, E
[
β2(t)

] = t.
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The process x satisfies the stochastic differential equation

dx(t) = β(t) cos tdt + sin tdβ(t).

Determine the variance of x(t). Explain how you would determine the variance if
the equation that propagates x were, instead,

dx(t) = x(t) cos tdt + sin tdβ(t).

3. (a) Consider the process
dxt = Fxtdt +Gdβt ,

where βt is a Brownian motion process such that

E [dβt ] = 0, E
[
dβtdβ

T
t

] = Qdt,

and x0 is a zero mean Gaussian random variable with covariance X0.

i. Determine the propagation equations for the mean and the covariance ma-
trix.

ii. Under what conditions is the process Gauss–Markov?

(b) Consider the scalar case where

dx = −a(xdt − dβt ), a > 0, E[dβ2
t ] = qdt.

Find the covariance function p(t). What happens to p(t) as t →∞?

4. Consider the stochastic Gauss–Markov process,

dxt = F(t)xtdt +G(t)dβt ,

where x0 is a zero-mean Gaussian random vector with covariance X0.

(a) Determine the (auto)correlation matrix Cxx(t, t + τ).

(b) Consider the scalar case where

dx = −a(xdt − dβt ), a > 0.

Determine Cxx(t, t + τ) and Cxx(t + τ, t). Let t →∞. Show that Cxx(t, t +
τ)→ Cxx(τ ). What is the Fourier transform of Cxx(τ )?

5. Consider the dynamic stochastic system{
dx1

dx2

}
=
[ −W

2 ω

−ω −W
2

]{
x1

x2

}
+
[

0 dβt

−dβt 0

]{
x1

x2

}
,

where βt is a Brownian motion process with independent increments described as
E
[
dβ2

t

] = Wdt .

(a) Show that xTx is a constant in the mean-square sense.

(b) What are the propagation equations for the mean and the variance?
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194 Chapter 5. Stochastic Processes and Stochastic Calculus

6. What is the Itô differential of ln x, where x is the solution of the stochastic differential

dx
t
= x

t
dβt , E

[
dβ2

t

] = qdt.

The initial state x0 is a zero-mean Gaussian random variable with covariance X0.

7. Consider the process
xt = eβt ,

where βt is the Brownian motion process.

(a) Is xt mean-square continuous?

(b) Is xt mean-square differentiable?

8. What is E
[
x2

t

]
if x

t
is the solution to

(a) dx
t
= ax

t
dt + dβt ,

(b) dx
t
= ax

t
dt + x

t
dβt ,

(c) dx
t
= ax

t
dt +

√
1− x2

t
dβt , a < 0.

dβ is a Brownian motion process with covariance E
[
dβ2

] = Wdt .

9. Prove that ∫ b

a

g(t, ω)dβ3
t = 0, (5.80)

where (5.80) is a third-order Itô integral.

10. Prove that a second-order process xt is mean-square differentiable if its second-
moment function, Rxx(t, τ ), is differentiable at the diagonal point (t, t).

11. Consider the stochastic differential equations,

dx = (λx − κxy)dt + σxdw,

dy = (κxy −my)dt,

where w is a Brownian motion process with unit variance. Find the Itô differential of

K(x, y) = κx + κy −m ln x − λ ln y.

Determine the time history of the mean value of K(x, y) starting at an arbitrary value
K0.

12. Derive the differential equation that propagates the variance of

dx = axdt + xdβ,

where

E [x0] = 0, E
[
x2

0

] = X0, E
[
dβ2

] = Qdt.
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13. Consider the Brownian motion process θ that has zero mean and variance,

E
[
dθ2

] = dt

τ
.

Consider the signals

x1 = sin(ωct + θ),

x2 = cos(ωct + θ),

where ωc is given. Define the vector x = [x1 x2]T. Write the stochastic differential
equation for x. Determine the equations that propagate the mean and variance for x.
Show that the Itô derivative of ‖x‖ is zero.

14. Given the Itô stochastic differential equation

dx = bxdt +
[

1−
(x
a

)2
] 1

2

dn,

where b < 0 and n is a Brownian motion with zero mean and variance,

E
[
dn2

] = Qdt.

Find the steady-state probability density function. What is this density called?

15. Let x
t

satisfy the stochastic differential equation

dx
t
= x

t

[
m(t)dt + k(t)dβt

]
,

where m and k are nonrandom. Show that x
t
, t ≥ 0, has the form

x
t
= x0 exp

[∫ t

0
k(s)dβs +

∫ t

0
f (s)ds

]

and find f .

16. (a) Does there exist a solution to the scalar stochastic differential equation

dx = axdt +
√

1+ x2dβ, E
[
dβ2

] = qdt

in the mean square? Justify your answer.

(b) Does there exist a solution in probability? Again, justify your answer.

(c) What is the propagation equation for the mean and the variance.

17. Prove that if xt is a second-order process, its second-order function, Rxx(t, τ ), and
its covariance function, Cxx(t, τ ), are both bounded.
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196 Chapter 5. Stochastic Processes and Stochastic Calculus

18. Consider the differential equation

ẋ = F(t)x(t)+G(t)w(t),

wherew(t) is a white-noise process. Isw(t) correlated with x(t)? Isw(t) independent
of x(t)? Explain!

19. Verify the integral below, where β(t) is Brownian motion∫ t

t0

m(τ)dβ(τ) = m(t)β(t)−m(t0)β(t0)−
∫ t

t0

β(τ)dm(τ).

20. Calculate the following Itô integrals:∫ b

a

cosβtdβt ,∫ b

a

sin βtdβt .

21. What is the differential equation that corresponds to ln(1+ βt )?

22. Calculate the following integral:∫ b

a

(βt − βa) dβ
2
t .

23. Consider the Brownian motion process.

(a) Is Brownian motion second-order stationary?

(b) Is Brownian motion strictly stationary?

(c) Is Brownian motion continuous in probability?

(d) Is Brownian motion separable?

24. Determine the equation that propagates the covariance of the random walk. Does this
equation have a bounded solution? Use your answer to this equation to interpret the
behavior of the random walk over time.

25. Prove that any stochastic process with independent increments is a Markov process.

26. Let βt be a Brownian motion process with E[βt ] = 0 and E[β2
t ] = t . Find the mean

and second moment of eβ
2
t .
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Chapter 6

Continuous-Time
Gauss–Markov Systems:
Continuous-Time Kalman
Filter, Stationarity, Power
Spectral Density, and the
Wiener Filter
In this chapter, we derive the continuous linear minimum variance filter using the orthogonal
projection lemma of Chapter 4 and the stochastic Gauss–Markov processes of Chapter 5.
With the assumption that the additive noise is Gaussian, the filter becomes a continuous-time
conditional mean estimator. If the additive noise is uncorrelated, the best linear filter is ob-
tained and is equivalent to the Kalman filter in structure. We then specialize to infinite-time,
time-invariant systems. In the stochastic context we study what is called stationary pro-
cesses. This gives us the opportunity to introduce transform techniques on time-correlated
processes such as autocorrelation matrix functions to obtain power spectral matrix functions
in the transform frequency variable. In this way the frequency derivation of the infinite-time
time-invariant Kalman filter, known as the Wiener filter, can be obtained.

6.1 The Continuous-Time Kalman Filter (Kalman–Bucy
Filter)

One year after he introduced the Kalman filter, Kalman cowrote a paper with Bucy that
introduced a continuous-time version of the filter [27]. For this reason, the continuous-
time filter is sometimes called the Kalman–Bucy filter. Historically, this filter has been used
more for theory than practice, but advances in computer technology and speeds are enabling
engineers to directly use continuous-time designs on microprocessors, and some of this may
find its way into Kalman filter applications.

Consider a continuous-time system represented by a system of Itô stochastic differ-
entials:

dx(t) = F(t)x(t)dt +G(t)dβt , (6.1)

dz(t) = H(t)x(t)dt + dηt . (6.2)

The inputs, βt and ηt , are Brownian motion processes. Because of this, dβt and dηt are

197
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198 Chapter 6. Continuous-Time Gauss–Markov Systems

independent increment processes with

E [dβt ] = 0, E [dηt ] = 0,

E
[
dβtdβ

T
t

]
= W(t)dt, E

[
dηtdη

T
t

]
= V (t)dt.

Define the innovations process, r(t), to be

dr(t) = dz(t)−H(t)x̂(t)dt

= H(t)e(t)dt + dηt ,
(6.3)

where x̂ is the estimate that we will derive with the continuous-time filter and e := x − x̂

is the estimation error.
We will assume that the best linear estimator will be a linear functional of the inno-

vations process

x̂(t) =
∫ t

t0

L(t, σ )dr(σ ). (6.4)

This is a fairly safe assumption, since we know from the discrete-time filter that the optimal
filter will be a linear function of the measurements. We now use the orthogonal projection
lemma to write

E

[(
x(t)− x̂(t)

)
dr(τ )T

]
= E

[
x(t)dr(τ )T

]
−
∫ t

t0

L(t, σ )E
[
dr(σ )dr(τ )T

]
= 0,

which implies

E
[
x(t)dr(τ )T

]
=
∫ t

t0

L(t, σ )E
[
dr(σ )dr(τ )T

]
(6.5)

for τ ≤ t . Equation (6.5) is the Wiener–Hopf equation. We will meet this equation again
later in this chapter, (6.56).

Expanding the expectation in the integral and assuming, without loss of generality,
that σ ≥ τ ,

E
[
dr(σ )dr(τ )T

]
= E

[(
He(σ)dσ + dη(σ )

)
dr(τ )T

]
= HE

[
e(σ )dr(τ )T

]
dσ + E

[
dη(σ )dr(τ )T

]
.

(6.6)

Because of the orthogonal projection lemma,

E
[
e(σ )dr(τ )T

]
= 0.

Thus, we can rewrite (6.6) as

E
[
dr(σ )dr(τ )

]
= E

[
dη(σ )dr(τ )T

]
= E

[
dη(σ )

(
e(τ )TH(τ)Tdτ + dη(τ)T

)]
= E

[
dη(σ )e(τ )T

]
H(τ)Tdτ + E

[
dη(σ )dη(τ)T

]
.
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Because dη is independent of e, i.e., E[dη(σ )e(τ )T] = E[dη(σ )]E[e(τ )T] = 0, then

E
[
dr(σ )dr(τ )T

]
= E

[
dη(σ )dη(τ)

]
= V (τ)dτ, σ ≥ τ.

A similar derivation holds for τ ≥ σ . Therefore,

E
[
dr(σ )dr(τ )T

]
= E

[
dη(σ )dη(τ)T

]
=
{
V (τ)dτ, σ ≥ τ,

V (σ )dσ, τ ≥ σ.

Since σ and τ are both dummy variables, we write the previous equation as

E
[
dr(σ )dr(τ )T

]
= V (τ)dτ.

The impact of this result upon (6.5) is the same as the sifting property of delta functions,
because E[dr(σ )dr(τ )T] = 0 everywhere τ and σ are not equal. Hence, (6.5) reduces to

E
[
x(t)dr(τ )T

]
= L(t, τ )V (τ)dτ. (6.7)

We simplify the left-hand side of (6.5) by expanding the residual term,

E
[
x(t)dr(τ )T

]
= E

[
x(t)

(
e(τ )TH(τ)Tdτ + dη(τ)T

)]

= E
[
x(t)e(τ )TH(τ)Tdτ

]
.

We should point out that

E
[
x(t)dη(τ)T

]
= E

[
x(t)

]
E
[
dη(τ)T

]
= 0,

because dη is independent of x and zero mean. Thus,

E
[
x(t)dr(τ )T

]
= E

[
�(t, τ )x(τ )e(τ )TH(τ)Tdτ

]

= E

[
�(t, τ )

(
x̂(τ )+ e(τ )

)
e(τ )TH(τ)Tdτ

]

= �(t, τ )P (τ)H(τ)Tdτ.

(6.8)

The reader should note that
E
[
x̂(τ )e(τ )T

]
= 0,

because of the orthogonal projection lemma. Note also that we make the substitution

P(τ) := E
[
e(τ )e(τ )T

]
.
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200 Chapter 6. Continuous-Time Gauss–Markov Systems

Substituting (6.8) into (6.7) gives us

L(t, τ ) = �(t, τ )P (τ)H(τ)TV (τ)−1. (6.9)

Substituting this back into (6.4) gives us

x̂(t) =
∫ t

t0

�(t, τ )P (τ)H(τ)TV (τ)−1dr(τ ),

so that

dx̂(t) = d

[∫ t

t0

�(t, τ )P (τ)H(τ)TV (τ)−1dr(τ )

]
.

Applying Leibniz’s rule,

dx̂(t) =
[∫ t

t0

d�(t, τ )

dt
P (τ)H(τ)TV (τ)−1dr(τ )

]
dt +�(t, t)P (t)H(t)V (t)−1dr(t).

Since
d�(t, τ )

dt
= F(t)�(t, τ ), �(τ, τ ) = I,

we get

dx̂(t) =
[∫ t

t0

F(t)�(t, τ )P (τ)H(τ)TV (τ)−1dr(τ )

]
dt + P(t)H(t)V (t)−1dr(t)

= F(t)

[∫ t

t0

�(t, τ )P (τ)H(τ)TV (τ)−1dr(τ )

]
dt + P(t)H(t)V (t)−1dr(t).

After applying our definitions for x̂(t) and dr(t), the above becomes

dx̂(t) = F(t)x̂(t)dt + P(t)H(t)TV (t)−1
[
dz(t)−H(t)x̂(t)dt

]
. (6.10)

This is the continuous-time Kalman filter equation. The matrix relation, PH TV −1, that
scales the residual is often called the Kalman gain and denoted with a K:

K(t) = P(t)H(t)TV (t)−1.

To get the equation which propagates the covariance, P(t), we define

� = [
eeT] =

⎡
⎢⎢⎢⎣

e2
1 e1e2 . . . e1en

e1e2 . . . e2en
...

...
...

...

e1en e2en . . . e2
n

⎤
⎥⎥⎥⎦ =

⎡
⎢⎣

ψ11 . . . ψ1n
...

...
...

ψ1n . . . ψnn

⎤
⎥⎦
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and apply the Itô stochastic differential on an element-by-element basis for �. This requires
a differential equation for e(t):

de(t) = dx − dx̂

= F(t)x(t)dt +G(t)dβ(t)− F(t)x̂(t)dt − P(t)H(t)TV (t)−1(dz(t)−H(t)x̂(t)dt)

= F(t)e(t)dt +G(t)dβ(t)− P(t)H(t)V (t)−1(H(t)x(t)dt + dη(t)−H(t)x̂(t)dt)

=
[
F(t)− P(t)H(t)TV (t)TH(t)

]
e(t)dt +G(t)dβ(t)− P(t)H(t)TV (t)−1dη(t).

(6.11)

Thus, for any one particular element in �,

dψkl =
[
e
l

e
k

] { de
k

del

}

+ 1

2
trace

{[
Gk

Gl

]
W
[
GT

k GT
l

]+ [
Kk

Kl

]
V
[
KT

k KT
l

]} [ 2 0
0 2

]
dt

= de
k
e
l
+ e

k
del +

(
GkWGT

l +GlWGT
k +KkVKT

l +KlVKT
k

)
,

where Gi and Kj are the ith and j th rows of G and K , respectively. Collecting all the
individual terms, we get

d� = de eT + e deT +GWGT +KVKT.

From here, we get

d� = de(t)e(t)T + e(t)de(t)T +GWGTdt +KVKTdt

=
[
F(t)−K(t)H(t)

]
e(t)e(t)Tdt +G(t)dβ(t)e(t)T + e(t)e(t)T

[
F(t)−K(t)H(t)

]T
dt

+ e(t)dβ(t)TG(t)T +G(t)WG(t)Tdt +K(t)V (t)K(t)Tdt.

Expanding out K(t) and defining P = E[�] gives us

Ṗ (t) = F(t)P (t)+ P(t)F (t)T − P(t)H(t)TV (t)−1H(t)P (t)+G(t)W(t)G(t)T,

P (0) = P0.

(6.12)
Equation (6.12) is the famous Riccati equation. We note that this derivation is similar to the
one carried out in Section 5.8 for the second-moment of a continuous-time Gauss–Markov
process.

Remark 6.1. Note that in the continuous-time filter, there is no separation between the
propagation and measurement update stages. They occur simultaneously in (6.10).
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6.2 Properties of the Continuous-Time Riccati Equation
An examination of the Riccati equation that is central to the continuous-time Kalman filter
(6.12) leads to many insights about the relationship between the system being estimated and
the filter itself.

To begin with, if the initial condition, P(0) ≥ 0, and if W ≥ 0, V > 0, and the plant
(6.1), (6.2) is completely observable, then P(t) will have no finite escape times; i.e., it will
remain bounded for all time. If the system is completely controllable with respect to dβt ,
then P(t) > 0. Now, for the time-invariant case, i.e., where F,H, V,G,W are constant,
the eigenstructure of the filter can be examined. The results that follow can also be applied
to the Wiener filter derived in Section 6.7, as the two are equivalent in the single-input,
single-output case. This being said, we will start with the general time-varying solution to
the Riccati equation, P(t), and rewrite it as

P(t) = !(t)X(t)−1. (6.13)

Now, it turns out that ! and X have dynamic equations that can be divined from the Riccati
equation. Take the derivative of both sides of (6.13) to get

Ṗ = !̇X−1 +!Ẋ−1.

Ẋ−1 can be more conveniently written in terms of Ẋ with a simple trick that you may have
been shown in your linear systems course:

XX−1 = I =⇒ ẊX−1 +XẊ−1 = 0 =⇒ Ẋ−1 = −X−1ẊX−1.

Hence,

Ṗ = !̇X−1 −!X−1ẊX−1 = FP + PF T +GWGT − PH TV −1HP

= F!X−1 +!X−1F T +GWGT −!X−1H TV −1H!X−1.

Postmultiply both sides by X to get

!̇−!X−1Ẋ = F!+!X−1F TX +GWGTX −!X−1H TV −1H!.

We can group like terms on both sides of the preceding equation so that we end up with

!̇− F!−GWGTX = !X−1
[
Ẋ + F TX −H TV −1H!

]
.

This equation is identically satisfied if

Ẋ = −F TX +H TV −1H!,

!̇ = F!+GWGTX.

We can write this out as a system of equations with an initial condition that we arbitrarily
set as X(0) = I and !(0) = P(0):[

Ẋ(t)

!̇(t)

]
=
[ −F T H TV −1H

GWGT F

][
X(t)

!(t)

]
,

[
X(0)
!(0)

]
=
[

I

P (0)

]
. (6.14)
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Now, the central matrix in (6.14),

H =
[ −F T H TV −1H

GWGT F

]
, (6.15)

is called the Hamiltonian matrix when this type of equation occurs when solving a least
squares problem. That it shows up here should not be surprising, since our filter is the
solution of a minimization problem where the cost is the error variance. The Hamiltonian
matrix H is skew symplectic, which means that the eigenvalues λ of H are symmetric about
both the real and imaginary axes. A skew-symplectic matrix satisfies

HTJ + JH = 0, (6.16)

where

J =
[ 0 I

I 0

]
. (6.17)

Theorem 6.2. λ(H) = λ(−H).

Proof.
HTJ + JH = 0 ⇒ J THTJ = −H, J−1 = J T. (6.18)

Subtract λI from both sides and take the determinant to get equivalent eigenvalue problems:

det
[
J THTJ − λI

] = det [−H− λI ] .

With a little manipulation of the left-hand side,

det
[
J T(HT − λI)J

] = det [−H− λI ] ,

we recognize that this left-hand side now has a similarity transform, which does nothing to
the eigenvalues. Hence, we can get rid of them:

det
[
HT − λI

] = det [−H− λI ] .

Since a matrix and its transpose have the same eigenvalues,

det [H− λI ] = det [−H− λI ] =⇒ λ(H) = λ(−H)

Because H is real, its eigenvalues are either real or form complex pairs. From Theorem
6.2, λi = −λi+n, i = 1, . . . , n. Therefore, the eigenvalues are symmetric about the
imaginary axis as well as the real axis.

In the next theorem, we show that a solution P to the algebraic equation where Ṗ = 0
divides the eigenvalues into two n sets. We then show that the solution for which P > 0
has the property that the eigenvalues in one of these sets all have negative real parts and
that the eigenvalues in the other set all have positive real parts.



book
2008/9/3
page 204

�

�

�

�

�

�

�

�

204 Chapter 6. Continuous-Time Gauss–Markov Systems

Theorem 6.3. If there exists a P such that

FP + PF T +GWGT − PH TV −1HP = 0, (6.19)

then the Hamiltonian matrix H, (6.15), is similar to

H̄ =
[ −F T +H TV −1HP H TV −1H

0 F − PH TV −1H

]
. (6.20)

Proof. Consider the transformation matrix

L =
[

I 0
P I

]
and L−1 =

[
I 0
−P I

]
. (6.21)

Using (6.19), L−1HL = H̄.

Since H and H̄ are similar, they have the same eigenvalues. However, the eigenvalues
of H̄ are carried by the diagonal matrices. Furthermore, the next theorem shows the character
of the eigenvalues in the diagonals.

Theorem 6.4. If there exists a P > 0 satisfying (6.19), then the real parts of λ are
such that the eigenvalues of F − PHVH have negative real parts and the eigenvalues of
F T −HT V −1HP are identical, except for having the opposite sign. That is,

−Reλ(−F T +H TV −1HP) = Reλ(F − PH TV −1H) < 0. (6.22)

Proof. See [7].

In the spectral derivation of the Wiener filter in Section 6.7, the same eigenvalue
structure will occur. The final theorem states that there is only one positive solution to the
algebraic Riccati equation (ARE).

Theorem 6.5. If the system (F,H,GW 1/2) is a minimal realization, then there is a unique
solution to the ARE for which P > 0.

Proof. See [7].

These properties will be seen to be equivalent to the spectral factorization technique
in the derivation of the Wiener filter given in Section 6.7.

6.3 Stationarity
Stationarity is an important concept in the study of random processes. In specializing the
Kalman filter to time-invariant systems and infinite time to produce the ARE,40 we have re-
stricted the system to be stationary. Heuristically, a stationary signal is one whose statistical

40In this case the process begins with the time being −∞.
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properties do not change if we pick a different point in time as the origin. Mathematically,
we would say that this process is invariant with respect to shifts in time.

Let us provide a formal definition.

Definition 6.6. A random process x(t) is stationary if the joint probability distribution of

x(t1), x(t2), . . . , x(tN)

is the same as the joint probability distribution of

x(t1 + T ), x(t2 + T ), . . . , x(tN + T )

for all values of T and N .

Similarly, in the discrete-time domain, we say that the sequence, xk , is stationary if
the joint probability density of

xk, xk+1, . . . , xk+q

is the same as the joint probability density of

xk+N, xk+1+N, . . . , xk+q+N

for all values of q and N .
Unfortunately, like a lot of mathematical definitions, this one does not necessarily

give you a good feel for the concept. Intuitively, one can think of stationarity as being the
property that one can shift the time line without changing the statistics of the signal. While
this may seem to be a reasonable property for a signal to possess, none of the functions that
we are familiar with (aside from constants) is stationary. Fortunately, we can usually get by
with a weaker notion of stationarity called second-order stationarity. This condition places
restrictions only on the first two moments of a random variable and is usually sufficient
since we are very rarely interested in any of the higher-order moments.

What are these conditions? Well, first of all, it turns out that the mean of a stationary
process is constant:

E
[
x(t)

]
= E

[
x(0+ t)

]
= E

[
x(0)

]
.

Thus, the mean value function that we defined in Section 5.2 has the same value at any time
t as it does at the origin:

mx(t) = mx(0) = constant.

Next, the second moment, and by slight extension the covariance function, will be a function
only of the difference between the two time points and not the time points themselves. Thus,
if x(t) is stationary and zero mean, the correlation function is

Rxx(t1, t2) = E
[
x(t1)x(t2)

]
= E

[
x(t1 + T )x(t2 + T )

]
.

Setting T = −t1, we get

E
[
x(t1)x(t2)

]
= E

[
x(0)x(t2 − t1)

]
.



book
2008/9/3
page 206

�

�

�

�

�

�

�

�

206 Chapter 6. Continuous-Time Gauss–Markov Systems

Hence, for any t1 and t2, we get, with a slight abuse of notation,

Rxx(t1, t2) = Rxx(0, t2 − t1) =: Rxx(t2 − t1).

Using these two facts, we can define a weaker notion of stationarity that has the virtue of
being easy to verify.

Definition 6.7. We say that a random process x(t) is second-order stationary or wide-sense
stationary if it has a constant mean

E[x(t)] = m

and if its correlation function

Rxx(t, τ ) = E[x(t)x(τ )] = Rxx(t − τ)

is a function of only one time argument—the difference in the two times at which the function
is being examined.

The stronger notion of stationarity in Definition 6.6 is often referred to as strict-
sense stationarity. We must emphasize that up to the second-order statistics, there is no
difference between strict-sense and wide-sense stationary processes. So, in most cases,
second-order stationary is good enough. For discrete-time processes, we can define second-
order stationary sequences in a similar manner:

E [xk] = const.,

Rxx(k, n) = E [xkxn] := Rxx(k − n).

Example 6.8. It turns out that second-order stationarity is a tough condition to meet even
for very common signals. Consider the following random process:

x(t) = A sin t.

A is a uniform random variable from 0 to 1. We find to our dismay that x(t) fails the first
test, as its mean is not constant:

E [x] = E [A] sin t = 1

2
sin t.

How can we remedy this? Perhaps we can simply subtract out this mean from the signal
x(t) to get a zero-mean signal,

y(t) := x(t)− 1

2
sin t.

This new signal y will have a constant mean (zero), but will its second moment depend only



book
2008/9/3
page 207

�

�

�

�

�

�

�

�

6.4. Power Spectral Densities 207

on the difference between time points? The answer is no:

E
[
y(t)y(t + τ)

]
= E

[
x(t)x(t + τ)

]
− E

[
x(t)

]
E
[
x(t + τ)

]
= E

[
A2
]

sin t sin(t + τ)− 1

4
sin t sin(t + τ)

= 1

12
sin t sin(t + τ)

= 1

24

[
cos(t − τ)− cos(t + τ)

]
.

As we can see, the covariance of y(t) fails to be a function of the time difference t − τ , and
hence the process is not wide-sense (or strict-sense) stationary.

For linear time-invariant systems the autocorrelation function defined in (5.63) reduces
to a single variable t + τ − t = τ :

Cxx(t, t + τ) = P(t)�(t, t + τ)T = Cxx(−τ) = P�(τ)T , τ ≥ 0,

Cxx(t + τ, t) = �(t + τ, t)P (t) = Cxx(τ ) = �(τ)P , τ ≥ 0, (6.23)

where P satisfies the algebraic Lyapunov equation (ALE) obtained by setting Ṗ = 0 in
(5.59) to get

0 = FP + PF T +GQGT. (6.24)

Example 6.9. Consider the scalar linear stochastic differential equation

dxt = −axtdt + dwt , x0 ∼ N(0, P0), E[dw2] = Wdt.

The transition matrix is simply �(τ) = e−aτ , and the solution to the ALE −2aP +W = 0
is P = W/2a. Then, the autocorrelation function given in (6.23) is

Cxx(τ ) = W/2ae−a|τ |. (6.25)

6.4 Power Spectral Densities

6.4.1 Fourier Transforms

The reason why stationarity is so important in the study of random processes is that these
signals are amenable to Fourier analysis. The power of Fourier analysis is that it enables us
to look at a signal as a superposition of sine and cosine waves that span a wide (or not so
wide) spectrum of frequencies. Knowing which sine waves comprise a signal tells us quite
a lot about the nature of the signal such as where in the spectrum the signal possesses power
or energy.

Let us take a step back and look at the Fourier transform. Consider a signal, x(t).
For now, let us suppose that x is an ordinary function of time and not a random process.
The Fourier transform can take on a number of different appearances depending on the
particular text one uses. All of these forms, by the way, are equivalent and differ only in the
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coefficients used in front of the integral. The general form of the transform and its inverse
is

X(ω) := 1

a

∫ ∞

−∞
x(t)e−jωtdt, (6.26)

x(t) := 1

b

∫ ∞

−∞
X(ω)ejωtdω, (6.27)

where the coefficients a and b are such that

ab = 2π.

After much trial and error, we have settled on the version where a = 1 and b = 2π .
Now it should be noted that the integral (6.26) does not always exist. In general, the

function needs to be Lebesgue square integrable (i.e., L2 functions) over the entire real line
in order for the transform to exist, though transforms for signals which are not in L2 have
been found by clever manipulation.

Remark 6.10. We should note that the definition of the Fourier transform is a little more
complicated [45] than we presented earlier. If x ∈ L2 and if we define

XA(ω) :=
∫ A

−A
x(t)e−jωtdt,

then there exists a function X(ω) such that

lim
A→∞

∫ A

−A
|X(ω)−XA(ω)|2 dω = 0.

We call the function X(ω) the Fourier transform of x(t). This definition comes from a
theorem by Plancherel, who also asserted that

1

2π

∫ ∞

−∞
X(ω)2dω =

∫ ∞

−∞
x(t)2dt. (6.28)

Many of you will recognize (6.28) as Parseval’s theorem. In truth, both men derived formulas
which look remarkably alike, though Parseval’s results dealt with the equivalence of the
square integral to the sum of squares of the coefficients of the Fourier series.

6.4.2 Fourier Analysis Applied to Random Processes

When dealing with stochastic signals, we cannot apply the Fourier transform to the stochastic
signal directly. A stochastic signal, you should remember, is not a regular signal but rather
a family of possible signals. Getting the Fourier transform of any one of the sample paths
would thus not give us any insight. We should also add that random signals are not integrable
via standard integrals (recall Chapter 5). One logical alternative is to take the transform
of the expected value of the random process. While this is more tractable, this still may
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not make integration possible, and, even if it does, many of the signals of interest are zero
mean.

As we often do when we find ourselves blocked, we will reduce the class of problems
that we attempt to solve. In this case, the reduced set consists of wide-sense stationary
processes only. Second-order stationary processes are no more integrable than nonstationary
ones, and their expectations are constants. However, for these processes the following
integral is known to exist:

�xx(τ ) = lim
T→∞

1

2T

∫ T

−T
x(t)x(t + τ)dt

= lim
T→∞�x

T
x
T
(τ ),

where x
T

is defined to be the truncated signal

x
T
(t) =

{
x(t), −T ≤ t ≤ T ,

0 else.
(6.29)

The function �xx(τ ) is known as the autocorrelation function. The Fourier transform of
this function is∫ ∞

−∞
�xx(τ )e

−jωτ dτ = lim
T→∞

∫ ∞

−∞
�x

T
x
T
(τ )e−jωτ dτ

= lim
T→∞

1

2T

∫ ∞

−∞

∫ ∞

−∞
x

T
(t)x

T
(t + τ)dt e−jωτ dτ

= lim
T→∞

1

2T

∫ ∞

−∞
e−jωτ dτ

∫ ∞

−∞
x

T
(t)x

T
(t + τ)dt

= lim
T→∞

1

2T

∫ ∞

−∞
x

T
(t)ejωtdt

∫ ∞

−∞
x

T
(t + τ)e−jω(t+τ)dτ

= lim
T→∞

1

2T

[∫ ∞

−∞
x

T
(t)ejωtdt

] [∫ ∞

−∞
x

T
(σ )e−jωσ dσ

]

= lim
T→∞

1

2T
XT (−ω)XT (ω) = lim

T→∞
1

2T
XT (ω)

∗XT (ω)

= lim
T→∞

1

2T
|XT (ω)|2 .

Thus, the Fourier transform of the limiting autocorrelation function is seen to be the square
of the Fourier transform of the individual signals. To aid our discussion and in anticipation
of future derivations, let us define

G(ω, x) := lim
T→∞

1

2T
|XT (ω)|2 .

Because it is the square of the Fourier transform of x(t), G(ω, x) will have much the
same magnitude information as X(ω) but with steeper slopes, higher peaks, and deeper
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valleys. On the other hand, squaring X(ω) destroys any phase information. It thus seems,
at first glance, that we have not done much to help ourselves. However, very different
looking signals can have the same autocorrelation function, and knowing G(ω, ·) gives us
the frequency content for a potentially large class of signals. Moreover, G(ω, ·) has an
extremely useful physical interpretation: the energy or power in a signal.

Let x(t) be a square integrable function. The quantity x(t)2 is then the instantaneous
power associated with x. If the following integral exists,

E =
∫ ∞

−∞
x(t)2dt, (6.30)

it is called the total energy of the signal. Alternatively, if the integral

Pavg = lim
T→∞

1

2T

∫ T

−T
x(t)2dt

exists, it is known as the average power. As it turns out, we need both quantities. Some
signals such as sine waves are persistent in time and thus would have infinite total energy:

E =
∫ ∞

−∞
sin2 tdt =

∫ ∞

−∞

[
1

2
− cos 2t

]
dt = t

2

∣∣∣∣∞−∞ = ∞.

But they would have finite average power:

Pavg = lim
T→∞

1

2T

∫ T

−T
sin2 tdt = 1

2
.

Other signals, such as exponentials, would have zero average power:

Pavg = lim
T→∞

1

2T

∫ T

−T

(
e−|t |

)2
dt

= lim
T→∞

1

T

∫ T

0
e−2t dt

= lim
T→∞−

1

2T
e−2t

∣∣T
0

= lim
T→∞

1− e−2T

2T
= 0.

But they would have finite total energy:

E =
∫ ∞

−∞

(
e−|t |

)2
dt = 1.

Signals with infinite total energy and finite average power are called power signals. Signals
with zero average power and finite total energy are correspondingly called energy signals.
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To see how these concepts are connected to the function G(ω, ·), let us make use
of the Fourier transform inside the energy integral. To begin, we make use of the inverse
Fourier transform:

E =
∫ ∞

−∞
x(t)2dt

=
∫ ∞

−∞

[
1

2π

∫ ∞

−∞
X(ω)ejωtdω

]2

dt.

If we expand out the three integrations in the above expression, we get

E =
∫ ∞

−∞
dt

1

2π

∫ ∞

−∞
X(ω1)e

jω1t dω1
1

2π

∫ ∞

−∞
X(ω2)e

jω2t dω2

= 1

4π2

∫ ∞

−∞
dt

∫ ∞

−∞
X(ω1)

∫ ∞

−∞
X(ω2)e

j (ω1+ω2)t dω2dω1.

Interchange the order of integration of frequency with time

E = 1

2π

∫ ∞

−∞
X(ω1)

∫ ∞

−∞
X(ω2)

∫ ∞

−∞
ej (ω1+ω2)t dtdω2dω1,

and make use of the result that ∫ ∞

−∞
ejωtdt = 2πδ(ω),

where δ(·) is the Dirac delta function. Hence,

E = 1

2π

∫ ∞

−∞
X(ω1)

∫ ∞

−∞
X(ω2)δ(ω1 + ω2)dω2dω1.

Now, the shifting property of the delta function gives us∫ ∞

−∞
X(ω2)δ(ω1 + ω2)dω2 = X(−ω1),

which means that the energy integral is now

E = 1

2π

∫ ∞

−∞
X(ω)X(−ω)dω = 1

2π

∫ ∞

−∞
1

2π
|X(ω)|2 dω.

Thus, we see that the quantity
F(ω, x) := |X(ω)|2

equals the energy density at each frequency, since its integral over the entire frequency range
equals the total energy. Thus, we would refer to F(ω, x) as the energy density function of x.
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As you might suspect, there is an analogous result for power signals. To derive it, we
will again use the truncated signal, x

T
(t), which, in most reasonable cases, has finite total

energy:

E =
∫ ∞

−∞

∣∣∣xT
(t)

∣∣∣2dt = ∫ T

−T

∣∣∣x(t)∣∣∣2dt.
To get power, we need to divide by the length of the time interval:

Pavg = 1

2T

∫ T

−T

∣∣∣x(t)∣∣∣2dt. (6.31)

We can find the power spectral density for the right-hand side of (6.31) by applying
Plancherel’s theorem:

Pavg = 1

2T

∫ ∞

−∞

∣∣x
T
(t)
∣∣2 dt = 1

2π

1

2T

∫ ∞

−∞
|XT (ω)|2 dω.

By inspection, the power spectral density turns out to be

G(ω, x
T
) = 1

2T
|XT (ω)|2 .

Thus, for the entire (nontruncated) signal, x, we have

G(ω, x) = lim
T→∞G(ω, x

T
) = lim

T→∞
1

2T
|XT (ω)|2 = lim

T→∞
1

2T

∣∣∣∣
∫ ∞

−∞
x

T
(t)e−jωtdt

∣∣∣∣2
whenever the indicated limit exists. We should point out that this G(ω, x) is the same as the
G(ω, x) that we found when we took the Fourier transform of the limit of the autocorrelation
function. Thus, we can see that the power spectral density is indeed the Fourier transform
of the autocorrelation.

Strictly speaking, if x(t) is a random process, we can no longer talk about its power,
since different realizations of this process may lead to different values. Instead, we must
look at the expected value of its power:

Gxx(ω) := E
[
G(ω, x)

]

=
∫ ∞

−∞
E
[
�xx(τ )

]
e−jωτ dτ

=
∫ ∞

−∞
E

[
lim
T→∞

1

2T

∫ T

−T
x(t)x(t + τ)dt

]
e−jωτ dτ

=
∫ ∞

−∞

[
lim
T→∞

1

2T

∫ T

−T
E
[
x(t)x(t + τ)

]
dt

]
e−jωτ dτ

=
∫ ∞

−∞

[
lim
T→∞

1

2T

∫ T

−T
Rxx(t, t + τ)dt

]
e−jωτ dτ.
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Thus, for any random process, stationary or not,

Gxx(ω) =
∫ ∞

−∞
e−jωτ dτ

[
lim
T→∞

1

2T

∫ T

−T
Rxx(t, t + τ)dt

]
.

If we have a stationary process (either wide sense or strict sense), we know that

Rxx(t, t + τ) := Rxx(τ )

and

lim
T→∞

1

2T

∫ T

−T
Rxx(τ )dt = Rxx(τ ).

As a result,

Gxx(ω) =
∫ ∞

−∞
Rxx(τ )e

−jωτ dτ . (6.32)

The quantity Gxx(ω) is what we will consider to be the power spectral density (PSD). From
(6.32), we can see that the PSD is the Fourier transform of the correlation function. Of
course, the inverse mapping leads from the PSD to the correlation function:

Rxx(τ ) = 1

2π

∫ ∞

−∞
Gxx(ω)e

jωτ dω. (6.33)

We can also define cross-power spectral densities

Gxy(ω) =
∫ ∞

−∞
Rxy(τ )e

−jωτ dτ. (6.34)

Before moving on, we should note some of the interesting properties of the PSD.
These may become useful later on when you need to solve problems involving PSDs.

1. The correlation at τ = 0, i.e., when both time arguments are at the same point, is
equal to the total integrated PSD:

Rxx(0) = E
[
x(t)2

]
= 1

2π

∫ ∞

−∞
Gxx(ω)dω.

2. If x(t) is real, then Rxx(τ ) is real and even, and

Gxx(−ω) = Gxx(ω).

3. If the processes x(t) and y(t) are orthogonal, then

Rxy(τ ) = 0, Gxy(ω) = 0,

and for their sum z(t) = x(t)+ y(t), we have

Rzz(τ ) = Rxx(τ )+ Ryy(τ ),

Gzz(ω) = Gxx(ω)+Gyy(ω).
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Example 6.11. Consider the process generated in (6.25) as

Rxx(τ ) = Cxx(τ ) = W

2a
e−a|τ |.

Then

Gxx(ω) =
∫ ∞

−∞
W

2a
e−a|τ |e−jωτ dτ

= W

2a

∫ ∞

0
e−aτ e−jωτ dτ + W

2a

∫ ∞

0
e−aτ ejωτ dτ

= W

2a

∫ ∞

0

[
e−(a+jω)τ + e−(a−jω)τ

]
dτ = W

2a

[
e−(a+jω)τ

−(a + jω)
+ e−(a−jω)τ

−(a − jω)

]τ=∞
τ=0

= W

2a

[
1

a + jω
+ 1

a − jω

]
=
[

W

a2 + ω2

]
.

Note that property 1 is satisfied as

Rxx(0) = E
[
x(t)2

]
= 1

2π

∫ ∞

−∞
Gxx(ω)dω = 1

2π

∫ ∞

−∞

[
W

a2 + ω2

]
dω = W

2a
.

6.4.3 Ergodic Random Processes

As with many aspects of control and estimation theory, there is a bit of a gap between the
theory that we have presented and the way in which the statistics of a signal are actually
calculated. The problem has to do with the fact that all the definitions we have given require
ensemble averages, i.e., the averages over all possible outcomes of the underlying random
experiment. In practice, it is not practical or even possible to calculate ensemble averages.
We almost never know the underlying probability densities, and, even if we did, averaging
over all possible samples paths is a bit problematic.

What is usually done is to instead take the time averages of a process and equate them
to the ensemble averages. Thus, the mean is assumed to be equal to the time average:

mx(t) = E
[
x(t)

]
≈ lim

T→∞
1

2T

∫ T

−T
x(t)dt,

and the covariance is assumed to be equal to the time autocorrelation,

Rxx(τ ) = E
[
x(t)x(t + τ)

]
≈ lim

T→∞
1

2T

∫ T

−T
x(t)x(t + τ)dt.

The property that the time averages are equal to the ensemble averages is called
ergodicity. The general assumption behind the ergodic principle is that, over time, the
particular realization of the signals that we are examining will exhibit all possible “modes”
of the process. The validity of this assumption is impossible to guarantee in general, though
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a sufficient condition can be given when the underlying distributions are Gaussian, as shown
in [45].

Stationary signals can be shown to be ergodic. Thus, the above limits in the time
averages will exist, and experimental calculations of these statistics will converge to the true
ensemble statistics as more data is taken. We should note that in practice all experimentally
derived statistics are derived as if the underlying signals were ergodic. Practically speaking,
there is really nothing else that we can do. The calculated time averages for nonergodic
signals will not converge to the ensemble statistics with larger data sets. The reader is,
thus, cautioned to regard any statistics and power spectral densities that are calculated
experimentally with some caution.

6.5 Continuous-Time Linear Systems Driven by Stationary
Signals

One of the most important uses of the theory of stationary random processes is the study of
how linear systems respond to these inputs. What we will look at is how the mean-square
power is transmitted through the system. What we get in the end is a measure of the average
behavior of the system. More specifically, we are interested in determining the correlation
function, Ryy , and the spectral density, Gyy , given the input correlation, Rww, the input
PSD, Gww, and a state-space model of the plant:

dx(t) = Ax(t)dt + Bdβt ,

dz(t) = Cx(t)dt.

To be consistent with most of the standard literature on the subject, we write this system as

ẋ = Ax + Bw,

y = Cx,

where w ≈ β̇ and y ≈ ż. This is all far from rigorous, but in this case we do not particularly
care. Note that if w is a correlated process, then x is obtained from a differential equation
that is not a Markov process.

The state x is assumed to be initialized at time t = −∞, and the matrices A,B, and
C are assumed to be constant. Moreover, the eigenvalues of A are assumed to be in the left
half-plane.

You should remember from your linear systems course that the general solution to the
state equation is

x(t) = �(t,−∞)x(−∞)+
∫ t

−∞
�(t, τ )Bw(τ)dτ.

The matrix �(σ, τ) is the state-transition matrix; it describes the evolution of x from t = τ

to t = σ . The key property of the state-transition matrix is that it evolves over time (or in
this case backwards in time) according to the equation

d

dτ
�(t, τ ) = −�(t, τ )A,
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System

y(t)

Output

u(t)

Input

h(t)

Figure 6.1. Generic Input-Output Representation of a Linear System.

with the initial condition
�(t, t) = I.

Hence, since A is stable, we can assert that

lim
τ→−∞�(t, τ ) = 0.

Since A is constant,
�(t, τ ) = �(t − τ) = eA(t−τ). (6.35)

Hence, we get

x(t) =
∫ t

−∞
eA(t−τ)Bw(τ)dτ

and

y(t) =
∫ t

−∞
CeA(t−τ)Bw(τ)dτ

=
∫ t

−∞
h(t − τ)w(τ)dτ.

This input-output response is represented in the block diagram in Figure 6.1. By inspection,
it is clear that the impulse response function has the form

h(t − τ) = C�(t − τ)B = CeA(t−τ)B. (6.36)

We will make use of (6.36) later in our derivation.
To develop the relationship between the input and output covariance functions, let us

make the change of variables σ = t−τ , so that dσ = −dτ . Thus, when τ = −∞, σ = ∞.
And, when τ = t , σ = 0. Our output at time t1 is then

y(t1) =
∫ ∞

0
h(σ)w(t1 − σ)dσ,

and at time t2 it is

y(t2) =
∫ ∞

0
h(ρ)w(t2 − ρ)dρ.
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The outer product of y(t1) and y(t2) is then

y(t1)y(t2)
T =

∫ ∞

0
h(σ)w(t1 − σ)dσ

∫ ∞

0
[h(ρ)w(t2 − ρ)]T dρ

=
∫ ∞

0
h(σ)

∫ ∞

0
w(t1 − σ)w(t2 − ρ)Th(ρ)Tdρdσ. (6.37)

Since w(t) is wide-sense stationary, we have

E
[
w(t1 − σ)w(t2 − ρ)T] = Rww(t2 − t1 − ρ + σ). (6.38)

If we let τ = t2 − t1 and substitute (6.38) into (6.37), we see that

Ryy(t1, t2) = E
[
y(t1)y(t2)

T] = ∫ ∞

0
h(σ)

∫ ∞

0
Rww(τ − ρ + σ)h(ρ)Tdρdσ = Ryy(τ ).

(6.39)
To derive the PSD formula, we note that the PSD for the input, w, is

Gww(ω) =
∫ ∞

−∞
Rww(τ)e

−jωτ dτ.

The output PSD is

Gyy(ω) =
∫ ∞

−∞
Ryy(τ )e

−jωτ dτ. (6.40)

Substitute (6.39) into the right-hand side of (6.40) to get

Gyy(ω) =
∫ ∞

−∞

∫ ∞

0
h(σ)

∫ ∞

0
Rww(τ − ρ + σ)h(ρ)Tdρdσ e−jωτ dτ

=
∫ ∞

0
h(σ)

∫ ∞

0

∫ ∞

−∞
Rww(τ − ρ + σ)h(ρ)Te−jωτ dτ dρ dσ

=
∫ ∞

0
h(σ)ejωσ

∫ ∞

−∞
Rww(τ − ρ + σ)e−jω(τ−ρ+σ) dτ

∫ ∞

0
h(ρ)Te−jωρ dρ dσ.

Define t = τ − ρ + σ , so that dt = dτ and

Gyy(ω) =
∫ ∞

0
h(σ)ejωσ dσ︸ ︷︷ ︸
H(−jω)

∫ ∞

−∞
Rww(t)e

−jωtdt︸ ︷︷ ︸
Gww(ω)

∫ ∞

0
h(ρ)Te−jωρdρ︸ ︷︷ ︸

H(jω)T

= H(−jω)Gww(ω)H(jω)T.

At this point, we will use (6.36) to get the transfer function from w to y via the one-sided
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Fourier transform:

H(jω) =
∫ ∞

0
h(σ)e−jωσ dσ

=
∫ ∞

0
CeAσBe−jωσ dσ

= C

[∫ ∞

0
e(A−jωI)σ dσ

]
B.

Because A is stable, we can carry out the above integral:

H(jω) = C

[
(A− jωI)−1 e(A−jωI)σ

∣∣∣∞
0

]
B

= −C (A− jωI)−1 B

= C (jωI − A)−1 B.

Therefore,

H(−jω) = C (−jωI − A)−1 B,

H(jω)T = BT (jωI − A)−T CT.

Thus, the output PSD is

Gyy(ω) = H(−jω)Gww(ω)H(jω)T

= C (−jωI − A)−1 BGww(ω)B
T (jωI − A)−T CT.

(6.41)

For the scalar case,

Gyy(ω) =
∣∣∣H(jω)

∣∣∣2Gww(ω).

The reader should be able to recognize that these relationships are essentially transfer func-
tions that have been squared. This is logical, since power is itself a squared quantity.

Example 6.12. Suppose that the input spectrum is

Gww(ω) = G0,

and the filter spectrum is

H(jω) = 1

1+ jωT
,

where T is the time constant of the filter. Then, the output PSD is

Gyy(ω) = G0

1+ T 2ω2
.

To get the mean-square output we integrate from 0 to∞:

E
[
y(t)2

] = 1

2π
2
∫ ∞

0

∣∣∣∣ 1

1+ jωT

∣∣∣∣2 G0dω = 1

π
G0

∫ ∞

0

dω

1+ T 2ω2
= G0

4T
.
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Example 6.13. A good deal of classical control is spent dealing with second-order systems,
their transient responses, and their responses to external inputs. Let us take a look at how
these systems respond to stochastic inputs.

Consider the generic second-order dynamic system,

d2y

dt2
+ 2ζωn

dy

dt
+ ω2

dy = w(t). (6.42)

The parameters, ζ and ωn, give the system’s damping and natural frequency, and ωd is the
damped natural frequency or

ωd = ωn

√
1− ζ 2.

In order to use our input-output relations, we can either convert (6.42) directly into a transfer
function, or we can use the state-space formulas. The state-space formulas are more com-
plicated, but we have already done a simpler transfer function example. This will afford us
additional insights into the system. Define the states x1 = y and x2 = ẏ, so that our linear
system is

d

dt

[
x1(t)

x2(t)

]
=
[

0 1
−ω2

d −2ζωn

] [
x1(t)

x2(t)

]
+
[

0
1

]
w(t),

y(t) = [
1 0

] [ x1(t)

x2(t)

]
.

The definitions for A,B, and C can be inferred from the above equation. Note that our
system will be stable, provided that ζ > 0.

Let us start putting together the elements of the PSD. We will define the variable
λ = jω, in order to avoid confusion with the variable ωn of our second-order system. We
have

(λI − A) =
[

λ −1
ω2
d λ+ 2ζωn

]
.

Hence,

det (λI − A) = λ(λ+ 2ζωn)+ ω2
d

= λ2 + 2λζωn + ω2
d .

The inverse of (λI − A) is then

(λI − A)−1 = 1

λ2 + 2λζωn + ω2
d

[
λ+ 2ζωn 1
−ω2

d λ

]
.

If we define Q to be the power of the white-noise process w(t), i.e.,

E
[
w(t)w(τ)

]
= Qδ(t − τ),

then

BQBT =
[

0 0
0 Q

]
.
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Hence, multiplying through the PSD formula (6.41) by C = I and denoting the conjugate
of λ as λ̄, i.e., λ̄ = −jω, we obtain

Gxx = (jωI − A)−1 BGww(ω)B
T (−jωI − AT)−1

= 1

λ2 + 2λζωn + ω2
d

[
λ+ 2ζωn 1
−ω2

d λ

] [
0 0
0 Q

]

× 1

λ̄2 + 2λ̄ζωn + ω2
d

[
λ̄+ 2ζωn −ω2

d

1 λ̄

]

= 1(
ω2
d − ω2

)2 + 4ζ 2ω2
nω

2

[
Q λ̄Q

λQ ω2Q

]
.

Using the fact that y = Cx, we obtain

Gyy = CGxxC
T = Q(

ω2
d − ω2

)2 + 4ζ 2ω2
nω

2
.

Note that what we have done with the output PSD is to pick off the (1, 1) element of Gxx .
The other elements give us the PSDs and cross-PSDs for the other states.

6.6 Discrete-Time Linear Systems Driven by Stationary
Random Processes

We can analyze discrete-time stationary signals and get input-output relations similar to
the ones derived for continuous-time signals. To begin, assume that xk is generated by a
state-space dynamic system driven by the zero-mean white-noise process wk:

xk+1 = �xk + �wk,

yk = Cxk.

It will be assumed that the correlation of wk is

E
[
wkw

T
q

] = Qδkq.

As before, we will assume that the matrices, �,�, and C, are constant and that � has
only stable eigenvalues λ, i.e., |λ| < 1. We will also assume that the initial condition is at
k = −∞.

From Chapter 3, we know that the correlation function (and the covariance) is prop-
agated by the dynamic Lyapunov equation:

Rxx(k + 1, k + 1) = �Rxx(k, k)�
T + �Q�T. (6.43)
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Because of the stability of �, the correlation function converges to a steady-state solution
as k→∞:

lim
k→∞Rxx(k + 1, k + 1) = lim

k→∞Rxx(k, k) =: R∞. (6.44)

Hence, the dynamic Lyapunov equation (6.43) converges to an algebraic Lyapunov equation,
whose unique positive-definite solution is the correlation limit defined in (6.44):

R∞ = �R∞�T + �Q�T. (6.45)

If you recall our discussion of the covariance kernel, you should recognize the discrete-time
analogues

Rxx(k + 1, k) = �Rxx(k, k) , Rxx(k + n, k) = �nRxx(k, k) (6.46)

and

Rxx(k−1, k) = Rxx(k−1, k−1)�T , Rxx(k−n, k) = Rxx(k−n, k−n)
(
�n
)T

. (6.47)

In the case where xk is a wide-sense stationary process, its correlation depends only on
the difference between the two time arguments. Therefore, we have Rxx(k + 1, k + 1) =
Rxx(k, k) = Rxx(0) = R∞. As a result, the dynamic Lyapunov equation (6.43) and the
algebraic limiting version (6.45) become identical and equivalent to

Rxx(0) = �Rxx(0)�
T + �Q�T, (6.48)

while the propagation equations (6.46) and (6.47) become

Rxx(1) = �Rxx(0) , Rxx(n) = �nRxx(0), (6.49)

Rxx(−1) = Rxx(0)�
T , Rxx(−n) = Rxx(0)

(
�n
)T

. (6.50)

In fact, it can be shown that (6.48), with Rxx(0, 0) in place of Rxx(0), along with E[x0] = 0,
are sufficient (and, of course, necessary) conditions for x to be wide-sense stationary.

To get the PSD, we start with the definition for discrete-time stationary processes:

Gxx(ω) =
∞∑

k=−∞
Rxx(k)e

2πjωk

=
∞∑
k=0

Rxx(k)e
2πjωk +

0∑
k=−∞

Rxx(k)e
2πjωk − Rxx(0)

=
∞∑
k=0

�kRxx(0)e
2πjωk +

∞∑
l=0

Rxx(0)
(
�l
)T

e−2πjωl − Rxx(0).

We claim that ∞∑
k=0

�ke2πjωk = (
I −�e2πjω

)−1
.
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As a proof, first note that

(
I −�e2πjω

) N−1∑
k=0

�ke2πjωk = (I +�e2πjω + · · · +�N−1e2(N−1)πjω
)

− (
�e2πjω +�2e4πjω + · · · +�Ne2Nπjω

)
=I −�Ne2Nπjω.

The eigenvalues, ρl , of I −�e2πjω are

ρl = 1− λle
2πjω,

where the λj ’s are the eigenvalues of �. Since � is stable, |λj | < 1, this means that
I −�e2πjω is invertible, and we can write

(
I −�e2πjω

)−1 (
I −�Ne2Nπjω

) = N−1∑
k=0

�ke2πjωk.

Letting N →∞, we find that �N → 0. This gives us our claim. Note that this is a matrix
version of the infinite series

∞∑
k=0

ρk = 1

1− ρ
, ρ < 1.

Hence,

Gxx(ω) =
(
I −�e2πjω

)−1
Rxx(0)+ Rxx(0)

(
I −�Te−2πjω

)−1 − Rxx(0)

= (I −�e2πjω
)−1

[(
I −�e2πjω

)
Rxx(0)+ Rxx(0)

(
I −�Te−2πjω

)
− (

I −�e2πjω
)
Rxx(0)

(
I −�Te−2πjω

)] (
I −�Te−2πjω

)−1

= (I −�e2πjω
)−1 [

Rxx(0)−�Rxx(0)�
T] (I −�Te−2πjω

)−1
.

Needless to say, there are a lot of cancellations involved to go from the second-to-last line.
From the Lyapunov equation (6.48), however, we have

Rxx(0)−�Rxx(0)�
T = �Q�T.

Thus,

Gxx(ω) =
(
I −�e2πjω

)−1
�Q�T

(
I −�Te−2πjω

)−1
, (6.51)

and the output PSD is

Gyy(ω) = C
(
I −�e2πjω

)−1
�Q�T

(
I −�Te−2πjω

)−1
CT. (6.52)
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6.7 The Steady-State Kalman Filter: The Wiener Filter
The Wiener filter predates the Kalman filter. It has not found as wide an application as the
Kalman filter, but it is interesting in its own right and can be shown to be equivalent to the
steady-state Kalman filter under certain assumptions. The practical difference is that the
Kalman filter is a state-space approach, while the Wiener filter is obtained from a frequency
domain approach. There are times when a frequency domain approach is advantageous,
however, particularly when the data used in the problem is obtained in the frequency domain.

6.7.1 The Wiener Filtering Problem Statement

The Wiener filtering problem is as follows. Let y(t) be some scalar measurement signal
that consists of a true signal, s(t), and an additive noise process, n(t):

y(t) = s(t)+ n(t).

It is desired to find a filter that will optimally separate the signal from the noise, generating
an estimate, ŝ, in the process. Now, in order to claim optimality, we need some criteria of
goodness. In the Wiener filtering problem, this criterion is the mean-square error,

J = E
[
e2
]
,

where e is defined to be
e := s − ŝ.

The signal, ŝ, is the output of the filter,

ŝ(t) =
∫ ∞

0
h(τ)y(t − τ)dτ,

where h(t) is the impulse response function of the filter. Now, if we substitute the previous
equation into the mean-square error cost function, we get

J = E

[(
s(t)−

∫ ∞

0
h(τ)y(t − τ)dτ

)2
]
. (6.53)

To make this problem solvable, we will have to make some assumptions about the signals, s
andn. For the Wiener filter, we will assume that they are both stationary random processes.41

In fact, we will assume that they are jointly stationary. As a result, y will be stationary as
well. In addition, we will also assume that the filter is linear, h(αx+βy) = αh(x)+βh(y),
and physically realizable, h(t) = 0, t < 0. If we expand the right-hand side of (6.53), we
get

J = E
[
s(t)2

]
−
∫ ∞

0
h(τ)E

[
s(t)y(t − τ)

]
dτ −

∫ ∞

0
h(τ)E

[
y(t − τ)s(t)

]
dτ

+
∫ ∞

0

∫ ∞

0
h(τ)h(σ )E

[
y(t − τ)y(t − σ)

]
dτ dσ. (6.54)

41As a consequence, they will both look a lot like noise.
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Using the cross-covariance function from Chapter 5,

Cab(t, τ ) := E
[
a(t)b(τ )

]
,

we can compactly write the above cost as

J = Cee(0) = Css(0)−
∫ ∞

0
Csy(τ )h(τ)dτ

−
∫ ∞

0
Csy(−τ)h(τ)dτ +

∫ ∞

0
h(τ)

∫ ∞

0
h(σ)Cyy(σ − τ)dσdτ.

We can simplify the above equation by using a property of the covariance function,

C(a, b) = C(b, a),

where C(a, b) = C(b, a) in the case of real functions. The cost is now

J = Cee(0) = Css(0)− 2
∫ ∞

0
Csy(τ )h(τ)dτ +

∫ ∞

0
h(τ)

∫ ∞

0
h(σ)Cyy(σ − τ)dσdτ.

To find the optimal filter, h0, let us assume that our filter is equal to the optimal filter plus a
perturbation,

h(τ) = ho(τ )+ εη(τ),

where ε is a constant and η(τ) is an arbitrary function. Hence,

Cee(0, ε) = Css(0)− 2
∫ ∞

0
Csy(τ )ho(τ )dτ − 2ε

∫ ∞

0
Csy(τ )η(τ )dτ

+
∫ ∞

0

∫ ∞

0

[
ho(τ )ho(σ )+ εh0(τ )η(σ )+ εho(σ )η(τ)

]
Cyy(σ − τ)dσdτ

+ ε2
∫ ∞

0

∫ ∞

0
η(τ)η(σ )Cyy(σ − τ)dτdσ. (6.55)

In Chapter 4, we obtained the least squares solution by the first-order necessary condition
that at the optimal point, the first variation is zero:

δJ = 0.

Because we have assumed that the variation in this case is an additive perturbation, εη,
about the nominal h0, the first-order necessary condition can be stated as

∂Cee

∂ε

∣∣∣∣
ε=0

= 0.

Carrying this differential through gives us

0 = −2
∫ ∞

0
η(τ)Csy(τ )dτ +

∫ ∞

0

∫ ∞

0

[
h0(τ )η(σ )+ ho(σ )η(τ)

]
Cyy(σ − τ)dσdτ.
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We can simplify the above equation to read∫ ∞

0
η(σ )

[
Csy(σ )−

∫ ∞

0
ho(τ )Cyy(σ − τ)dτ

]
dσ = 0.

Since the perturbation η(t) can vary arbitrarily, the quantity inside the square brackets above
must be identically zero. Thus,

Csy(t) =
∫ ∞

0
ho(τ )Cyy(t − τ)dτ , (6.56)

where 0 < t <∞. Equation (6.56) is the Wiener–Hopf equation, which we ran into earlier
in our derivation of the continuous-time Kalman filter. Needless to say, Wiener used it first.

Before looking at how to solve (6.56), we point out that the last term in the equation
for Cee, (6.55), can be written as

ε2E

[(∫ ∞

0
η(τ)y(t − τ)dτ

)2
]
> 0 ∀ ε 
= 0.

The implication of this is that the second partial derivative of Cee with respect to ε is always
positive at ε = 0, i.e.,

∂2Cee

∂ε2

∣∣∣∣
ε=0

> 0.

Thus, the solution of the Wiener–Hopf equation produces a global minimum. In fact, it
can be shown that for the given assumptions, the solution of the Wiener–Hopf equation
produces the best possible filter out of all possible filters, not just linear ones.

So, how do we solve (6.56)? As it turns out, (6.56) was known and seen in various
fields long before Wiener and Hopf got a hold of it. It bears their names, however, because
they developed a solution procedure based upon Fourier analysis.

6.7.2 Solving the Wiener–Hopf Equation

There is a problem, however, with applying transform methods to the Wiener–Hopf equation.
The time parameter, t , in (6.56) is restricted to nonnegative values because of the causality
restriction on h(τ). Thus, if we attempt to transform the equation,∫ ∞

0
Csy(t)e

−st dt =
∫ ∞

0

∫ ∞

0
ho(τ )Cyy(t − τ)dτe−st dt

=
∫ ∞

0
ho(τ )e

−sτ dτ
∫ ∞

0
Cyy(t − τ)dτe−s(t−τ)dt

=
∫ ∞

0
ho(τ )e

−sτ dτ
∫ ∞

−τ
Cyy(t)dτe

−st dt,

we can see that the restriction of t to nonnegative values causes the lower limit on the second
integral in the transformed equation to take on the value −τ . This lack of symmetry ruins
the transform equation. Thus, it will take some clever work to find our solution.
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6.7.3 Noncausal Filter

It is relatively easy to obtain a solution to the noncausal Wiener-Hopf equation:42

Csy(t) =
∫ ∞

−∞
ho(τ )Cyy(t − τ)dτ, −∞ ≤ t ≤ ∞.

Let the operator F[·] represent the Fourier transform, i.e., F[x(t)] = X(ω). Because of the
linearity of the Fourier transform and the underlying signals, the transforms of Csy and Cyy

are

F
[
Csy

] = Gss(ω)+Gsn(ω),

F
[
Cyy

] = Gss(ω)+ 2Gsn(ω)+Gnn(ω).

Hence, the noncausal transform of the Wiener–Hopf equation is

Gss(ω)+Gsn(ω) = Ho(jω)
[
Gss(ω)+ 2Gsn(ω)+Gnn(ω)

]
.

The optimal filter transfer function is, thus,43

Ho(jω) = Gss(ω)+Gsn(ω)

Gss(ω)+ 2Gsn(ω)+Gnn(ω)
.

The Wiener filter, it turns out, conforms to our intuition about what an optimal filter will
do. To see this, convert the cost function, J , into the frequency domain using Plancherel’s
theorem (Chapter 3):

J =
∫ ∞

−∞
F
[
s(t)−

∫ ∞

0
h(τ)y(t − τ)dτ

]
F
[
s(t)−

∫ ∞

0
h(τ)y(t − τ)dτ

]
dω

=
∫ ∞

−∞

[
S(ω)−H(jω)Y (ω)

] [
S(ω)−H(−jω)Y (ω)

]
dω

=
∫ ∞

−∞

[
Gss(ω)− 2H(jω)Gsy(ω)− |H(ω)|2 Gyy(ω)

]
dω.

Now, suppose that Gsn(ω) = 0; i.e., the signal and noise are uncorrelated. Then,

Ho = Gss

Gss +Gnn

,

42The need for causality and real-time processing is fairly unique to control systems.
43Remember that Wiener filtering problems are scalar.
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(j   )ω

(j   )ω (j   )ωG Gssnn

PSD

1
H

Figure 6.2. Optimal Filtering Solution for Nonoverlapping PSDs.

and the mean-square error is

J =
∫ ∞

−∞

[
Gss(ω)− 2H(jω)Gss(ω)− |H(ω)|2 (Gss(ω)+Gnn(ω))

]
dω

=
∫ ∞

0

[∣∣∣Ho(jω)

∣∣∣2Gnn(ω)+
∣∣∣Ho(jω)− 1

∣∣∣2Gss(ω)

]
dω

=
∫ ∞

0

[
Gss(ω)

2Gnn(ω)

[Gss(ω)+Gnn(ω)]
2 +

Gss(ω)Gnn(ω)
2

[Gss(ω)+Gnn(ω)]
2

]
dω

=
∫ ∞

0

Gss(ω)Gnn(ω)

Gss(ω)+Gnn(ω)
dω.

Now, if the spectra of s(t) and n(t) do not overlap (see Figure 6.2), i.e., Gss(ω)Gnn(ω) = 0
at each ω, then the optimal filter has the property that it is

Ho(jω) =
{

1 ∀ ω " Gss(ω) 
= 0,

0 ∀ ω " Gnn(ω) 
= 0.

This is not Earth-shattering but not surprising either.

Example 6.14. Let us try an example. Suppose that we have uncorrelated signal and noise,

Gsn(ω) = 0,
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and that the power of the signal is concentrated at a frequency, ω = ωs :

Gss(ω) = B2

ω2 + ω2
s

.

The noise, n, is white with unit intensity:

Gnn(ω) = 1.

The noncausal filter solution is then

Ho(jω) = Gss(ω)+Gsn(ω)

Gss(ω)+ 2Gsn(ω)+Gnn(ω)

= Gss(ω)

Gss(ω)+Gnn(ω)

=
B2

ω2+ω2
s

B2

ω2+ω2
s
+ 1

= B2

ω2 + (ω2
s + B2)

.

Note that the relation between the Laplace variable s and the Fourier variable ω is s = jω.
The poles of the noncausal filter are at ω = ±j√ω2

s + B2, where the upper half of the ω-
plane is equivalent to the left half of the s-plane when considering stability questions. Thus,
the noncausal filter has one stable and one unstable pole, thereby taking on the symplectic
property described in Section 6.2.

6.7.4 The Causal Filter

The causal filter solution relies heavily on complex variable theory and on spectral factor-
ization. To solve the causal Wiener–Hopf equation [9],

Csy(t) =
∫ ∞

0
ho(τ )Cyy(t − τ)dτ, (6.57)

we define a pair of functions that extend ho over the entire real line,

φ(t) =
{
ho(t), t ≥ 0,

0, t < 0,

and since (6.57) is not defined for t < 0, we augment Csy using

ψ(t) =
{
Csy(t), t ≥ 0,

Csy(t)+ f (t), t < 0.

The functions, φ(t) and f (t), add an extra degree of freedom that enables us to derive a
solution to the problem.
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Using these variables, we get something that looks like the Wiener–Hopf equation
but is also defined for t < 0,

ψ(t) =
∫ ∞

−∞
φ(τ)Cyy(t − τ)dτ, −∞ < t <∞. (6.58)

Note that we do not know what ho(t) and f (t) look like. All that we know, in fact, is that
ho is zero for t < 0 and, conversely, f is zero for t > 0. The only assumption is that both
of these functions have Fourier transforms (though we do not necessarily know what these
look like either). Transforming (6.58) we get

�(ω) = �(ω)Gyy(ω). (6.59)

Note that

�(ω) = Ho(ω), �(ω) = Gsy(ω)+ F(ω).

Substituting into the transformed Wiener–Hopf equation, this gives us

Gsy(ω)+ F(ω) = Ho(ω)Gyy(ω).

Now, here is where we have to throw in some complex variable theory.
The Fourier transform of ho(t) produces a transfer functionHo(ω) for t ≥ 0 but is zero

for t < 0. It is assumed that the kernel, ho(t), is a stable process, i.e. limt→∞ ho(t)→ 0.
Therefore, the singularities of Ho(ω) are only in the upper half of the ω-plane. Similarly,
since f (t) 
= 0 for t < 0 and zero for t ≥ 0, we assume that limt→−∞ f (t)→ 0 and that
the singularities of F(ω) are on the lower half-plane. Furthermore, we assume that there
are no singularities on the real axis of the ω-plane.

We can, thus, rewrite (6.59) as

H+
o (ω)Gyy(ω) = Gsy(ω)+ F−(ω). (6.60)

We put the “+” superscript on Ho to denote that all of its singularities are in the upper
half-plane. Likewise, the “−” superscript on F denotes that all of its singularities are in the
lower half-plane.

Now, let us start picking apart some of the transfer functions in (6.60). First of all,
Gyy(ω) can be written as the ratio of its upper half-plane singularities to its lower half-plane
singularities:

Gyy(ω) = L+(ω)
M−(ω)

.

To see this, consider that Gyy(ω) is a ratio of polynomials in ω2. It cannot have poles on
the real axis, as this would prevent its inverse Fourier transform from being a covariance
function. Thus, all of its poles and zeros will be complex conjugate pair, assuring that we
can create the assumed decomposition.

The transformed Wiener–Hopf equation (6.60) is now

L+(ω)H+
o (ω) = M−(ω)Gsy(ω)+M−(ω)F−(ω).
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We can further break M−(ω)Gsy(ω) into the sum of its upper and lower half portions:

M−(ω)Gsy(ω) = R+(ω)+ S−(ω).

We can do this, because we know both M− and Gsy . Using partial fractions, we can rewrite
M−Gsy into the sum of their poles and then combine the appropriate parts into R+ and S−.
Thus, the Wiener–Hopf equation is now

L+(ω)H+
o (ω) = R+(ω)+ S−(ω)+M−(ω)F−(ω)

or

L+(ω)H+
o (ω)− R+(ω) = S−(ω)+M−(ω)F−(ω). (6.61)

Let us examine (6.61). The left-hand side of this equation is a complex function whose
singularities are entirely in the upper half-plane. The right-hand side is a complex function
whose singularities are entirely in the lower half-plane. The equal sign in between says
that they are equal everywhere. This can happen only if both sides are equal to a constant,
which, without loss of generality, we can take to be zero:

L+(ω)H+
o (ω)− R+(ω) = 0.

This leads us, based on spectral factorization, to the Wiener–Hopf solution

H+
o (ω) = R+(ω)

L+(ω) . (6.62)

Remark 6.15. By analytic continuation, the functions on the right- and the left-hand sides
of (6.61) overlap and are analytic in a strip containing the real ω-axis. A function is analytic
in some open set if it can be expanded in a Laurent series at every point in that set. In that
strip, we set the functions in (6.61) equal to entire function E(ω).44 Since the functions
ho(t), Csw(t), Cyy(t) are bounded, E(ω) is bounded and, therefore, must be a constant by
Liouville’s theorem. Since limω→∞Ho(ω) → 0 as well as the limits for Gsw(ω), Gyy(ω)

and thereby L+(ω), R+(ω), this constant is zero.

Example 6.16. Let us return to the problem we examined in Example 6.14:

Gsn(ω) = 0, Gss(ω) = B2

ω2 + ω2
s

, Gnn(ω) = 1.

44An entire function E(ω) is analytic for all values of the complex variable.
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Now, let us start factoring the transfer functions:

Gyy(ω) = Gss(ω)+Gnn

= B2

ω2 + ω2
s

+ 1

= (B2 + ω2
s )+ ω2

ω2 + ω2
s

=
(
ω + j

√
B2 + ω2

s

) (
ω − j

√
B2 + ω2

s

)
(ω + jωs) (ω − jωs)

=
ω−j
√

B2+ω2
s

ω−jωs

ω+jωs

ω+j
√

B2+ω2
s

= L+

M− .

The preceding shows how we can take the stable and unstable parts of Gyy and put them
into L+ and M−:

L+(ω) = ω − j
√
B2 + ω2

s

ω − jωs

,

M−(ω) = ω + jωs

ω + j
√
B2 + ω2

s

.

Therefore,

M−(ω)Gsy(ω) = M−(ω)Gss(ω)+M−(ω)Gsn(ω)

= M−(ω)Gss(ω)

= ω + jωs

ω + j
√
B2 + ω2

s

B2

ω2 + ω2
s

= B2

(ω − jωs)
(
ω + j

√
B2 + ω2

s

) .
The partial fraction expansion of M−Gsy is

B2

(ω − jωs)
(
ω + j

√
B2 + ω2

s

) = A1

ω − jωs

+ A2

ω + j
√
B2 + ω2

s

.

Since there is only one stable pole, ω = jωs , we need only find the residue A1,

A1 = B2

ω + j
√
B2 + ω2

s

∣∣∣∣
ω=jωs

= −jB2

ωs +
√
B2 + ω2

s

.
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Hence,

R+(ω) =
−jB2

ωs+
√

B2+ω2
s

ω − jωs

,

and the optimal filter is then

H+
o (jω) = R+

L+

=

−jB2

ωs+
√

B2+ω2
s

ω−jωs

ω−j
√

B2+ω2
s

ω−jωs

=
B2

ωs+
√

B2+ω2
s

jω +√
B2 + ω2

s

.

If you compare this result to the noncausal filter of Example 6.14, you will see that the
causal solution picks off the upper half poles of the noncausal solution. In fact, in general
the noncausal solution,

Ho(jω) = Gss(ω)

Gss(ω)+Gnn(ω)
,

will have singularities that are symmetric about the origin in the complex plane. For our
purposes, Gss and Gnn are rational functions of ω2. The causal Wiener filter solution will
take the realizable upper half-plane poles in the above transfer function. This is consistent
with the steady-state Kalman filter as discussed in Section 6.2.

Example 6.17 (Correlated Measurement Noise). Suppose the measurement is y = s+n,
where the signal s is modeled by the scalar stochastic difference equation,

ds = −assdt + dws, as > 0, E[dw2
s ] = Wsdt,

and the measurement noise is also modeled by the scalar stochastic difference equation,

dn = −anndt + dwn, an > 0, E[dw2
n] = Wndt.

The PSD functions for both the signal and the measurement noise are

Gss(ω) = Ws

ω2 + a2
s

, Gnn(ω) = Wn

ω2 + a2
n

, Gsn(ω) = 0.

The PSD for the measurement is

Gyy(ω) = Gss(ω)+Gnn(ω) = Ws

ω2 + a2
s

+ Wn

ω2 + a2
n

=
[
(Ws+Wn)(ω−jα)
(ω−jas )(ω−jan)

]
[
(ω+jas )(ω+jan)

(ω+jα)
] = L+(ω)

M−(ω)
,
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where

α2 = Wsa
2
n +Wna

2
s

Ws +Wn

.

The termM−(ω)Gsy = M−(ω)Gss is decomposed by partial fractions. The term containing
poles in the upper half of the ω-plane is

R+(ω) = (as + an)Ws

α + as

1

ω − jas
.

Using (6.62), the filter transfer function is

H+
o (ω) = R+(ω)

L+(ω)
=
[
(as+an)Ws

α+as
1

ω−jas
]

[
(Ws+Wn)(ω−jα)
(ω−jas )(ω−jan)

] = (as + an)Ws

(α + as)(Ws +Wn)

jω + an

jω + α
. (6.63)

Letting s = jω, then (6.63) has its poles on the left of the s-plane. Note that the transfer
function also has a zero. This is the result of using correlated measurement noise. This
formulation is richer than that allowed by the formulation of the continuous-time Kalman
filter derived at the beginning of this chapter, which required that the added noise be white
and the power spectral of this white noise be invertible. The continuous-time Kalman filter
is extended in Section 8.1 to include colored measurement noise, and this example is solved
using this reformulated Kalman filter.

6.7.5 Wiener Filtering by Orthogonal Projections

As we did with the deterministic least squares estimator, we can derive our key equation for
filtering by using the orthogonal projection lemma. Applied to the Wiener filtering problem,
this lemma tells that the error will be orthogonal to the measurement at every time,

E

[(
s(t)−

∫ ∞

0
h(t − τ)y(τ )dτ

)
y(σ )

]
= 0.

Using the linearity of the expectation operator, we can rewrite the above as

E
[
s(t)y(σ )

]
= E

[(∫ ∞

0
h(t − τ)y(τ )dτ

)
y(σ )

]

=
∫ ∞

0
h(t − τ)E

[
y(τ)y(σ )

]
dτ.

Applying the definition of the correlation function and making use of the stationarity of the
underlying signals, we get

Csy(t − σ) =
∫ ∞

0
h(t − τ)Cyy(τ − σ)dτ.
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Defining the variable ξ = t − τ , the above can be rewritten as

Csy(t − σ) =
∫ t

−∞
h(ξ)Cyy(t − σ − ξ)(−dξ)

=
∫ ∞

−t
h(ξ)Cyy(t − σ − ξ)dξ.

One more change of variables, η = t − σ and the causality assumption, gives us

Csy(η) =
∫ ∞

0
h(ξ)Cyy(η − ξ)dτ.

This is the Wiener–Hopf equation.

6.8 Exercises
1. Find the optimal filter when the covariance functions of the signals and noise are

Css = 4e−4|τ |,

Cnn = e−|τ |.

The signal and noise may be assumed to be independent and stationary.

2. Consider the following state-space system:

ẋ =
[

0 1
−2 −3

]
x +

{
w1

w2

}
,

y = [
1 0

]
x + v,

where

E [w1(t)w1(τ )] = δ(t − τ), E [w2(t)w2(τ )] = 3δ(t − τ), E [v(t)v(τ )] = δ(t − τ).

Derive the transfer function of the steady-state (or stationary) filter which minimizes
the mean-square error of estimating x1 given y. You may assume that x1 and v are
independent.

3. Consider the dynamic system:

ẋ = (a + ε)x + w,

z = x + v.

Suppose that a > 0 and that the Kalman filter for this system is

˙̂x = ax̂ +K(z− ẑ).

(a) If ε = 0, what is the dynamic behavior of the state covariance as t →∞?
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(b) If 0 < |ε| # a, derive the dynamic equation for the error covariance and discuss
its behavior of the state covariance as t →∞.

4. Consider the scalar continuous stochastic system:

dx = axdt,

dz = xdt + dv,

E
[
dv2

] = dt.

(a) For the values a = −1, 0, 1 determine the error covariance as t →∞.

(b) If the actual dynamic system is forced by the process noise as

dx = axdt + dw, E
[
dw2

] = dt,

determine the actual error variance in steady state where the filter gain is obtained
assuming no process noise.

5. Derive a filter for the scalar system:

ẋ = −ax + bu+ w,

y = cx + v,

where a > 0 and v and w are unit white-noise processes and b is a deterministic but
unknown constant. Comment on the steady-state properties of the filter.

6. Consider the dynamic equations:

ẋ1 = 0, ẋ2 = 0,

where x1 and x2 are such that

E [x1(0)] = 0, E [x2(0)] = 0,

E
[
x2

1(0)
] = X1(0), E

[
x2

2(0)
] = X2(0),

E [x1(0)x2(0)] = 0.

We have a scalar measurement of this system:

y(t) = x1 + x2t + v,

where v is unit intensity white noise.

(a) Write down the equation which propagates the conditional mean.

(b) Solve the error covariance equation.

7. Consider the discrete-time Wiener filtering problem. Here we have a scalar measure-
ment, y, that consists of a signal and an additive noise process:

yk = sk + nk.
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236 Chapter 6. Continuous-Time Gauss–Markov Systems

It is desired to find the impulse response function of the filter, hk , that minimizes the
mean-square error of the estimate of sk . For the discrete-time case, this filter acts on
the measurement, yk , via

ŝk =
∞∑
j=0

h
k−j yj .

As with the continuous-time Wiener filter, the signal and noise are assumed to be
stationary signals with known covariance functions, Css, Cnn, and Csn. Derive the
discrete-time Wiener–Hopf equation. (Hint: Use the orthogonal projection lemma.)
(Another Hint: Two random variables, a and b, are orthogonal if E[ab] = 0.)

8. (a) Find the causal Wiener filter for the signal, s, if we are given

y = s + n,

where

Gss = 4

ω2 + 4
, Gnn = 1.

You may assume that s and n are independent of one another.

(b) Find the Kalman filter (not its transfer function) that is equivalent to your answer
in part (a). To help you out with this, assume that s is the ideal (i.e., noise-free)
output of some scalar linear system,

ẋ = ax + gw,

s = hx.

9. (a) Suppose that you are asked to design a steady-state estimator for the stochastic
system

dx = Fxdt + dw,

dz = Hxdt + dv.

Discuss necessary and sufficient conditions for unforeseen perturbations in all
the states to be estimated with this constant gain filter.

(b) To help do the above problem, determine the steady-state filters for the scalar
measurement

dz = x1dt + dv, E
[
dv2

] = V dt

and

i.

dx1 = x2dt,

dx2 = 0.

ii.

dx1 = x2dt,

dx2 = ax2dt.
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iii.

dx1 = x2dt,

dx2 = dw,

E
[
dw2

] = Wdt, W 
= 0.

10. A continuous measurement process, z(t), is given to be

dz(t) = atdt + dn,

where a is a Gaussian random variable withE[a] = 0, E[a2] = 1 and n is a Brownian
motion process with E[dn2] = 2dt .

(a) Obtain the optimal filter for estimating a. Is this filter a stable system?

(b) Suppose the measurement in part (a) is now

dz(t) = (at + b)dt + dn,

where b is a Gaussian random variable, uncorrelated with a, with E[b] =
0, E[b2] = 1. Show the equations that determine the optimal filter for estimating
a and b. That is, you must determine the filter equations, but you do not have
to give closed-form solutions. Is this filter a stable system?

11. Consider a scalar stationary process xt with covariance function Rxx(τ ).

(a) For what value τm of τ is Rxx(τ ) maximum? Does this depend on the particular
Rxx?

(b) Can Rxx(τ ) take on negative values? Prove or give a counterexample.

(c) Is Rxx(τ ) symmetric about τ = 0? Explain.

(d) Suppose that Gxx(ω) is the corresponding PSD. Is Gxx(ω) symmetric about
ω = 0? Prove or give a counterexample.

(e) Can Gxx(ω) take on negative values? Show.

(f) For what value ωm of ω is Gxx(ω) maximum? Does this depend upon the
particular Gxx(ω)?

(g) What is the relationship between Gxx(ωm) and Rxx(τm)?

12. (Poisson process) A scalar signal u(t) takes on the value u0 or −u0 with a random
time interval between changes. The average number of changes (from u0 to −u0 or
vice versa) per unit time is ν. The probability of exactly n changes in a time interval
of length t is

f (n, t) = (ν|t |)n
n! e−ν|t |.

The mean value mu(t) is obviously zero. Show that the correlation is stationary and
given by

E [u(t + τ)u(t)] = u2
0e
−2ν|τ |.

Note that this is not a Gaussian process, but it is a Markov process.
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13. Show that
∣∣Rxy(τ )

∣∣ ≤ 1
2

[
Rxx(0)+ Ryy(0)

]
.

14. Consider the dynamic system[
ẋ1

ẋ2

]
=
[

0 1
−1 −2

] [
x1

x2

]
+
[

0
1

]
w,

ẇ = −3w + β,

y = x1.

If E [β(t)β(τ )] = δ(t − τ), determine the PSD of y.

15. Consider the random sequence, x1, x2, . . . .

(a) Suppose that each element in the sequence is i.i.d.. Is it then stationary? Is it
second-order stationary?

(b) Suppose that the sequence still consists of elements that are independent of each
other, but they are no longer identically distributed. Is the sequence stationary?
Is it second-order stationary?

16. Consider the stochastic scalar system with measurement

dyt = ext dt + dvt ,

where xt is propagated by the stochastic differential equation

dxt = dwt ,

where the initial condition x0 is normally distributed with mean x̄0 and variance X0,
wt is a Brownian motion process with PSD W , and vt is a Brownian motion process
with PSD V .

(a) Take the Itô derivative of z = ext .

(b) Write down the stochastic differential equation for z.

(c) Determine the best linear estimator for z given the measurement sequence yt .
Present the estimation algorithm explicitly for this problem.

(d) From the estimate in (c), can an estimate of xt be determined, and, if so, what
are its properties?

17. Let the scalar stochastic system be

dx = axdt + (1− x2)1/2dw,

dz = xdt + dv,

where a < 0, the Brownian motion processes w and v have statistics E[dw2] = Wdt

and E[dv2] = V dt , x0 is uniform distributed over the interval (−1, 1), and w and v

are independent.

(a) Find the best linear variance estimator.
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(b) Is this a conditional mean estimator? Explain.

(c) Show that E[e(t)x̂(t)] = 0.

18. As part of your new job at Chung & Speyer Automotive, you are asked to design
a Kalman filter to estimate the speed of a car to be used in conjunction with the
cruise control. The dynamics of a car can be approximated with a simple first-order
differential equation:

v̇ = −1

τ
v + aM.

Here, v is the velocity of the car, aM is the acceleration applied by the engine, and τ

is a time constant representing the dynamics of the throttle, engine speed, etc. Every
T seconds, an angular encoder connected to the rear axle outputs a signal that gives
the distance travelled since the preceding measurement. This signal is digital and has
a resolution of 0.1 miles.

(a) Design a Kalman filter to estimate velocity. Describe your states and show all
of the pertinent equations. Obviously one issue is the measurement which has
units of distance as compared to our ultimate objective, which is to measure
speed. Do we need to add an extra state to the filter so that we can use this
measurement?

(b) Using τ = 2.0 seconds, T = 1 second, show how your filter responds during a
scenario where you are applying a step acceleration of 0.1g for 5 seconds to a
car moving at 50 miles per hour.

19. Suppose that x1 and x2 are random variables with E[x1] = E[x2] = E[x1x2] = 0
and var(x1) = var(x2) = σ 2. Define the random process yt as

yt = x1 sin t + x2 cos t.

(a) Does yt satisfy the mean and covariance conditions for stationarity?

(b) Give an example of x1 and x2 for which yt is stationary.

(c) Give an example of x1 and x2 for which yt is not stationary.

20. Consider a wide-sense stationary process xt and define another process as yt = xt+T ,
where T is fixed.

(a) Show that the cross-correlation of x and y is a function of only one argument.

(b) Express Rxy , Gxy , Ryy , and Gyy in terms of Rxx and Gxx .

21. Show that if the wide-sense stationary process xt is band limited with Gxx(ω) = 0
for |ω| > ωc, then

Rxx(τ ) ≥ Rxx(0) cosωcτ for |τ | < π

2ωc
.
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22. Consider the dynamic system (assume b and a are positive scalars)[
ẋ1

ẋ2

]
=
[ −b 1

0 −a
] [

x1

x2

]
+
[

0
1

]
w(t)

with

E [w(t)] = 0, E [w(t)w(τ)] = qδ(t − τ).

(a) Determine the behavior of the correlation Rxx(t, t) as t → ∞. Is this process
stationary? Explain.

(b) Determine the correlation function for t →∞.

(c) Determine the PSD matrix.
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Chapter 7

The Extended Kalman Filter

The solution of the estimation problem for a nonlinear system requires the construction of
the conditional probability density function. Based on the conditional probability density
function, state estimates, such as the conditional mean estimates, are not implementable
for real-time application. Therefore, approximate filters are presented, called the extended
Kalman filter. Other nonlinear filters, such as the particle filter [1] and its simplification,
the unscented Kalman filter [24], are important new innovations but are beyond the scope
of this book.

7.1 Linearized Kalman Filtering
Real problems are nonlinear; practical solutions, however, tend to fall out from linear theory.
This describes Kalman filtering in the real world. The theory is linear; the applications are
not. Yet, there are countless applications that demonstrate that one can effectively use the
Kalman filter on nonlinear problems (though this success is by no means universal, nor
uniform). In this chapter, we will examine nonlinear Kalman filtering and some variations
on these methods to solve particular problems. Our study is by no means comprehensive,
since the applications of Kalman filtering are too numerous and varied to fit into a reasonably
sized volume.

7.1.1 Continuous-Time Theory

Nonlinear Kalman filtering is perhaps a bit of a misleading title. What we are really doing is
adapting the linear Kalman filter so that we can apply it to nonlinear problems. Ultimately,
this requires us to linearize the problem in some way. To demonstrate what we mean, let us
begin by considering a nonlinear stochastic system,

dx(t) = f (x, t)dt +G(t)dβ(t), (7.1)

241
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242 Chapter 7. The Extended Kalman Filter

where x(t0) is a random variable with mean, x̄0, and covariance, P0. The driving process,
dβ, is zero mean with independent increments and a variance,

E
[
dβ(t)dβ(t)T

]
= W(t)dt.

To apply the Kalman filter to the system described by (7.1), we, first of all, need
to linearize the dynamics. Linearization, however, requires a nominal solution, or state
trajectory, about which we can linearize (7.1). For the moment, we will put off the question
of where we can find this trajectory and assume that we have one. Denoting this trajectory,
x∗, we note that the equation which propagates this state is derived from (7.1):

dx∗

dt
= f (x∗, t), E [x0] = x∗(t0) = x∗0 .

Define perturbations away from this state to be

δx(t) := x(t)− x∗(t).

The differential equation for this δx is then

d
[
δx(t)

]
=
[
f (x, t)− f (x∗, t)

]
dt +G(t)dβ(t).

We will assume throughout our study that the dynamic equations represented by (7.1) possess
sufficient smoothness about the nominal state trajectory so that it can be represented by a
Taylor series,

f (x, t) = f (x∗, t)+ ∂f

∂x

∣∣∣∣
x=x∗

δx + · · · .

If we further assume that our perturbations are “small” in the mean-square sense, we can
then truncate this Taylor series after the first term:

f (x, t)− f (x∗, t) ≈ F(t)δx(t).

Here,

F(t) := ∂f (x, t)

∂x

∣∣∣∣
x=x∗

.

The linearized equations of motion are then

d(δx) = F(t)δx(t)dt +G(t)dβ(t). (7.2)

Now, if we have a continuous stream of measurements, which are also nonlinear,

dy(t) = h(x, t)dt + dv(t),

we can similarly define perturbations about a “nominal” measurement generated by the
noiseless application of the measurement function, h(·), to the nominal state trajectory,
x∗(t):

dδy = [h(x, t)− h(x∗, t)]dt + dv(t).
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As before, the assumption that the perturbations about x∗ are small enables us to rewrite the
above equation in terms of a first-order Taylor series expansion,

dδy ≈ Hδxdt + dv(t),

where

H = ∂h

∂x

∣∣∣∣
x(t)=x∗(t)

.

The linearized Kalman filter45 is then generated by applying the Kalman filtering equations
from Chapter 3 or Chapter 4 to the linear system, which describes the perturbations:

dδ ˙̂x = F(t)δx̂dt + PHV −1
[
dδy(t)−Hδx̂dt

]
,

Ṗ = FP + PF T − PH TV −1HP +GWGT.

The estimate of the full state is then obtained by appending the perturbation to the nominal
trajectory,

x̂(t) = x∗(t)+ δx̂(t). (7.3)

7.1.2 Discrete-Time Version

For many systems, we will have measurements that will be available only at discrete times
no matter the nature of the dynamic system:

yk = h(xk, tk)+ vk, vk ∼ N(0, Vk). (7.4)

Here, xk := x(tk). Define the nominal measurement,

ȳk := h(x∗k , tk),

and the variation in the measurement,

δyk := yk − ȳk = h(xk, tk)− h(x∗k , tk)+ vk.

Again, by keeping only the first-order terms in a Taylor series expansion about x∗k , the
linearized measurement is

δyk := Hk(x
∗
k )δxk + vk, (7.5)

where as you might suspect

Hk(x
∗
k ) :=

∂h(xk, tk)

∂xk

∣∣∣∣
xk=x∗(tk)

.

The consequence of having discrete-time measurements is that it effectively makes the entire
filter a discrete-time one.

45This term is nonstandard. We use it, but not everyone does.
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To propagate the estimate in between measurements, the discrete-time dynamic system
is constructed from the continuous-time linearized dynamics (7.2). The solution to (7.2) is

xk+1 = �(tk+1, tk)δxk +
∫ tk+1

tk

�(tk+1, τ )G(τ)dβ(τ), (7.6)

where the state-transition matrix is generated as

d� (t, tk)

dt
= F(t)�(t, tk), �(tk, tk) = I.

The stochastic integral can be defined as

wk =
∫ tk+1

tk

� (tk+1, τ )G(τ)dβ(τ), (7.7)

which is a Gaussian independent noise process with zero mean and variance,

Wk = E
[
wkw

T
l

] = ∫ tk+1

tk

� (tk+1, τ )G(τ)W(τ)G(τ)T�(tk+1, τ )
T dτδkl . (7.8)

Collecting all of these pieces together gives us the linearized Kalman filter:

δx̂k = δx̄k +Kk (δyk −Hkδx̄k) ,

Kk = MkH
T
k

(
HkMkH

T
k + V

)−1
,

Mk+1 = �(tk+1, tk)Pk�(tk+1, tk)
T +Wk,

Pk = (I −KkHk)Mk,

δx̄k+1 = �(tk+1, tk) δx̂k.

Note that these equations are identical to the discrete-time Kalman filtering equations.
However, to get the final estimate, x̂k , we need to append the estimate of the perturbation
to the reference state via (7.3). The advantage of this scheme is that it is relatively cheap
in terms of computation. The nominal system and gains can be calculated off-line and
stored—only the estimate, x̂, needs to be constructed in real time.

7.2 The Extended Kalman Filter
We sidestepped the question about how to get the reference trajectory needed for lineariza-
tion. Moreover, we did not consider whether this representation will remain valid for an
extended period of time. If disturbances drive the true state away from this nominal state,
or if our calculation of this nominal trajectory is just plain wrong, then the linearized filter
may give wildly incorrect estimates of the state. Jazwinski [23], in fact, reports examples
of reentry problems in which the linearized filter proved to be unstable.



book
2008/9/3
page 245

�

�

�

�

�

�

�

�

7.3. The Iterative Extended Kalman Filter 245

An alternative method to the linearized Kalman filter is to relinearize the system at
every time step about the true state. We, of course, do not have the real state, and so we use
the next best thing: our estimate of the true state. This approach is called extended Kalman
filtering. This algorithm is an interesting mix of nonlinear and linearized dynamics. Unlike
the linearized filter, we are estimating the state directly through the use of the nonlinear
state equations to propagate the state. Linearized dynamics are then used to calculate the
gain through which we apply the measurement update:

dx̂

dt
= f (x̂, t)+ P(t)H(t)TV −1

[
y(t)− h(x̂, t)

]
.

The Riccati solution P(t) is found from the Riccati equation

Ṗ (t) = F(t)P (t)+ P(t)F (t)− P(t)H(t)TV −1H(t)P (t)+GWGT,

where

F(t) := ∂f (x, t)

∂x

∣∣∣∣
x(t)=x̂(t)

, H(t) := ∂h(x, t)

∂x

∣∣∣∣
x(t)=x̂(t)

.

For discrete-time systems, the propagation of the state is carried out by integrating the
nonlinear dynamics from the update estimate at t = tk to t = tk+1,

x̄k+1 = x̂k +
∫ tk+1

tk

f (x̂k, t)dt,

or by using the linearized dynamics,

x̄k+1 = �(tk+1, tk)x̂k,

if the trade-off between accuracy and computational complexity makes this approach more
reasonable. The measurement update looks like the linearized equation, except that we use
the nonlinear measurement equation, h(·):

x̂k = x̄k +Kk

[
yk − h(x̄k, k)

]
.

Note that the estimated measurement, h(·), is calculated using the same propagated state.
The gain and the covariance equations look exactly like the standard discrete-time Kalman
filter equations. However, you need to remember that the indicated matrices, � and H , are
found using the linearization and approximation methods described before.

7.3 The Iterative Extended Kalman Filter
We can take the idea of linearizing about the propagated, or a priori, estimate one step further
by relinearizing about the updated, or a posteriori, measurement. In fact, we can continue
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to relinearize until we get no further improvements.46 Define ηi to be the iterative variable
with η1 = x̄k and η2 = x̂k . Further iterations are found from the equation

ηi+1 = x̄k +Kk(ηi)
[
yk − h(ηi)−Hk(ηi)(x̄k − ηi)

]
. (7.9)

We should note that this procedure improves only the linearization; the measurement is still
processed only once. Furthermore, the iteration given by (7.9) may not converge.

There is an interesting interpretation of the iterative extended Kalman filter as a
maximum likelihood estimate. For simplicity, let our state xk be a scalar.47 At time k,
the conditional density of xk given the measurement history up to time k is given by

φ(xk) := f (xk|yk) = f (yk|xk)f (xk|Yk−1)

f (yk|Yk−1)
.

The conditional density f (yk|Yk−1) is a function only of the measurements, and its role in
the conditional density is as a normalization factor. Thus, we can simplify our notation by
defining

c := f (yk|Yk−1).

The maximum a posteriori estimate is the value of xk which maximizes f (xk|Yk), or equiv-
alently φ(xk). The gradient of φ is

φx := ∂f (xk|Yk)

∂x
= 1

c

[
∂f (yk|xk)

∂x
f (xk|Yk−1)+ f (yk|xk)∂f (xk|Yk−1)

∂x

]
.

Now, if the measurement noise vk is Gaussian, then

f (yk|xk) = 1√
2πV

e

[
− 1

2
(yk−h(xk ))2

V

]
.

If we also assume that f (xk|Yk−1) is Gaussian with mean x̄k and covariance Mk , then

∂f (yk|xk)
∂x

=
[
yk − h(xk)

] ∂h
∂xk

V −1f (yk|xk),

∂f (xk|Yk−1)

∂x
= −

[
xk − x̄k

]
M−1

k f (xk|Yk−1).

This means that

∂φ(xk)

∂x
= f (xk|Yk)

[(
yk − h(xk)

) ∂h

∂xk
V −1 − (xk − x̄k)M

−1
k

]
. (7.10)

By using the same assumptions, the second partial derivative of φ(xk) is

∂2φ

∂x2
=
[(

yk − h(xk)
)∂h
∂x

V −1 − (xk − x̂k)M
−1
k

]2

f (xk|Yk)

+ f (xk|Yk)

[
−
(
∂h

∂x

)2

V −1 −M−1
k +

(
yk − h(xk)

)∂2h

∂x2
V −1

]
. (7.11)

46This is known as a stationary point.
47Jazwinski in his appendices describes the vector case.
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Now, here is where we make some simplifying assumptions. We will assume that the first
term in (7.11) is essentially zero if we are near the value of xk that maximizes f (xk|Yk).
This is because

∂φ

∂x
≈ 0,

which makes [
yk − h(xk)

]∂h
∂x

V −1 − (xk − x̂k)M
−1
k ≈ 0.

Next, we assume that
∂2h

∂x2
= 0

and define

Hk(ηi) := ∂h

∂x
.

At this point, we take advantage of having the first and second derivatives of φ to form a
Newton–Raphson iteration scheme,

ηi+1 = ηi −
[
∂2φ(ηi)

∂x2

]−1
∂φ(ηi)

∂x
.

After substituting (7.10), (7.11), the above becomes

ηi+1 = ηi −
[
M−1

k +H 2
k (ηi)V

−1
k

]−1
[(

yk − h(ηi)
)dh
dx

V −1 − (x̄k − ηi)M
−1
k

]
. (7.12)

Using the matrix identity,

Pk =
[
M−1

k +H 2
k V

−1
k

]−1
,

we can then apply this identity to (7.12):

ηi+1 = ηi − Pk

[
HkV

−1
k

(
yk − h(ηi)

)
−M−1

k (x̂k − ηi)

]

= ηi −
[
PkHkV

−1
k

(
yk − h(ηi)

)
− PkM

−1
k (x̂k − ηi)

]

= ηi −
[
Kk

(
yk − h(ηi)

)
− (I −KkHk)MkM

−1
k (x̂k − ηi)

]
.

In case you are wondering where all of the transposes went, we will remind you that you
are looking at the scalar case here to keep things simple. After collecting terms, we finally
get as our answer

ηi+1 = x̄k +Kk(ηi)
[
yk − h(ηi)+Hi(ηi)(ηi − x̄k)

]
. (7.13)

The notation Kk(ηi) denotes that the gain is calculated by linearizing about the state ηi .
A quick inspection shows that this is the same formula as that for the iterative extended



book
2008/9/3
page 248

�

�

�

�

�

�

�

�

248 Chapter 7. The Extended Kalman Filter

Kalman filter. Thus, we can apply a cute little probabilistic interpretation to this rather
heuristically motivated approach.

Now, what we have done here is to improve our relinearization at the measurement
update. However, we have not done anything to improve our reference trajectory. As it
turns out, we can continue on with this idea of relinearization by smoothing back from time
k + 1 to k using the iterated update. We will discuss smoothing in detail in Chapter 8. In
the mean time, here is the process.

1. Start at time k with the updated estimate x̂k . Propagate ahead to k + 1 using one of
the standard extended Kalman filter techniques. For example,

ẋ = f
(
x(τ)

)
, x(tk) = x̄k,

x̄k+1 = x̂k +
∫ tk+1

tk

f (x(τ ))dτ.

2. Use one iteration of (7.13) at k + 1 to get

η1 = x̄k+1 +Kk(x̄k)
[
yk+1 − h(x̄k+1)

]
.

3. Now, smooth back to time k using the formula

ξ1 = x̂k + S(x̂k)
[
η1 − x̄k+1

]
,

where S(x̂k) is something like an interpolated covariance matrix:

S(x̂k) = P(x̂k)�(x̂k)M(x̄k+1)
−1.

The vector ξ1 is a (hopefully improved) new estimate of the state at time k.

4. We can now use ξ1 to get a new propagated estimate,

x̄k+1 = ξ1 +
∫ tk+1

tk

f (x̄(τ ))dτ +�(ξ1)
[
x̂k − ξ1

]
.

5. From here we go back to step 1 and get a new updated estimate η2. Afterwards, we
continue with the rest of the steps. The iteration stops when our adjustments to ηi
become “small.”

This algorithm is known as an iterator smoother (see [23, Section 8.3]). Except for
exceptional cases, it is process intensive enough to require off-line application. However,
Jazwinski notes at least one case where this additional processing is needed to derive useful
estimates (see [23, Chapter 9]).
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7.4 Filter Divergence

7.4.1 What is Divergence?

In this section, we will look at the effects of modeling errors, that is, differences between
the mathematical representation used in the Kalman filter and the actual way in which the
system behaves. It is a simple fact that we will never know the plant and measurement model
perfectly. Moreover, even if we did, limitations on computer processing power, numerical
precision, and memory would force us to truncate the model, make simplifications, or take
other measures that would induce errors into our filter.48

So what are the consequences of modeling errors? At the very least, we would expect
that with incorrect statistics our filter would no longer be optimal in the minimum variance
sense. In some cases, our estimation errors may even become unbounded. We define both of
these phenomena as divergence. Strictly speaking, divergence is when the actual estimation
errors are larger than what is predicted by the covariance calculations. The errors to which
we refer are actual estimation errors—the computed estimation errors may look just fine.
This points to the fundamental mechanism in filter divergence: the filter’s perception of
what is happening is very different from what is actually happening.

This happens because the calculated error covariance always converges to smaller
values in a stable filter and may in some cases go to zero. Since the Kalman filter gain is
proportional to the error covariance, it decreases as well. As a result, each new measurement
has less influence on the estimate, and, conversely, the propagation step comes to dominate
the filter. If an incorrect model is used in the propagation step, this gives the modeling
errors greater influence. If the covariance goes to zero or to very small values, the gain
is effectively zero, opening the loop in the filter and giving over the calculation of future
estimates to the incorrect model.

7.4.2 The Role of Process Noise Weighting in the Steady State

Fitzgerald [16] presented an analysis of the effect of modeling errors. In it, he focused on
the steady-state behavior of the filter, since the divergence of the filter is a phenomenon that
builds up over time.

Fitzgerald began by considering a filter of the form

˙̂x = Ax + PCTV −1
(
y − Cx̂

)
,

with the covariance, P , obtained by the steady-state Riccati equation,

0 = AP + PAT − PCTV −1CP +W. (7.14)

Let λ = σ + jω be an eigenvalue of AT with v the corresponding eigenvector. Pre- and
postmultiplying (7.14) by vT and v gives us

0 = 2σvTPv − vTPCTV −1CPv + vTWv. (7.15)

48In fact, problems with the fixed-point representation of numbers on the earliest flight computers led to the first
practical problems seen when implementing Kalman filters.
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From here, Fitzgerald examined the fundamental role that W plays in the steady-state
properties of the filter. For instance, if v is also a null vector of W and if σ < 0, i.e.,
A is stable, then

0 = 2σvTPv − vTPCTV −1CPv.

Since P is at least positive semidefinite, the only way that the above equality can hold is
if v is also in the null space of P . Conversely, if v is not in the null space of W , i.e.,
vTWv 
= 0, then (7.15) can hold only if Pv 
= 0. The implication is that the null space of
P is determined by the null space of W . This is important because the null vectors of P
give linear combinations of the estimation error that vanish in the steady state:

vTPv = E
[(
vT (x − x̂

))2
]
= 0.

Thus, we would expect that once we have enough measurements to drive the estimation
error to near zero, these states will not stray from this estimate, since there is no process
noise to drive them off the trajectory determined by the state dynamics. Because of this, the
Kalman filter will gradually set the corresponding gains to zero, thereby opening the loop
on these states.

Example 7.1. The following example, taken from [35], shows how a little process noise
weighting can stabilize the Kalman filter. Suppose that we are trying to estimate the altitude
of a vehicle given altimeter measurements. We will assume that the vehicle is in steady-level
flight so that the altitude is constant. The Kalman filter for this case is

x̂k = x̂k−1 +Kk

(
yk − x̂k−1

)
,

Kk = Mk

Mk + V
,

Mk = Pk−1,

Pk = Mk − M2
k

Mk + V
,

yk = xk + vk.

Here V is the covariance of the altimeter noise, vk . Now, airplanes do not always flight
straight and level. Suppose that instead of being a constant, the airplane is climbing at a
constant rate:

x(t) = x(0)+ Ut.

For simplicity, let us assume a one-second sampling time. The estimate of the altitude is
then

x̂N = x(0)+ U(N − 1)

2
+ 1

N

N−1∑
k=1

vk,

while the true altitude is
xk = x(0)+ UN.

The resulting estimation error is

ek = xk − x̂k = U(N + 1)

2
+ 1

N

N−1∑
k=1

vk.
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Assuming that vk is zero-mean Gaussian white noise, the sample mean,

v̄k = 1

N + 1

N∑
k=1

vk,

should be bounded, and, if vk is ergodic, we would expect it to be about zero. It is still clear,
however, that ek will diverge because of the modeling error. Now, one possible way of
handling our modeling problem would be to expand the dimensions of our filter by adding a
climb rate state. However, this does not serve our pedagogical purpose, which is to look at
what happens when the model does not match the physics. Instead, let us try to “cover” the
model uncertainty by adding a process noise weighting, W . This has the effect of adding a
term to the covariance propagation equation:

Mk = Pk−1 +W.

The estimation error is then

ek = (1−Kk) ek−1 − (1−Kk)U +Kkvk.

With a little manipulation, the difference equation for the updated covariance equation can
be rewritten as

Mk = Pk−1 +W

= (1−Kk−1)Mk−1 +W

=
(

1− Mk−1

Mk−1 + V

)
Mk−1 +W

= VMk−1

Mk−1 + V
+W.

In the limit, as k→∞, Mk → M . Thus,

M = MV

M + V
+W.

Solving for M gives us the quadratic equation,

M2 −WM − VW = 0,

which has a positive solution:

M = W +√W 2 +WV

2
.

The steady-state value of the gain is then

K = W +√W 2 +WV

W + 2V +√W 2 +WV
,
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so that

1−K = V

K + V
.

Hence, K is bounded above by some number, D, such that

|1−K| < D < 1.

Thus, we can bound the error,

|ek| ≤ D|ek−1| +D|U | +Kkvk.

The above equation should have a bounded solution, because vk is likely to stay near zero
and because D < 1. Hence, adding a process noise term prevents the onset of unbounded
errors, i.e., true divergence. Is this a result we should expect in general? Let us see.

7.4.3 An Analysis of Divergence

We will now present Fitzgerald’s analysis of divergence.49 Suppose that the real system is

ẋ = Fx + w,

y = Hx + v

and is estimated by the filter,

˙̂x = Ax̂ + PCTV −1
(
y − Cx̂

)
,

Ṗ = AP + PAT − PCTV −1CP +W.

For this problem, A 
= F and C 
= H . Define the estimation error50 as e = x̂ − x so that

ė = Ae + (A− F)x + PCTV −1
(
y − Cx̂

)− w.

Define

K = PCTV −1,

A
K
= A−KC,

G = (A− F)−K(C −H).

The error covariance is propagated by the equation

�̇ = A
K
�+�AT

K
+GST + SGT +KVKT +W. (7.16)

49This is actually an analysis of what Fitzgerald termed “true” divergence. Fitzgerald categorized divergence
as either true divergence (errors become unbounded) or apparent divergence (errors are bounded but large). While
both make a filter unusable, only true divergence lends itself to interesting analysis.

50Usually we define the error as being x − x̂, but we define it oppositely here to avoid minus signs in certain
places.
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Solving (7.16) requires the determination of the cross covariance,

S = E
[
exT

]
,

which is propagated by the equation

Ṡ = SF T + A
K
S +GX −W. (7.17)

Hence, X is the second moment of the state,

X = E
[
xxT

]
.

This, of course, is propagated by the Lyapunov equation

Ẋ = FX +XF T +W. (7.18)

The stability properties of X are well known. X is stable if F is stable. The stability of S
turns out to be fairly straightforward as well. Since (7.17) is linear in the elements of S, we
can rewrite it in terms of a vector equation [16],

ṡ = Ms + z.

The vector s is composed of the columns of S stacked on top of each other. The matrix, M ,
has the form

M =

⎡
⎢⎢⎢⎣

a11I + F a12I . . . a1nI

a21I a22I + F . . . a2nI
...

. . .

an1 . . . annI + F

⎤
⎥⎥⎥⎦ ,

where aij are the elements of A
K

. The vector z is composed of the columns of GX − Q

stacked on top of each other. Now, since M is composed of the elements of F and A
K

,
one would expect that its eigenvalues would be related to their eigenvalues. This is, in
fact, the case. If νi, i = 1, . . . , n, are the eigenvalues of A

K
and μj , j = 1, . . . , n, are the

eigenvalues of F , then the n2 eigenvalues of M are given by

ηi,j = νi + μj , i = 1, . . . , n, j = 1, . . . , n.

The corresponding eigenvectors are

mi,j =

⎧⎪⎨
⎪⎩

ui1vj
...

uinvj

⎫⎪⎬
⎪⎭ .

The vectors uik are the elements of the eigenvector ui of A
K

. The vectors vj are the
eigenvectors of F . Since A

K
is the closed-loop state matrix of the Kalman filter, we know

that it will be stable for detectable systems, and, for the sake of argument, we will assume
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our system is detectable. Thus, from our discussion of the matrix, M , we can see that S
is unbounded only if F has unstable eigenvalues which overcome the stable eigenvalues
of A

K
. The significance of these results will become apparent when we examine what will

cause true divergence in our filter.
Consider, now, the following theorem taken from [16].

Theorem 7.2. The closed-loop Kalman filter matrix, A
K

, has a zero eigenvalue if and only
if AT and W have a common null vector.

Proof.

(⇐) Let v be an eigenvector corresponding to a zero eigenvalue of AT such that Wv = 0.
Then, any steady-state solution of the Riccati equation must be such that

0 = vTAPv + vTPATv − vTPCTV −1CPv + vTWv

= vTPCTV −1CPv.

This implies that
V −1CPv = KT = 0,

which implies that A
K
v = 0.

(⇒) Now suppose that u is a null vector of A
K

. Then,

uTA
K
Pu = uTAPu− uTKVKTu = 0.

Since the quadratic term KVKT must be nonnegative,

uTAPu ≥ 0.

Rewriting the Riccati equation as

0 = AP + P(A−KH)T +W, (7.19)

we get
0 = uTAPu+ uTWu

by premultiplying and postmultiplying (7.19) by uT and u. Now, we have already
shown that the first term in the above must be nonnegative. This implies that uTWu ≤
0. However, sinceW must be at least positive semidefinite (because it is a covariance),
this means that

ATu = Wu = 0.

This theorem will be central in our understanding of the root causes of divergence,
which is summarized in the following table.

Case No model error (G = 0) Model error

A
K

asymptotically stable Divergence not possible Divergence possible
if F unstable

A
K

has zero eigenvalue Divergence possible if bias state Divergence possible
is actually driven by noise for many reasons
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The bottom line is to make sure that A
K

is asymptotically stable and to hope you do
not have to filter unstable systems. The latter is a rare occurrence; the former can be ensured
by making sure that your system is detectable and that the process noise weighting, W , is
positive definite. This changes any bias states into a random walk or drift states, but the
slight degradation in filter performance that results is usually more than compensated for by
the better margin against divergence. Moreover, it is probably not all that far from reality,
as real biases tend to change over time. We also note that picking a conservatively large W

will overcome erroneous noise and disturbance weightings.

7.5 Exercises
1. Suppose that the scalar dynamic system

xk+1 = �kxk + wk

can be observed perfectly. However, �k is not deterministic but is generated by the
difference equation

�k+1 = α�k + vk.

The disturbanceswk and vk are both zero-mean, white-noise processes with intensities
W and V , respectively. Derive a filter to estimate �k .

2. Consider the two-dimensional tracking problem, where the target is assumed to be a
point mass traveling under the influence of gravity in the x-y plane, i.e.,

v̇x = 0,

ẋ = vx,

v̇y = −g,
ẏ = vy.

(a) Assume that the nominal trajectory for the target is a straight line under constant
velocity and that every T seconds you get an angular line-of-sight measurement
of the target,

θ = tan−1
[y
x

]
.

Derive a linearized Kalman filter for this system.

(b) Analyze the observability of your filter.

(c) Analyze the observability of the filter if you add a range measurement,

R =
√
x2 + y2.

(d) Now assume that you do not know the reference trajectory. Can an extended
Kalman filter structure help you in this case? Explain your answer.
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M M

k k k1 2 1

r r1 2

Figure 7.1. Mass-Spring System for Problem 5.

3. Consider the dynamic equation

xk+1 = axk + buk,

where x0 is zero mean with covariance P0 and uk is a nonzero, known input. Suppose
the measurement is

zk = xk + vk,

where vk is zero mean with covariance Vk . Develop a filter that will estimate xk and
the unknown parameter b, where b is modeled as a random variable with mean b̄ and
variance B. Is the filter optimal in some sense?

4. Let the scalar stochastic system be

dx = axdt + xdw,

dz = xdt + dv,

where the Brownian motion processes w and v have statistics

E[dw2] = Wdt, E[dv2] = V dt

and w and v are independent.

(a) Find the best linear minimum-variance estimator.

(b) Is this a conditional mean estimator? Explain.

(c) What are the properties of the residuals and the estimation error?

5. Consider the following mass-spring problem (Figure 7.1). It is desired to estimate the
positions of the two masses, r1 and r2. However, the spring constant k2 is unknown.
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R
E

R

satellite #1satellite #2

satellite #3

(a1,b1)(a2,b2)

(a3,b3)

Figure 7.2. Satellite Orbit Geometry for Problem 6.

Derive the equations for an extended Kalman filter that will estimate r1 and r2 and the
unknown parameter k2. You may assume that you have direct measurements of the
two positions. Simulate your filter using MATLAB® or some other suitable package.

6. Consider the following orbit determination problem (Figure 7.2). Asatellite is circling
the Earth at a distance r from the Earth center. At any given time t it is at some angle
θ(t) with respect to some designated axis. The equations of motion for the space
vehicle are given by

r̈ − rθ̇2 + μ

r2
= wr,

rθ̈ + 2ṙ θ̇ = wθ .

The scalar, μ, is proportional to the universal gravitational constant. The random
forcing functions, wr and wθ , are assumed to be white-noise processes.

We will assume that the random forcing functions are “small” so that the spacecraft
roughly follows the solution to the equations of motion. One such solution is a
perfectly circular orbit given by

r∗ = R (a constant radius),

θ∗ = �t

(
� =

√
μ

R3

)
.

It is assumed that the satellite has an on-board GPS system and can at all times see
three GPS satellites positioned at (a1, b1), (a2, b2), (a3, b3). To simplify our analysis,
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we will assume that these satellites are fixed in inertial space and that the Earth never
occludes the satellites’ visibility to the GPS satellites. The measurement that we get
from any of the three satellites is a range measurement of the form

zi =
√
(r sin θ − ai)2 + (r cos θ − bi)2 + cτi .

Use the following data:

R = 8000 km,

e = 0 (circular orbit),

Re = 6400 km,

g = 9.8 m/sec2,

μ = 3.986× 1014 m3/sec2,

� =
√

μ

R3
rad/sec,

c = 3× 108 m/sec,

τ1 = 90 μsec,

τ2 = −120 μsec,

τ3 = 200 μsec.

Your job will be to simulate a discrete-time linearized Kalman filter using the circular
orbit as the reference trajectory. (Hint: Pick reasonable numbers for your process
noise and measurement noise weightings.) The GPS satellites are located at

a1 = 15600 km, b1 = 15600 km,

a2 = −15600 km, b2 = 15600 km,

a3 = −15600 km, b3 = −15600 km.

Assume that you know the orbit radius and angle perfectly, i.e.,

R̂ = R,

θ̂ = θ,

but that you have no information about the τi’s (which are variations in the on-board
clock), and so you assume that they are zero:

τ̂1 = 0,

τ̂2 = 0,

τ̂3 = 0.

(a) Run your filter for at least ten orbits and provide plots that show the convergence
(or lack thereof) of your estimates for R, θ, τ1, τ2, τ3.

(b) Show plots showing the behavior of the covariances for R, θ, τ1, τ2, τ3.
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R
E

R

satellite #1

satellite #2

satellite #3

(a1,b1)

(a2,b2)

(a3,b3)

Satellie #2 not visible in this region

Sat #2 & #3 not visible in this region

Figure 7.3. Occluded Satellite Orbit Geometry for Problem 7.

(c) What happens if you do not know your orbit perfectly and you attempt to use
a linearized Kalman filter? Show a plot of your estimates for R, θ, τ1, τ2, τ3 if
you use R̂ = 8010. Explain why you see the behavior that you see. You may
assume that you know the initial θ exactly.

7. This problem is a follow-on to problem 6. We now assume that the Earth gets in the
way (Figure 7.3) and that the GPS satellites are now positioned at

a1 = 11000 km, b1 = 19053 km,

a2 = −15600 km, b2 = 15600 km,

a3 = −11000 km, b3 = −19053 km.

That is, when 0◦ < θ < 90◦, only satellite #1 is visible, and when 270◦ < θ < 360◦,
only satellites #1 and #3 are visible. Even though the geometry in Figure 7.3 would
seem to indicate that satellite # 1 should not be visible for parts of the 90◦ < θ < 270◦
region, you can assume that all three satellites are visible in this region.

(a) As you did in the previous problem, run your filter for at least ten orbits and
provide plots that show the convergence (or lack thereof) of your estimates for
R, θ, τ1, τ2, τ3.

(b) Show plots showing the behavior of the covariances for R, θ, τ1, τ2, τ3.

8. Let us return to orbit determination problem. Your job now is to implement an
extended Kalman filter to solve this problem. Your equations of motion are identical
to those given two problems before. As a truth model assume that the reference orbit
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is a perfectly circular orbit given by

r∗ = R (a constant radius),

θ∗ = �t

(
� =

√
μ

R3

)
.

As before, the satellite has an on-board GPS system and can at all times see three
GPS satellites positioned at (a1, b1), (a2, b2), (a3, b3). To simplify our analysis, we
will assume that these satellites are fixed in inertial space and that the Earth never
occludes the satellites visibility to the GPS satellites. The measurement that we get
from any of the three satellites is a range measurement of the form

zi =
√
(r sin θ − ai)2 + (r cos θ − bi)2 + cτi .

Use the same data as before:

R = 8000 km,

e = 0 (circular orbit),

Re = 6400 km,

g = 9.8 m/sec2,

μ = 3.986× 1014 m3/sec2,

� =
√

μ

R3
rad/sec,

c = 3× 108 m/sec,

τ1 = 90 μsec,

τ2 = −120 μsec,

τ3 = 200 μsec.

Your job will be to simulate a discrete-time extended Kalman filter (Hint: Pick rea-
sonable numbers for your process noise and measurement noise weightings.) The
GPS satellites are located at

a1 = 15600 km, b1 = 15600 km,

a2 = −15600 km, b2 = 15600 km,

a3 = −15600 km, b3 = −15600 km.

Assume that you know the orbit radius perfectly, i.e.,

R̂ = R;
however, your initial orbit angle will be off by −0.2 radians,

θ̂ = θ − 0.2,
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and you will assume that you have no information about the clock slews, and so you
assume that they are zero:

τ̂1 = 0,

τ̂2 = 0,

τ̂3 = 0.

(a) Run your filter for at least ten orbits and provide plots that show the convergence
of your estimates errors, i.e., R − R̂, θ − θ̂ , τ1 − τ̂1, τ2 − τ̂2, τ3 − τ̂3.

(b) Show plots showing the behavior of the covariances for R, θ, τ1, τ2, τ3.

9. Now, run the extended Kalman filter that you derived in the previous problem for
the scenario in which the Earth gets in the way and that the GPS satellites are now
positioned at

a1 = 11000 km, b1 = 19053 km,

a2 = −15600 km, b2 = 15600 km,

a3 = −11000 km, b3 = −19053 km.

That is, when 0◦ < θ < 90◦, only satellite #1 is visible, and when 270◦ < θ < 360◦,
only satellites #1 and #3 are visible. Even though the geometry in Figure 7.3 would
seem to indicate that satellite # 1 should not be visible for parts of the 90◦ < θ < 270◦
region, you can assume that all three satellites are visible in this region.

(a) As you did before, run your filter for at least ten orbits and provide plots that
show the convergence of your estimation errors.

(b) Show plots showing the behavior of the covariances for R, θ, τ1, τ2, τ3.

10. Let us now consider a gyro calibration problem. We have a three-channel gyroscope
mounted on a two-gimbal mount (see Figure 7.4). You can assume that the attitude
of the gyro box in the gimbal mount can be described by the following equation:

A
B/N
= P(E)Y (A),

where

P(E) =
⎡
⎣ cosE 0 − sin E

0 1 0
sin E 0 cosE

⎤
⎦ ,

Y (A) =
⎡
⎣ cosA sin A 0
− sin A cosA 0

0 0 1

⎤
⎦ .

The gyro model is
�G = Cω

B/N
+ b,

where the sensing axes are given by the matrix
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Gyro Box

Outer
Gimbal

Inner
Gimbal

B

N

Figure 7.4. Gyroscope in Double Gimbal.

C =
⎡
⎣ 1+ ε1 0 0

0 1+ ε2 0
0 0 1+ ε3

⎤
⎦ .

The scalars εj are known as scale factors. The vector b is

b =
⎧⎨
⎩

b1

b2

b3

⎫⎬
⎭

and represents the bias in the gyros.

Our objective will be to estimate εj and bj , j = 1, . . . , 3.

(a) Derive the dynamics and measurement equations for an extended Kalman filter.

(b) Simulate an extended Kalman filter by imparting a test pattern of your choice
onto the double-gimbal mount. The truth state errors are

b1 = 0.5 deg/hour,

b2 = −0.75 deg/hour,

b3 = 0.9 deg/hour,

ε1 = −90 parts-per-million,

ε2 = 40 parts-per-million,

ε3 = 50 parts-per-million.
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Chapter 8

A Selection of Results from
Estimation Theory

In this chapter, we present a number of odds and ends that are variations to the basic Kalman
filtering assumptions or are related ideas that shed new light upon the results that we have
presented so far. It is a potpourri of topics reflecting the many directions in which the theory
has gone.

8.1 Continuous-Time Colored-Noise Filter
If the measurement noise variance, V , is correlated, the filter problem must be reformulated,
producing a lower-dimensional filter. Consider the following stochastic system:

dx = Fxdt +Gdβ

with

E
[
dβdβT] = Wdt, x0 ∼ N

(
x̂0, P0

)
.

In this problem, the measurements

z =
[
H I

] {
x

v

}
have correlated noise. In fact, v is described by the zero-mean Gauss–Markov process,

dv = Avdt + dη, E [dη] = 0,

E
[
dηdηT

]
= Sdt, v0 ∼ N (0, V0) .

Note that η is uncorrelated with v0 and β. We solve this problem by first defining a new
measurement,

dξ := dz− Azdt

= Ḣxdt +H
(
Fxdt +Gdβ

)
+ Avdt + dη − AHxdt − Avdt

= Hxdt + dε,

263
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where

H = HF − AH + Ḣ ,

dε = HGdβ + dη.

The new measurement noise is white but correlated with the process noise, i.e.,

E
[
dβdεT

]
= WGTH Tdt,

E
[
dεdεT

]
= V dt =

(
HGWGTH T + S

)
dt.

To convert this problem to the more standard Kalman filtering scenario, add the zero quantity,

dξ −Hxdt − dε = 0,

to the dynamic equation through the Lagrange multiplier !:

dx = Fxdt +Gdβ +!(dξ −Hxdt − dε)

= (F −!H)xdt + (Gdβ −!dε)+!dξ.

With the extra degree of freedom that ! gives us, we can make the process disturbance and
measurement noise uncorrelated,

E
[
(Gdβ −!dε)dεT

]
=
(
GWGTH T −!V

)
dt = 0.

Solving for ! in the above gives us

! = GWGTH TV
−1
.

The previous filtering equations now become

dx̂ = (F −!H)x̂dt +K(dξ −Hx̂dt)+!dξ

= F x̂dt +K(dξ −Hx̂dt),

where

K = PH TV
−1
, K = K +! =

[
PH T +GWGTH T

]
V
−1

(8.1)

and

Ṗ = (F −!H)P +P(F −!H)T+GWGT−GWGTH TV
−1
HGWGT−PH TV

−1
HP.

(8.2)
The initial conditions for the filter are

x̂(t+0 ) = x̂0 + P 0H
T
(
HP 0H

T + V
)−1

(z0 −Hx̂0),

P (t+0 ) = P 0 − P 0H
T
(
HP 0H

T + V
)−1

HP 0.



book
2008/9/3
page 265

�

�

�

�

�

�

�

�

8.1. Continuous-Time Colored-Noise Filter 265

K̇ +KA
∫
(·)dt

K

F −KH

�

�

+ +

+
−

z
x̄

x̂

�

�

� �

��

�

�

�

Figure 8.1. Colored-Noise Filter.

Note that there is a discontinuity in the estimate and in the error variance at the initial time.
Note also that we have had to differentiate the measurement to solve this problem. This is
something you would never do to a real signal. We can circumvent this difficulty, however,
by defining a new state,

x̂(t) = x̄(t)+Kz. (8.3)

Differentiate (8.3) and substitute in dx̂

dx̄ = dx̂ − K̇zdt −Kdz

= F x̂dt +K(dz− Azdt −Hx̂dt)− K̇zdt −Kdz

= (F −KH)x̂dt − (KA+ K̇)zdt

or
˙̄x = (F −KH)x̂ − (KA+ K̇)z. (8.4)

Now, the filter gain is differentiated, not the measurement. A block diagram illustrating the
colored-noise filter is shown in Figure 8.1.

Example 8.1 (Correlated Measurement Noise). The results of this section are applied to
a scalar estimation problem formulated in Example 6.17. In that example the estimation
problem is solved by the spectral method producing the optimal filter transfer function. Here,
the colored measurement Kalman filter is solved in steady state. Suppose the measurement
is z = x + v, where the signal x is modeled by the scalar stochastic difference equation

dx = −asxdt + dws, as > 0, E[dw2
s ] = Wsdt,

and the measurement noise v is also modeled by the scalar stochastic difference equation

dv = −anvdt + dwn, an > 0, E[dw2
n] = Wndt.

Also, we define the following parameters:

! = Ws

Ws +Wn

, V̄ = Ws +Wn, H = an − as.
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The colored-noise estimator given in (8.3) and (8.4) are rewritten for this example as

˙̄x = (−as − K̄(an − as))x̂ + K̄anz, x̂ = x̄ + K̄z.

The resulting transfer function is

Ho(s) = x̂

z
= K̄

[
s + an

s + as + K̄(an − as)

]
, (8.5)

where the gain is

K̄ = P(an − as)+Ws

Ws +Wn

(8.6)

and is to be determined by finding the steady-state solution P of the Riccati equation (8.2),

Ṗ = 0 = −2

[
as + Ws(an − as)

Ws +Wn

]
P +

[
Ws − W 2

s

Ws +Wn

]
− P 2(an − as)

2

(Ws +Wn)
,

which reduces to the quadratic equation

P 2 + 2

[
asWn +Wsan

(an − as)2

]
P − WsWn

(an − as)2
= 0.

The solution to this quadratic equation is

P = −(asWn +Wsan)+ (Ws +Wn)α

(an − as)2
, α2 = Wsa

2
n +Wna

2
s

Ws +Wn

,

where the solution giving a positive P is chosen. Then, the gain K̄ in (8.6) becomes

K̄ =
[−as + α

an − as

]
. (8.7)

Substitution of K̄ into (8.5) gives the transfer function

Ho(s) = x̂

z
= K̄

[
s + an

s + α

]
. (8.8)

We need only show that K̄ is the same as the gain in (6.63) to show that the two approaches
are equivalent. This is easily done by noting that

K̄ =
[−as + α

an − as

] [
α + as

α + as

]
= (as + an)Ws

(α + as)(Ws +Wn)
.
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8.2 Optimal Smoothing and Filtering in Continuous Time
Smoothing is the process by which we obtain the estimate of the state of a linear dynamic
system,

ẋ = Fx +Gw,

y = Hx + v,

based upon the entire measurement history, Ytf := y(t), t0 ≤ t ≤ tf . Smoothing is distinct
from filtering in that it uses all of the measurements—past, present, and future—to generate
its estimate. Filtering uses only the estimates up to the current time, t . We, thus, distinguish
the smoothed estimate from the filtered estimate, x̂(t), by denoting it by x̂(t |tf ).

For pedagogical purposes, we will initially consider the smoothing problem as the
solution to a least squares problem in which it is desired to minimize

J = 1

2
e(t0)

TP−1
0 e(t0)+ 1

2

∫ tf

t0

[
wTW−1w + (y −Hx)T V −1 (y −Hx)

]
dτ. (8.9)

Here,
e(t0) := x(t0)− x̂(t0)

and W is simply a weighting matrix (for now). For the moment, we will skirt the question
of why this least squares problem describes the smoothing problem or how we can equate
what is essentially a deterministic technique to a stochastic process. One advantage of using
least squares is that we do not need to specify the boundary conditions for x, i.e., the values
of x at either t0 or tf .

The first step in finding the minimum value of our cost is to choose the optimal value
function for the cost to be of the form

V (x, t) = 1

2
e(t)TP−1(t)e(t)+ α(t), e(t) := x(t)− x̂(t).

One can think of V (x, t) as sweeping the initial boundary condition of J , (8.9), at t0 forward
in time. We also use V to define the Lagrange multiplier,

λ(t) = ∂V

∂x
= e(t)T�(t), (8.10)

where �(t) := P−1(t). The adjoined cost is now

J̄ = V (x, t0)+ 1

2

∫ tf

t0

[
‖w‖2

W−1 + ‖y −Hx‖2
V −1 + e(τ )T�(τ) (Fx +Gw − ẋ)

]
dτ.

As is standard in optimization problems, we rewrite the term that includes ẋ by integrating
it by parts,

1

2

∫ tf

t0

d

dt

[
e(τ )T�(τ)e(τ )

]
dτ =

∫ tf

t0

[
e(τ )T�(τ)ė(τ )+ 1

2
e(τ )T�̇(τ )e(τ )

]
dτ.
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We can rewrite this term using our definitions for V (x, t) and e to read

−
∫ tf

t0

[
x̂(τ )− x(τ)

]T
�ẋdτ = V (x, tf )− V (x, t0)

−
∫ tf

t0

{[
x̂(τ )− x(τ)

]
� ˙̂x + 1

2

[
x̂(τ )− x(τ)

]T
�̇(τ )

[
x̂(τ )− x(τ)

]
+ α̇(τ )

}
dτ.

If we substitute this result back into the cost, we get

J̄ = V (x, tf )− α(t0)+
∫ tf

t0

[1

2
wTW−1w + 1

2
(y −Hx)TV −1(y −Hx)

+ eT�(Fx +Gw)− eT� ˙̂x − 1

2
eT�̇e − α̇(τ )

]
dτ.

If we replace the x in the measurement residual, y − Hx, and in the dynamics with the
equivalent, e + x̂, and then manipulate the remaining terms so that they can be written as
quadratics, we get

J̄ =V (x, tf )− α(t0)+ 1

2

∫ tf

t0

[
(w +WGT�e)TW−1(w +WGT�e)

− eT (−�GWGT�− �̇− F T�−�F +H TV −1H
)
e + (y −Hx̂)TV −1(y −Hx̂)

+ 2eT
(
H TV −1x −H TV −1Hx̂ +�Fx̂ −� ˙̂x

)
− α̇

]
dτ.

We should mention that in getting the previous equation, we replaced the term �F with
its symmetric part, 1

2 (�F + F T�), since only the symmetric part will contribute to the
quadratic term.

Because x(t) can be an arbitrary function of time, the stationarity of our cost requires
that the terms in the cost that are coefficients of e are set to zero. This gives us

˙̂x = F x̂ + PH TV −1(y −Hx̂), x̂(t0) = given, (8.11)

−�̇−1 = F T�+�F +�GWGT�−H TV −1H, �(t0) = P(t0)
−1 (8.12)

and

α̇ = 1

2
(y −Hx̂)TV −1(y −Hx̂), α(tf ) = 0.

Note that (8.11), (8.12) are the equations for the Kalman filter. The α-term can be seen to
be essentially the integrated fit error squared or what we used as the cost function when we
introduced the least squares problem. After we make our substitutions using (8.11), (8.12),
the remaining cost becomes

J̄ = 1

2
e(tf )�(tf )e(tf )+

∫ tf

t0

‖w +WGT�e‖2
W−1dτ.

By looking at this cost function, it is obvious that we get our minimum when

x∗(tf ) = x̂(tf ), (8.13)

w∗(t) = −WGT�e. (8.14)
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The ∗ superscript indicates that the above values are the optimal values for x(tf ) and w.
The optimal smoothed estimate, x̂(t |tf ), is then obtained by substituting the optimal value
of w, (8.14), into the dynamic equation

˙̂x(t |tf ) = F x̂(t |tf )−GWGT�(t)
[
x̂(t)− x̂(t |tf )

]
(8.15)

and propagating backwards in time from the boundary condition given by (8.13).
Now, an alternative way to obtain the optimal smoothed estimate is to make use of

(8.10) to write
x̂(t |tf ) = x̂(t)+ P(t)λ(t).

To use this equation, however, we need a way to calculate λ(t) over time. The solution is
to differentiate (8.10),

λ̇(t) = �̇e +�
[ ˙̂x(t |tf )− ˙̂x(t)],

to get a differential equation for λ. The �̇ and ˙̂x(t) equations are obtained from the Kalman
filtering equations (8.11), (8.12). The ˙̂x(t |tf ) equation is then garnered from our key result,
(8.15). Altogether, we get

λ̇ = −(F T −H TV −1HP)λ−H TV −1(y −Hx̂), λ(tf ) = 0. (8.16)

Now, the benefit of this approach is that we can couple (8.16) with (8.15) to get{ ˙̂x(t |tf )
λ̇(t)

}
=
[

F GWGT

HV −1H T −F T

]{
x̂(t |tf )
λ(t)

}
+
[

0
H TV −1

]
y,{

x̂(t0|tf )
λ(tf )

}
=
{

x̂(t0)+ P(t0)λ(t0)

0

}
.

The preceding is a Hamiltonian system, and the coefficient matrix is known as a Hamiltonian
matrix. There are methods to solve Hamiltonian systems, which will lead to the same answer
for the optimal smoother—(8.15). The real value of the Hamiltonian system is its use in
proving key properties of the smoother (and the Kalman filter), including stability and
steady-state convergence.

One would expect that since we are using more information to calculate the smoothed
estimate than the filtered estimate, we should get a better estimate. As it turns out, this is
indeed the case if we look at the smoothed covariance. The smoothing error is

e(t |tf ) := e(t)+ P(t)λ(t).

The smoothing error covariance is then

E
[
e(t |tf )e(t |tf )T] = E

[
(e + Pλ)(e + Pλ)T]

= E
[
e(t)e(t)T]+ E

[
e(t)λ(t)T]P(t)+ P(t)E

[
λ(t)e(t)T]

+ P(t)E
[
λ(t)λ(t)T]P(t).

(8.17)

We can calculate the cross-terms involving e and λ using the orthogonal projection lemma,
which says that the optimal estimate in the least square sense is such that the estimation
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error is orthogonal to the measurement, y, or any function of y such as the filtered estimate,
x̂. Hence,

E
[
e(t)x̂(t)T] = 0, (8.18)

E
[
e(t |tf )x̂(t)T] = 0, (8.19)

E
[
e(t |tf )x̂(t |tf )T] = 0. (8.20)

Equation (8.19) can be expanded to get

E
[
e(t |tf )x̂(t)T] = E

[
ex̂T]+ PE

[
λx̂T] = 0.

This implies that
E
[
λx̂T] = 0. (8.21)

Similarly, (8.20) can be expanded to get

E
[
e(t |tf )x̂(t |tf )T] = E

[
ex̂T]+ E

[
eλT]P + PE

[
λx̂T]+ PE

[
λλT]P = 0.

Using (8.18), (8.21), the previous equation can be simplified to

E
[
eλT]+ PE

[
λλT]P = 0.

Define
! := E

[
λλT]

so that
E
[
eλT] = −P!P. (8.22)

Substitute (8.22) into (8.17) to get our final answer

P(t |tf ) := E
[
e(t |tf )e(t |tf )T] = P(t)− P(t)!(t)P (t). (8.23)

Comments.

• From (8.23) it is clear that
P(t |tf ) < P (t).

• One of the things that we want to point out is that the smoothed estimate does not
necessarily require that we know the measurement sequence. If one examines (8.15),
he will see that all this information has already been encapsulated in x̂(t).

• It is not practical to invert P(t) at every time step. Instead, one could propagate
�(t) either forward in time using �(t0) = P−1(t0) or backwards in time (which it is
designed to do) from tf using P−1(tf ).

• We can derive a propagation equations for !(t) and P(t |tf ). We leave it to the reader
to show that

!̇ = −(F − PH TV −1H)T!−!(F − PH TV −1H)−H TV −1H,

!(tf ) = 0;
Ṗ (t |tf ) = (F +GWGT�)P (t |tf )+ P(t |tf )(F +GWGT�)T −GWGT,

P (t |tf ) = P(tf ).
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It is interesting to note that P(t |tf ) is propagated with a Lyapunov equation and not
a Riccati equation.

8.3 Discrete-Time Smoothing and Maximum Likelihood
Estimation

The discrete-time smoothing problem, aside from giving us a computable implementable
version of the smoother, also reveals that one has multiple options in deriving a smoothing
estimator, depending upon the cost function that is chosen.

Suppose that we have a linear system

xk+1 = �k+1,kxk + wk,

yk = Hkxk + vk

and a sequence of measurements, y1, . . . , yN . Asmoothing solution via maximum likelihood
can be obtained by finding the sequence of states, x1, . . . , xN , that maximizes

f (x0, . . . , xN |y0, . . . , yN).

The smoother is found by solving the simultaneous equations,

∂/∂xkf (x0, . . . , xN |y0, . . . , yN) = 0,

though, in general, it is easier to find the solution to the equivalent,

∂/∂xk log f (x0, . . . , xN |y0, . . . , yN) = 0.

If one assumes Gaussian statistics, this objective function turns out to be the discrete-time
version of the continuous-time smoother that we derived earlier.

Alternatively, if the cost function can be broken up so that the cost can be written as
the product of different individual cost functions, the pertinent density function is

f (xk|y0, . . . , yN).

The maximum likelihood estimate for the state at any one time, xk , is then found from the
single equation

∂/∂xkf (xk|y0, . . . , yN),

though, again, it is often much more practical to solve forxk from the log off (xk|y0, . . . , yN).
For the discrete-time smoother, we are interested in determining the propagation

equation for the smoothed estimate, x̂k|N , over time. Thus, we need to consider the joint
probability density of both xk and xk+1:

f (xk, xk+1, YN) = f (xk, xk+1, yk+1, . . . , yN |Yk)f (Yk). (8.24)

Let us play some Bayesian games with the right-hand side of (8.24):

f (xk, xk+1, YN) = f (xk, xk+1, yk+1, . . . , yN |Yk)f (Yk)

= f (xk+1, yk+1, . . . , yN |xk, Yk)f (xk|Yk)f (Yk)

= f (xk+1, yk+1, . . . , yN |xk)f (xk|Yk)f (Yk)

= f (yk+1, . . . , yN |xk, xk+1)f (xk+1|xk)f (xk|Yk)f (Yk)

= f (yk+1, . . . , yN |xk+1)f (xk+1|xk)f (xk|Yk)f (Yk).
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If we examine the terms that make up f (xk, xk+1, YN) and if we assume that we have already
obtained the filtered estimate, x̂k , we can see that f (yk+1, . . . , yN |xk+1) and f (Yk) need not
be considered in the maximization problem. The former is not a function of either xk or
xk+1, and the latter’s information is already accounted for in x̂k .

The term f (xk|Yk) is the probability density maximized by the Kalman filter, and so
we know what the mean and variance are from the Kalman filtering solution:

f (xk|Yk) ∝ e
− 1

2 ‖xk−x̂k‖2
P
−1
k .

The other probability density is determined from the state equation:

f (xk+1|xk) ∝ e
− 1

2 ‖xk+1−�k+1,kxk‖2
W
−1
k .

Thus, the cost function to be maximized51 is

max
xk,xk+1

J = max
xk,xk+1

[
−1

2
‖xk − x̂k‖2

P−1
k

− 1

2
‖xk+1 −�k+1,kxk‖2

W−1
k

]
.

By examining the cost, it is clear that the maximizing value of xk+1 is �k+1,kxk . Call this
maximizing value x̂k+1|N . We cannot, however, enforce this optimal value, since we go
backwards in time from the terminal time, N , in the smoothing problem. Substituted back
into the cost function, we find that the smoothing estimate, x̂k|N , is found by the value of xk
that maximizes

max
xk,xk+1

J = max
xk,xk+1

[
−1

2
‖xk − x̂k‖2

P−1
k

− 1

2
‖x̂k+1|N −�k+1,kxk‖2

W−1
k

]
.

The first variation of J is

δJ = − (xk − x̂k
)T

P−1
k δxk −

(
x̂k+1|N −�k+1,kxk

)T
W−1

k �k+1,kδxk.

Since δxk is arbitrary, the above requires

− (xk − x̂k
)T

P−1
k + (

x̂k+1|N −�k+1,kxk
)T

W−1
k �k+1,k = 0.

Solving for xk gives us x̂k|N :

x̂k|N =
(
�k+1,kW

−1
k �T

k+1,k + P−1
k

)−1
W−1

k �k+1,kx̂k+1|N

+ (
�k+1,kW

−1
k �T

k+1,k + P−1
k

)−1
P−1
k x̂k.

Using the matrix inversion lemma,

(
�k+1,kW

−1
k �T

k+1,k + P−1
k

)−1 = Pk − Pk�
T
k+1,k

[
�k+1,kPk�

T
k+1,k +Wk

]−1
�k+1,kPk.

From the Kalman filter, we know that

M−1
k+1 =

[
�k+1,kPk�

T
k+1,k +Wk,

]−1

51One can get to this cost function directly by taking the log of the joint probability density function.
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and thus (
�k+1,kW

−1
k �T

k+1,k + P−1
k

)−1 = Pk − Pk�
T
k+1,kM

−1
k+1�k+1,kPk.

Substituted back into our equation for x̂k|N ,

x̂k|N =
(
Pk − Pk�

T
k+1,kM

−1
k+1�k+1,kPk

)
�T

k+1,kW
−1
k x̂k+1|N

+ (
Pk − Pk�

T
k+1,kM

−1
k+1�k+1,kPk

)
P−1
k x̂k

= Pk�
T
k+1,k

(
I −M−1

k+1�k+1,kPk�
T
k+1,k

)
W−1

k x̂k+1|N +
(
I − Pk�

T
k+1,kM

−1
k+1�k+1,k

)
x̂k

= Pk�
T
k+1,k

(
I − (I −M−1

k+1Wk)
)
W−1

k x̂k+1|N +
(
I − Pk�

T
k+1,kM

−1
k+1�k+1,k

)
x̂k

= x̂k + Pk�
T
k+1,kM

−1
k+1

[
x̂k+1|N −�k+1,kx̂k

]
;

this gives us our solution. For reference, compare this to (8.15), which is the continuous-time
solution.

Remark 8.2. This discussion follows Rauch, Tung, and Striebel [32].

8.4 Linear Exponential Gaussian Estimation

8.4.1 The LEG Estimator and Sherman’s Theorem

The linear exponential Gaussian (LEG) estimation problem is to find the estimate, x̂k , that
minimizes

J = E
[
−θe −θ�2

]
,

where

� =
N∑
k=0

(
xk − x̂k

)T
Qk

(
xk − x̂k

)
,

subject to

xk+1 = �kxk + wk,

yk = Hkxk + vk,

where Qk ≥ 0. The solution procedure to this problem, first given in [40], is explicitly
presented in Chapter 10. In this section we give the solution and interpret that solution
relative to Sherman’s theorem and the Kalman filter.

For the current information sequence, i.e.,

Yk := {y0, . . . , yk} ,
the filter is

x̂
LEG

k+1 = �kx̂
LEG

k + Pk+1Hk+1V
−1
k+1

(
yk+1 −Hk+1�kx̂

LEG

k

)
, (8.25)

where

Pk =
(
M−1

k +HT
k V

−1
k Hk + θQk

)−1
, (8.26)

Mk+1 = Wk +�kPk�
T
k , M0 > 0. (8.27)
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If you look at (8.25) and compare it to the state propagation and update equations
from the Kalman filter, you will see that it is simply a combination of the two that could
just as easily have been done for the Kalman filter. What makes the LEG filter different is
the covariance update equation (8.26), which has an extra term. This extra piece, however,
means that the LEG estimator will not be a conditional mean estimator like the Kalman
filter. Sherman’s theorem (Theorem 3.2),52 however, tells us that for our cost function, the
Kalman filter ought to be the optimal estimator. Recall the following theorem.

Theorem 8.3 (Sherman’s Theorem). Given a performance measure,

J (eN) = E
[
L(eN)

]
,

where eN := x
N
− x̂N (YN) is the estimation error and L(·) is such that

0 ≤ L(eN) = L(−eN)
and

0 ≤ ‖eN‖ ≤ ‖e′N‖ → 0 ≤ L(eN) ≤ L(e′N). (8.28)

Then, in the presence of Gaussian statistics, the optimal estimator is the conditional mean
(i.e., the Kalman filter).

At first glance, it would appear that the LEG cost function,

L(·) = −θ exp

[
−θ
2

N∑
k=0

(·)TQk(·)
]
,

where θ < 0, should meet the criteria listed in Sherman’s theorem:

0 ≤ −θ exp

[
−θ
2

N∑
k=0

eT
kQkek

]
= −θ exp

[
−θ
2

N∑
k=0

(−ek)TQk(−ek)
]
.

Furthermore, because exponentials are monotonically increasing functions, it satisfies (8.28).
However, the LEG estimator is not a conditional mean estimator.

So, what is happening here? First, note that Sherman’s theorem applies to a single
time step. For the simple additive cost function,

J ′ = E

[ N∑
k=0

(
xk − x̂k(Yk)

)T
Qk

(
xk − x̂k(Yk)

)]
,

it is easy to see that it can be expanded into a sum of nested conditional expectations,

J ′ = E

[
E

[(
x0 − x̂0(Y0)

)T
Q0

(
x0 − x̂0(Y0)

) ∣∣∣∣Y0

]]

+ E

[
E

[(
x1 − x̂1(Y1)

)T
Q1

(
x1 − x̂1(Y1)

) ∣∣∣∣Y1

]]

+ · · · + E

[
E

[(
x

N
− x̂N (YN)

)T
QN

(
x

N
− x̂N (YN)

) ∣∣∣∣YN

]]
.

52Recall our discussion of general stochastic estimation theory, Section 3.1.
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Thus, we can see that we can apply Sherman’s theorem to each and every single step, result-
ing in a conditional mean estimator as the minimizing filter for each individual expectation.
If this cost criterion is used to derive the Kalman filter, it is shown that the resulting filter is
independent of the choice of Qk .

For an exponential of the same function, however, the individual steps do not expand
out into a sum but into a product:

J = E

[
exp

[ N∑
k=0

(
xk − x̂k(Yk)

)T
Qk

(
xk − x̂k(Yk)

)]]

= E

[
exp

[(
x0 − x̂0(Y0)

)T
Q0

(
x0 − x̂0(Y0)

)]
exp

[(
x1 − x̂1(Y1)

)T
Q1

(
x1 − x̂1(Y1)

)]
. . .

× exp

[(
x

N
− x̂N (YN)

)
TQN

(
x

N
− x̂N (YN)

)]]
.

The above expression, in fact, gets quite messy once we start nesting conditional expectations
into the above. However, Sherman’s theorem clearly does not apply since the different stages
appear as multipliers to each other. And, in fact, we have seen that the resulting optimal
estimator is a generalization of the Kalman filter.

It is interesting to note that the exponential quadratic smoothing problem results in the
Kalman, or conditional mean, smoother. This is because we have the entire measurement
sequence in the smoothing problem before we do any processing. Thus, we can stack all of
the estimation errors into a large vector

ξ =

⎧⎪⎨
⎪⎩

x0 − x̂0(Y0)
...

x
N
− x̂

N
(YN)

⎫⎪⎬
⎪⎭ .

Then, defining

Q̄ :=
⎡
⎢⎣

Q0 0 0

0
. . . 0

0 0 QN

⎤
⎥⎦ ,

we can rewrite the exponential-quadratic as a single stage

J = E

[
−θ exp

[
−θ

2

N∑
k=0

(
xk − x̂k(YN)

)T
Qk

(
xk − x̂k(YN)

)]] = E

[
−θe− θ

2 ξ
TQ̄ξ

]

that is amenable to Sherman’s theorem. The same result has been found for game-theoretic
smoothers [48].

8.4.2 Statistical Properties of the LEG Estimator and the Kalman
Filter

We can gain additional insights into the LEG estimator by comparing its statistical properties
with that of the Kalman filter. We should note, beforehand, that both filters are linear systems
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driven by Gaussian white-noise processes so that their internal processes, i.e., errors and
residuals, will be Gaussian. The difference between the two filters is the dependence of the
LEG estimator’s gains upon the choice of the weighting matrix, Qk . This little piece of
insight as well as the following ones are taken from [4].

1. The matrix, Mk , which appears in the LEG estimator equations does not denote the
covariance of an a priori, or propagated, estimation error. Therefore, denote this
statistic as

MLEG
k := E

[(
xk − x̄

LEG

k

) (
xk − x̄

LEG

k

)T
]
.

However, in the Kalman filtering algorithm, Mk is an a priori error variance and is
the statistic:

Mk := E

[(
xk − x̄

KF

k

) (
xk − x̄

KF

k

)T
]
.

2. The unconditioned expectation of the LEG estimation error is zero,53

E
[
xk − x̂

LEG

k

]
= 0.

The expectation of this error, conditioned on the measurement sequence, however, is
shown to be biased away from that of the Kalman filter conditional state error:

E
[
xk − x̂

LEG

k

∣∣∣Yk

]
= E [xk |Yk ]− E

[
x̂

LEG

k

∣∣∣Yk

]
= x̂

KF

k − x̂
LEG

k = e
LEG

k − e
KF

k ,

where e
KF := x − x̂

KF
and e

LEG := x − x̂
LEG

. This biasing, moreover, is dependent
upon the measurement sequence as modified by the choice of Qk .

3. The conditional covariance of the error of the LEG estimate is

E

[(
e

LEG

k − E
[
e

LEG

k

∣∣Yk

])(
e

LEG

k − E
[
e

LEG

k

∣∣Yk

])T∣∣∣∣Yk

]

= E

[(
eLEG
k + e

KF

k − e
LEG

k

)(
e

LEG

k + e
KF

k − e
LEG

k

)T∣∣∣∣Yk

]

= E

[
e

KF

k (e
KF

k )T
∣∣∣∣Yk

]
≡ P

KF

k ,

53To see this, calculate the error equation for the LEG estimator,

e
LEG

k+1 = xk+1 − x̂LEG
k+1

= �kxk + wk −�kx̂
LEG
k − PkH

T
k V

−1
k

(
yk+1 −Hk+1�kx̂

LEG
k

)
=
(
�k − PkH

T
k V

−1
k Hk+1�k

)
e

LEG

k + wk − PkH
T
k V

−1
k vk.

This is a linear difference equation whose initial condition has zero mean and is driven by zero-mean random
processes. Therefore, its unconditional expectation is zero throughout.
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which is equal to the conditional error covariance of the Kalman filter.54 The uncon-
ditional covariance of the error of the LEG estimate from its conditional error is, of
course, given by

E

[(
e

LEG

k −E
[
e

LEG

k

∣∣Yk

])(
e

LEG

k −E
[
e

LEG

k

∣∣Yk

])T]
= (

M−1
k +H T

k V
−1
k Hk

)−1 =: P KF

k .

4. Note that the error covariance for the LEG estimator is not the conditional error
variance, because the Kalman filter is a minimum variance estimator. Therefore,

P
KF

k ≤ P
LEG

k .

The behaviors of the mean and covariance of the LEG estimation error are side
effects of the minimization operation on a cost which includes higher moments of the
quadratic cost function. By including a weighted portion of these higher moments in
the cost, the tails of the Gaussian curve of the conditional density function f (ê

LEG

k |Yk)

are brought in at the cost of a shift of the mean and a larger second moment.

5. Unlike the Kalman filter residual, the LEG filter residual yk −Hkx̄
LEG

k has a nonzero
conditional mean,

E
[
yk −Hkx̄

LEG

k

∣∣∣Yk

]
= HkE [xk |Yk ]−HkE

[
x̄

LEG

k |Yk

]
+ E [vk |Yk ]

= Hk

(
x̄

KF

k − x̄
LEG

k

)
.

However, the covariance of the residual from its nonzero conditional mean is identical
to that covariance of the Kalman filter residual,

E

[{
yk −Hkx̄

LEG

k −Hk

(
x̄

KF

k − x̄
LEG

k

)}{
yk −Hkx̄

LEG

k −Hk

(
x̄

KF

k − x̄
LEG

k

)}T]

= E

[(
yk −Hkx̄

KF

k

) (
yk −Hkx̄

KF

k

)T
]
= HkPkH

T
k + Vk.

8.5 Estimation with State-Dependent Noise

8.5.1 General Theory

One way to deal with plant uncertainty is to account for it directly in the filtering algorithm
by modeling the uncertain elements as random variables. Consider the following system:

ẋ = (
A+ Ġ

)
x + ẇ. (8.29)

Here, A is the nominal plant, and Ġ represents wide-band variations of the plant parameters.
It is assumed that the elements of Ġ,

Ġ =
⎡
⎢⎣

Ġ11 . . . Ġ1n
...

...

Ġn1 . . . Ġnn

⎤
⎥⎦ ,

54Recall that for the Kalman filter, the conditional and unconditional covariances are equivalent.
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are zero mean and delta correlated, i.e.,

E
[
Ġij Ġkl

] = Nijklδ(t − τ).

The driving input, ẇ, is also a white-noise process,

E [ẇ(t)] = 0,

E
[
ẇ(t)ẇ(τ )

]
= W(t)δ(t − τ).

Because of this, our dynamic system is more properly described by the Itô differential,

dx = F(t)x(t)dt + dG(t)x(t)+ dw(t), (8.30)

where dG and dw are Brownian motion increments. F(t) differs from A by a stochastic
correction term,

F = A+�A.

From [20], this correction term can be shown to be

�Aij (t) = 1

2

n∑
k=1

Nikkj .

The measurement equation is
ż = Hx + v̇,

where v̇ is white noise:
E
[
v̇(t)v̇(τ )

]
= V (t)δ(t − τ).

The measurement equation as an Itô differential is

dz = Hxdt + dv.

Now, because of the uncertainties in the plant model as represented by Ġ, we get
a state-dependent noise term in the dynamic equation. Hence, our system is not Gauss–
Markov. This means that for all practical purposes the true minimum variance estimator is
beyond our grasp. What we will do instead is to develop a linear filter in the spirit of the
Kalman filter. It can be shown in the general case that this gives the best linear minimum
variance estimator.

From [20], we assume that the propagation equation for the linear filter is

dx̂ = F x̂dt +K
[
dz−Hx̂dt

]
. (8.31)

Note that the filter obeys the dynamics of the stochastic model (8.30) and not the physical
model (8.29). Our interpretation is that the filter contains an explicit account for the model
uncertainty.

The gain for this filter is taken to be the solution to the minimization problem,

min
K

J = E

[
1

2
e(tf )

TWe(tf )+ 1

2

∫ tf

t0

e(t)TW(t)e(t)dt

]
, (8.32)
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subject to a linear filtering structure, (8.31). Our cost (8.32) is an unconditional expectation,
because we are averaging over all possible measurement sequences.

The given problem is equivalent to the Kalman filtering problem. In fact, it is the
problem from the point of view of optimization [8]. It is, furthermore, the dual of the linear
quadratic regulator problem, meaning that we can find our filter gain by using the dual of
the control result,

K(t) = P(t)H(t)TV (t)−1,

where P(t) is the solution to the Riccati-like equation,

Ṗ = FP + PF T − PH TV −1HP +W +�(X, t). (8.33)

We say “Riccati-like” because of the presence of the term �(X, t), which is defined to be

�(X, t) := E
[
dG(t)X(t)dG(t)T

]
.

X(t) is the solution to
Ẋ = FX +XF T +�(X, t)+W,

which is almost a Lyapunov equation. Since X(t) is a deterministic matrix, it can be shown
that

�(X, t)ij =
n∑

k=1

n∑
l=1

Nikjl(t)Xkl(t).

With the presence of �(X, t), the existence of a solution to (8.33) is not guaranteed.

8.5.2 Application to Phase-Lock Loops

Phase-lock loops are analog/digital devices that have widespread application in communi-
cations. The basic problem is to track a signal,

ż(t) = √2A sin(φt )+ v̇(t),

where
φt = ωct + θt . (8.34)

A is a fixed, but unknown, signal power, ωc is a fixed and known carrier frequency, and φt

is the phase angle to be estimated. The additive noise, v̇t , is zero mean and delta correlated
with a spectral power, N0/2. The additive noise term, θt , is a Brownian motion process
such that

θ0 = 0, E [θt ] = 0, E
[
θtθτ

]
= 1

σ
δ(t − τ).

The scalar, σ , is called the coherence time. The classical solution to this tracking problem
is depicted in Figure 8.2 and is known as a phase-lock loop. The phase-lock loop works if
the output of the low-pass filter is made to be a function of the phase difference between
the input and the output of the voltage controlled oscillator. To see how this comes about,
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Voltage 
Controlled
Oscillator

z(t) z(t)
~. .

z(t)
.

ωc
  

θ̂z(t) =    2  cos(      t   +      )
~.

θ̂-θ  A sin(              ) 

KLow-Pass
Filter

Figure 8.2. Classical Phase-Lock Loop.

.A sin(  ) 1
SA

K

v(t)

θt
θt
^θ t

^θt -+

- +

+

.

Figure 8.3. Base-band Model.

we start with the result that the output of the voltage controlled oscillator will be something
like

˙̃z(t) = √2 cos(ωct + θ̂t ).

If we multiply ˙̃z by the input, we get

ż(t) ˙̃z(t) = 2
√
A sin(φt ) cos(φ̂t )

= √A
[
sin(φt − φ̂t )+ sin(2ωct + θt + θ̂t )

]
+ v̇(t)

√
2 cos(φ̂t ).

After the low-pass filter, this product should essentially look like the sine of the phase
difference:

ż(t) ˙̃z(t) ≈ √A sin(φt − φ̂t ).

In the classic phase-lock loop, this signal will drive the voltage controlled oscillator towards
the input signal so that eventually its output tracks the input.

Our analysis becomes much simpler if we use the base-band model depicted in Fig-
ure 8.3. In this representation, we assume that ωc is “large,” i.e., well beyond the roll-off
of the low-pass filter. We also assume that the voltage controlled oscillator acts like an
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integrator. Defining the error as
e(t) := θ̂t − θt

and tracing the loop in Figure 8.3 gives us

de(t) = −K sin(e)dt + K√
A
dv − dθt

as the differential equation for e. The corresponding differential equation for the error
covariance is then

Ṗ = 2KP + K2N0

2A
+ 1

σ
.

In steady state, Ṗ = 0 so that

P = KN0

4A
+ 1

2σK
.

Thus, the minimizing gain can be found from

∂P

∂K
= N0

4A
− 1

2σK2
= 0,

which leads to

K =
√

2A

N0σ
,

P =
√

N0

2Aσ
.

An alternative phase-lock loop design can be obtained via the extended Kalman filter.
Suppose that we had quadrature55 measurements at the baseband:

ż1 = sin(θt )+ v̇1√
A
,

ż2 = cos(θt )+ v̇2√
A
.

In vector form, this measurement can be written as

z = h(θt )+ v,

where

h(θt ) =
⎧⎨
⎩

sin(θt )

cos(θt )

⎫⎬
⎭ , v =

⎧⎪⎪⎨
⎪⎪⎩

v1√
A

v2√
A

⎫⎪⎪⎬
⎪⎪⎭ .

55“Quadrature” means that we have two signals 90◦ out of phase.
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Linearizing this measurement about the estimate, θ̂ , gives us

H = ∂h

∂θ

∣∣∣∣
θt=θ̂t

.

The noise covariance is simply

V =
⎡
⎢⎣

N0

2A
0

0
N0

2A

⎤
⎥⎦ .

The extended Kalman filter is then
˙̂
θt = PH TV −1

[
z(t)− h(θt )

]
,

Ṗ = −P 2H TV −1H + 1

σ
.

Note that

H TV −1h(θt ) =
[

cos(θ̂t ) − sin(θ̂t )
]⎡⎢⎣

2A

N0
0

0
2A

N0

⎤
⎥⎦{ sin(θ̂t )

cos(θ̂t )

}

= N0

2A

(
cos(θ̂t ) sin(θ̂t )− cos(θ̂t ) sin(θ̂t )

)
= 0.

Also,

H TV −1H = [
cos(θ̂t ) − sin(θ̂t )

]⎡⎢⎣
N0

2A
0

0
N0

2A

⎤
⎥⎦{ cos(θ̂t )

− sin(θ̂t )

}

= N0

2A

(
cos(θ̂t )

2 + sin(θ̂t )
2
)

= N0

2A
.

Hence,

˙̂
θt = PH TV −1

[
żt − h(θ̂t )

]
= PH TV −1ż(t)

= P
2A

N0
sin
(
θt − θ̂t

)
+ 2

√
A

N0
v.

The steady-state value of the covariance is then

0 = 1

σ
− P 2H TV −1H

= 1

σ
− P 2

(N0

2A

)
.
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This means that

P =
√

N0

2Aσ
,

and this matches the base-band model.
There is a problem with this formulation: it is not realizable. We will never get

quadrature measurements. What we can do, however, is to try a variation on this idea.
Instead of assuming quadrature measurements, we define the state to be the quadrature
components of the measurement,

x(t) =
⎧⎨
⎩

x1(t)

x2(t)

⎫⎬
⎭ =

⎧⎨
⎩
√

2A sin(φt )

√
2A cos(φt )

⎫⎬
⎭ .

Using the Itô stochastic differential, we can generate differential equations for x1 and x2.
We do so by interpreting these states as scalar functions of the random process, φt , which
is propagated by the differential equation,

dφt = ωcdt + dθt .

The previous equation was obtained by differentiating (8.34). Hence,

dx1 = ∂x1

∂φt

dφt + 1

2σ

∂2x1

∂φ2
t

dt = x2 (ωcdt + dθt )− 1

2σ
x1,

dx2 = ∂x2

∂φt

dφt + 1

2σ

∂2x2

∂φ2
t

dt = −x1 (ωcdt + dθt )+ 1

2σ
x2.

Thus,

{
dx1

dx2

}
=
⎡
⎢⎣
−1

2σ
ωc

ωc

−1

2σ

⎤
⎥⎦{ x1

x2

}
dt +

[
0 dθt
dθt 0

]{
x1

x2

}

= Fx + dGx.

We point out that the diagonal terms in F are due to the Itô differential formula and not
the physical dynamics of the system. We also note that we have a state-dependent noise
problem.

Our measurement equation is

dz = √2A sin(φt )dt + v = Hx + v,

where
H = [

1 0
]
.

The filter has the form
dx̂ = F x̂dt +K

(
dz−Hx̂dt

)
,



book
2008/9/3
page 284

�

�

�

�

�

�

�

�

284 Chapter 8. A Selection of Results from Estimation Theory

where the gain is

K = P

[
1
0

]
2

N0
.

P is propagated by

Ṗ = FP + PF T +�(X)− P

⎡
⎣ 2

N0
0

0 0

⎤
⎦P.

In this case,

�(X) = 1

σ

[
X22 −X21

−X21 X11

]
.

The scalars, Xij , are the elements of the solution to

Ẋ = FX +XF T +�(X),

which propagates the state variance. The advantage of this structure is that one can estimate
both the signal magnitude and phase:

Â = 1

2

(
x̂2

1 + x̂2
2

)
,

φ̂t = tan−1

(
x̂1

x̂2

)
.

Moreover, Gustafson and Speyer [20] shows via Monte Carlo analysis that the resulting
filter outperforms the classical loop for low signal-to-noise measurements.

8.6 Exercises
1. Consider the dynamic system:

ẋ = (a + ε)x + w,

z = x + v.

Suppose that a > 0 and that the Kalman filter for this system is

˙̂x = ax̂ +K(z− ẑ).

(a) If ε = 0, what is the dynamic behavior of the state covariance as t →∞?

(b) If 0 < |ε| # a, derive the dynamic equation for the error covariance and discuss
its behavior as t →∞.

2. Consider the scalar continuous stochastic system:

dx = axdt,

dz = xdt + dv,

E
[
dv2

] = dt.
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(a) For the values a = −1, 0, 1 determine the error covariance as t →∞.

(b) If the actual dynamic system is forced by the process noise as

dx = axdt + dw, E
[
dw2

]
dt,

determine the actual error variance in steady state where the filter gain is obtained
assuming no process noise.

3. Consider the scalar dynamic system of the form

dx = axdt + dw,

db = 0,

dz = hxdt + bdt + dv,

where

E[dw] = E[dv] = 0,

E
[
x(t0)

2
] = P, E

[
b2
] = B,

E
[
dw2

] = Wdt, E
[
dv2

] = V dt.

Suppose an estimator is built where the bias b is ignored. Fortunately, the residual
produced by this suboptimal filter, dν = dz−hx̂dt , has been stored in the computer.
Construct an estimator for the bias involving no other state variables (determine
a scalar estimator equation) that uses the residuals of the suboptimal filter as the
measurement.

4. Let us consider the discrete-time version of the continuous-time smoother. In this
version, we wish to find the sequence of estimates, x̂k|N, k = 0, . . . , N , by finding
the solution, xi, i = 0, . . . , N , that maximizes the cost function,

max
x0,...,xN

J (x0, . . . , xN) = max
x0,...,xN

log f (x0, . . . , xN |YN ). (8.35)

If we assume that our state is propagated by the equations

xk+1 = �xk + wk,

yk = Hxk + vk

and that wk and vk are independent, Gaussian random vectors with zero mean and
covariances

E
[
wjw

T
k

] = Wδjk,

E
[
vjv

T
k

] = V δjk

show that the maximum likelihood estimation problem, (8.35), is equivalent to the
deterministic problem

max
x0,...,xN

J̄ (x0, . . . , xN) = min
x0,...,xN

[ N∑
i=0

‖yi −Hxi‖2
V −1 +

N∑
i=0

‖xi −�xi−1‖2
W−1

]
.

(Hint: Make use of the fact that everything is Gaussian and that not every probability
density function in the above contributes to the optimization problem.)
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Gyro Box

Outer
Gimbal

Inner
Gimbal

B

N

Figure 8.4. Gyroscope in Double Gimbal.

5. Let us reconsider the gyro calibration problem introduced as an exercise in Chapter
7. We have a three-channel gyroscope (Figure 8.4) mounted on a two-gimbal mount.
You can assume that the attitude of the gyro box in the gimbal mount can be described
by the following equation:

A
B/N
= P(E)Y (A),

where

P(E) =
⎡
⎣ cosE 0 − sin E

0 1 0
sin E 0 cosE

⎤
⎦ ,

Y (A) =
⎡
⎣ cosA sin A 0
− sin A cosA 0

0 0 1

⎤
⎦ .

The gyro model is
�G = Cω

B/N
+ b,

where the sensing axes are given by the matrix

C =
⎡
⎣ 1+ ε1 0 0

0 1+ ε2 0
0 0 1+ ε3

⎤
⎦ .

The scalars εj are known as scale factors. The vector b is

b =
⎧⎨
⎩

b1

b2

b3

⎫⎬
⎭
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and represents the bias in the gyros.

Our objective will be to obtain a smoothed estimate for εj and bj , j = 1, . . . , 3.
Simulate the smoother by imparting a test pattern of your choice onto the double-
gimbal mount. The truth state errors are

b1 = 0.5 deg/hour,

b2 = −0.75 deg/hour,

b3 = 0.9 deg/hour,

ε1 = −90 parts-per-million,

ε2 = 40 parts-per-million,

ε3 = 50 parts-per-million.
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Chapter 9

Stochastic Control and the
Linear Quadratic Gaussian
Control Problem

To solve the discrete-time stochastic control problem, we will turn to a technique called
dynamic programming. In this chapter, the backward recursive dynamic programming
algorithm is first introduced for a general class of control problems having full state in-
formation. This process is then illustrated on the linear quadratic Gaussian (LQG) control
problem. Next, the dynamic programming methodology of the stochastic control problem
with partial information is developed and again illustrated on the LQG problem with par-
tial information. For continuous time stochastic optimal control problems, the dynamic
programming algorithm becomes equivalent to a partial differential equation known as the
Hamilton–Jacobi–Bellman equation. The solution of this partial differential equation is
found for the continuous LQG problems with both full and partial information. The chapter
concludes with showing classical control robustness results for the LQG controller.

9.1 Dynamic Programming: An Illustration
In dynamic programming, the cost function is explicitly part of the recursive feedback
control law that one uses to control the system. As an example, consider the path planning
example in Figure 9.1.

The objective is to traverse from the vertex, A, to the line terminating at B with the
minimum accumulated cost. The cost of traversing any particular segment is given by the
number just above the segment in the figure. In this particular problem, the traveler has a
choice of moving in the “up” direction or the “down” direction. Using a simple open-loop
rule determined by choosing the lesser cost path starting from point A to line B, the minimal
cost path is DOWN-UP-DOWN. Since the cost along this path is zero, it is clear that no
other path will result in a lower cost.

Consider now an alternate strategy in which a feedback at each stage is constructed to
inform the traveler of the ultimate cost of going along any stage to line B. The optimal cost
to go and the decision rule is indicated in Figure 9.2 by the values given in the boxes near
a vertex. For instance at vertex a, the optimal cost to go is zero, and the optimal decision
is down, i.e., a = 0 (DOWN). Likewise, the remaining vertices can be summarized along
with the optimal decisions as b = 0 (UP or DOWN), c = 0 (UP), d = 0 (UP or

289
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Figure 9.1. Dynamic Programming Illustrative Example.

Figure 9.2. Dynamic Programming with Feedback Strategy.

DOWN), e = 0 (DOWN), f = 12 (UP or DOWN). Using this information, it can be
seen that the optimal sequence is DOWN-UP-DOWN, allowing us to reach line B with zero
cost. This idea—calculating the cost to go along with the optimal feedback decision rule
via a backward recursion rule from the terminal state—is the central idea behind dynamic
programming. Note that for this specified initial vertex, A, the open-loop and the feedback
controls give the same value of the cost criterion and optimal decision sequence.

In a stochastic formulation of this problem, however, the differences between open-
loop and closed-loop control become quite pronounced. Assume that the decision to go
UP results in a probability of 3/4 that UP occurs and a probability of 1/4 that DOWN
occurs. Likewise, a decision to go DOWN has a 3/4 probability that DOWN occurs and a
1/4 probability that the movement is actually UP. To determine the best open-loop control,
the expected value of the cost of the eight possible sequences is evaluated. The optimal
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Figure 9.3. Stochastic Dynamic Programming with Feedback.

open-loop sequence of UP-UP-DOWN for the stochastic problem gives an expected value
of the cost as 120.75. By comparison, the open-loop sequence DOWN-UP-DOWN, which
was optimal for the deterministic problem, now gives a cost of 192.25.56

Given the system uncertainty of the stochastic problem, a feedback rule should do
better.57 The optimal feedback control policy is computed by a backward recursion from
the terminal line B. The optimal expected value of the cost to go and the decision rule
from each vertex is as follows: a = 84 1

4 (DOWN), b = 75 (UP), c = 84 (DOWN),
d = 0 (UP or DOWN), e = 300 (DOWN), f = 12 (UP or DOWN). Using this we
find that the optimal cost is 84 1

4 and the optimal sequence is either DOWN-DOWN-UP or
DOWN-DOWN-DOWN (see Figure 9.3).

Remark 9.1. The preceding discussion comes largely from Dreyfus [14].

9.2 Stochastic Dynamical System
The general discrete-time control problem is represented by the following three stochastic
sequences.

1. The discrete-time stochastic dynamical process is

xk+1 = fk(xk, uk, wk) (9.1)

with a state vector xk ∈ Rn, a control vector uk ∈ Rp, and a white-noise process
sequence wk ∈ Rq . Furthermore, it is assumed that the probability density function
for x0 is given.

56It actually takes a little work to calculate the open-loop cost for each path. See the exercises.
57It should do better, or all of the buildup leading to this point will look rather silly.
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2. The observation process is

yk = hk(xk, uk−1, vk), y0 = h0(x0, v0), (9.2)

where v0 is characterized by f (v0|x0) and vk by f (vk|xk, uk−1). Furthermore, vk is
assumed independent of vj for all j 
= k. It is assumed here that vk is independent of
wj for all j and k, but this restriction can be relaxed.

3. The control process is
uk = uk(Ik), (9.3)

where the information history Ik is the set

Ik
 = {y0, . . . , yk, u0, . . . , uk−1}, k = 1, . . . , N − 1, I0 = y0. (9.4)

9.2.1 Stochastic Control Problem with Perfect Observation

In this section, we specialize to the perfect information case where yk
 = xk . The control

uk is constrained to lie in a space Uk(xk) ⊂ Ck (control space). The admissible control set,
Uk(xk), is assumed to be a nonempty set and xk is constrained to lie in Sk , a given region of
state space, and wk is characterized by the probability density function fk(·|xk, uk).

Definition 9.2 (Class of Control Laws). A class of control laws or control strategy consists

of the finite sequence γ (0, N − 1)
 = {u0, u1, . . . , uN−1}, where uk : Sk → Ck . If uk(xk) ∈

Uk(xk) for all xk ∈ Sk , then the control laws are admissible.

The optimal stochastic control problem is to find an admissible control law γ (0, n−
1) = {u0, u1, . . . , uN−1} that minimizes

Jγ = E

[
gN(xN)+

N−1∑
k=0

gk(xk, uk(xk), wk)

]
(9.5)

subject to
xk+1 = fk(xk, uk, wk), (9.6)

where the expectation is taken over all underlying random variables, i.e., {x0, w0, . . . , wN−1}.
Assume there exists an admissible γ (0, N − 1) that minimizes the cost functional Jγ .

Then, the optimal value J ∗ is defined as J ∗  = minγ Jγ .

9.3 Dynamic Programming Algorithm

Suppose that γ ∗(0, N − 1)
 = {u∗0, u∗1, . . . , u∗N−1} is an optimal control law. Consider the

subproblem of starting at state xi at time stage i and minimizing the “cost to go” from time
i to N ,

J ∗i (xi) = min
ui ,...,uN−1

E

[
gN(xN)+

N−1∑
k=i

gk(xk, uk(xk), wk)|xi
]
; (9.7)
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then γ ∗(i, N − 1)
 = {u∗i , . . . , u∗N−1} is also optimum for this subproblem. Basically, the

principle of optimality says that the optimal control, γ ∗(0, N−1), over a given time interval,
T = [0, N − 1], is also the optimal control law for any of its subintervals. Equivalently,
any control law that is optimal in a time interval which includes T must be identical to
γ ∗(0, N − 1) on T . This fact turns out to be fairly easy to prove.

Consider a subinterval of the stochastic control problem (note that the interval starts
at i = k and not i = 0),

J 0
k (xk) = min

γ (k,N−1)
E

[N−1∑
i=k

(gi(xi, ui(xi), wi))+ gN(xN)|xk
]
,

and define γ 0(k,N − 1) to be the optimal control for this problem. Similarly, define
γ ∗(0, N − 1) to be the optimal control over the full interval. Because γ ∗(0, N − 1) is the
optimal control over the entire time period,

Jγ ∗ = E

[k−1∑
i=0

(
gi(xi, u

∗
i (xi), wi)

)+J ∗k (xk)
]
≤ E

[k−1∑
i=0

(
gi(xi, u

∗
i (xi), wi)

)+J 0(xk)

]
,

which implies that
J ∗k (xk) ≤ J 0

k (xk).

This is a contradiction unless both γ 0(k,N − 1) and γ ∗(k,N − 1) are optimal control laws.
If the optimal sequence is unique, then γ 0(k,N − 1) = γ ∗(k,N − 1).

When we derive the dynamic programming backward recursion rule for various prob-
lems, we will need to interchange the expectation and minimization operations. We can do
so because of the following lemma.

Lemma 9.3 (Fundamental Lemma for Stochastic Control). Suppose that the minimum
to

min
u∈U

g(x, u)

exists and U is a class of functions for which E[g(x, u)] exists. Then,

min
u(x)∈U

E
[
g(x, u(x))

]
= E

[
min
u∈U

g(x, u)

]
.

Proof. Suppose that we minimize E[g(x, u)] over all possible functions, u(x), where

u∗(x) = argmin
u

g(x, u)

is in this class. Then,

min
u(·)

E
[
g(x, u(·))

]
≤ E

[
g(x, u∗(x))

]
= E

[
min
u

g(x, u)
]
. (9.8)

Now suppose that uo(x) minimizes E[g(x, u(x)]. Since

g
(
x, uo(x)

)
≥ min

u
g(x, u)
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for all x, then

min
u(·)

E
[
g(x, u(x))

]
= E

[
g(x, uo(x))

]
≥ E

[
min
u

g(x, u)
]
.

This, coupled with (9.8), implies that

min
u(·)

E
[
g(x, u(x))

]
= E

[
min
u

g(x, u)
]
.

Proposition 9.4 (Dynamic Programming with Full Information). The dynamic program-
ming backward recursion rule for propagating the optimal return function J ∗k begins at the
terminal stage N as

J ∗N(xN) = gN(xN), (9.9)

J ∗k (xk) = min
uk∈Uk

E
[
gk(xk, uk, wk)+ J ∗k+1

(
f ∗k+1(xk, uk, wk)

)∣∣∣ xk]. (9.10)

Furthermore, if u∗k = u∗k(xk) minimizes for each xk and k, the control law γ ∗(0, N − 1) =
{u∗0, . . . , u∗N−1} is optimal and J ∗ = E[J ∗0 (x0)].

Proof. Since the w’s are independent and Ii
 = {x0, . . . , xi}, the expectations can be nested

as

E[J ∗0 (x0)] = min
u0,...,uN−1

Jγ

= min
u0,...,uN−1

E

[
E[g0(x0, u(x0), w0)+ E[g1(x1, u1(x1), w1)+ · · ·

+E[gN−1(xN−1, uN−1(xN−1), wN−1)+ gN(xN)|IN−1] . . . |I1]|I0]
]
.

Using the fundamental lemma,

E[J ∗0 (x0)] = E

[
min

u0∈U0(x0)
E[g0(x0, u(x0), w0)+ min

u1∈U1(x1)
E[g1(x1, u1(x1), w1)+ · · ·

+ min
uN−1∈UN−1(xN−1)

E[gN−1(xN−1, uN−1(xN−1), wN−1)

+ gN(xN)|IN−1] . . . |I1]|I0]
]
.

This defines a recursion relationship where

J ∗N(xN) = gN(xN) = E[gN(xN)|IN ] = E[gN(xN)|xN ],
J ∗N−1(xN−1) = min

uN−1∈UN−1

E

[
gN−1(xN−1, uN−1, wN−1)+ J ∗N

∣∣∣∣ IN−1

]
,

J ∗N−1(xN−1) = min
uN−1∈UN−1

E

[
gN−1(xN−1, uN−1, wN−1)

+J ∗N(f (xN−1, uN−1, wN−1))

∣∣∣∣xN−1

]
.
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Since only xN−1 and wN−1 are in the arguments, then the conditioning can be on xN−1. By
the principle of optimality, for any k, a backward recursion for J ∗k is given above where k

replaces N − 1 and γ ∗(0, N − 1) is the optimal control law.

Remark 9.5. By the above, u(Ik) = uk(xk); i.e., only the present value of xk is needed for
control.

9.4 Stochastic LQ Problems with Perfect Information
In this section, stochastic control problems are presented for which dynamic programming
gives closed-form solutions. Consider the dynamic system,

xk+1 = �kxk + �kuk + wk, (9.11)

where �k is an n× n transition matrix represented as a white-noise sequence with known
mean �̄k and variance, �k is an n × p white-noise control matrix sequence with known
mean �̄k and variance, wk is a zero-mean noise sequence, and x0 has known first and
second moments. Although {�k, �k,wk, x0} are assumed to be mutually independent, this
restriction can be relaxed.

The stochastic optimization problem is to find the control sequence γ (0, N − 1) that
minimizes the quadratic cost criterion

JQ = E

[
1

2
�

]
, (9.12)

where

� =
N−1∑
i=0

(
xT
i Qixi + uT

i Riui
)+ xT

NQNxN, (9.13)

where usually Qk ≥ 0, k = 0, . . . , N , and Rk > 0, k = 0, . . . , N − 1. These conditions
are chosen to enhance the controller robustness in the presence of unknown uncertainties.

Remark 9.6. The stochastic LQ problem with full information requires only that the first
two moments of the stochastic sequences be known.

9.4.1 Application of the Dynamic Programming Algorithm

In this section we apply the dynamic programming algorithm, given in Proposition 9.4, to
the stochastic LQ problem with full information. At the terminal stage time N , the optimal
return function is

J ∗N(xN) =
1

2
xT
NQNxN. (9.14)
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Using the recursion in Proposition 9.4 and (9.11), the optimal return function at stage N −1
is

J ∗N−1(xN−1) = min
uN−1∈UN−1

1

2
E
[
xT
N−1QN−1xN−1 + uT

N−1RN−1uN−1

+ (�N−1xN−1 + �N−1uN−1 + wN−1)
T

×QN(�N−1xN−1 + �N−1uN−1 + wN−1)

∣∣∣xN−1

]
= min

uN−1∈UN−1

1

2

[
xT
N−1QN−1xN−1 + uT

N−1RN−1uN−1

+ xT
N−1E[�T

N−1QN−1�N−1]xN−1

+ 2uT
N−1E[�T

N−1QN�N−1]xN−1 + uT
N−1E[�T

N−1QN�N−1]uN−1

+ E[wT
N−1QNwN−1]

]
,

(9.15)

where it is assumed in (9.15) that wk is zero mean and �k, �k and wk are uncorrelated. If
the joint probability density function f (�k, �k,wk) = f (�k, �k)f (wk), then these random
variables are independent.

The minimization indicated in (9.15) with respect to uN−1 produces a linear controller,

uN−1 = !N−1xN−1, (9.16)

where the matrix gain !N−1 is

!N−1 = −
(
RN−1 + E[�T

N−1QN�N−1]
)−1

E[�T
N−1QN�N−1], (9.17)

which requires that (
RN−1 + E[�T

N−1QN�N−1]
)−1

> 0. (9.18)

This is a weaker convexity condition than RN−1 > 0. To obtain a quadratic structure for the
optimal return function at stage N , the feedback control of (9.16) is substituted into (9.15)
so that

J ∗N−1(xN−1) = 1

2

[
xT
N−1SN−1xN−1 +�N−1

]
, (9.19)

where SN−1 and �N−1—using the terminal boundary conditions SN = QN and �N = 0—
are

SN−1 = QN−1 + E[�T
N−1SN�N−1]

−E[�T
N−1SN�N−1]T

[
RN−1 + E[�T

N−1SN�N−1]
]−1

E[�T
N−1SN�N−1],

�N−1 = trace(SNWN−1) = E[wT
N−1SNwN−1].

Wk is the variance of wk . Note that the optimal return function at N − 1 remains quadratic
as it was at N but with a different weighting matrix. Therefore, if the stage time index N is
replaced by k, the dynamic programming recursion for the stochastic LQ problem with full
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information is

Sk−1 = Qk−1 + E[�T
k−1Sk�k−1]

−E[�T
k−1Sk�k−1]T

[
Rk−1 + E[�T

k−1Sk�k−1]
]−1

E[�T
k−1Sk�k−1],

SN = QN,

�k−1 = �k + trace(SkWk−1).

The optimal feedback is
u∗k = !kxk,

where the matrix gain !k is

!k = −
(
Rk + E[�T

k Sk+1�k]
)−1

E[�T
k Sk+1�k] (9.20)

and the convexity condition is (
Rk + E[�T

k Sk+1�k]
)−1

> 0. (9.21)

The cost criterion is

JQ = 1

2
[trace(S0X0)+�0] , (9.22)

where X0 is the variance of x0.
!k is independent of the remaining additive noise wk . Now, if we also suppose �k

and �k are not random matrices, but have known values, then this controller is now the same
as the deterministic optimal LQ controller. This leads to the remarkable conclusion that the
same controller gains are optimal for both the deterministic and stochastic environments.
When this happens, the controller is said to obey the “certainty equivalence principle.” For
this case the controller is

u∗k = !kxk,

!k = −
(
Rk + �T

k Sk+1�k

)−1
�T
k Sk+1�k,

where

Sk−1 = Qk−1 +�T
k−1Sk�k−1

−�T
k−1Sk�

T
k−1

[
Rk−1 + �T

k−1Sk�k−1
]−1

�T
k−1Sk�k−1,

SN = QN,

�k−1 = �k + trace(SkWk−1).

9.5 Dynamic Programming with Partial Information
The general stochastic control problem with partial information, introduced in Section 9.2,
is considered in this section. The nonlinear dynamics are given in (9.1), the nonlinear
measurements are in (9.2), and the information pattern is defined in (9.4). It is assumed that
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the feedback control uk(Ik) ∈ Uk(Ik), k = 0, . . . , N − 1, where Uk(Ik) is the admissible
control set.

The stochastic optimization problem with partial information is to find an admissible
control strategy γ (0, N − 1) = {u0, u1, . . . , uN−1} that minimizes the cost criterion

Jγ = E

[
gk(xN)+

N−1∑
k=0

gk(xk, uk(Ik), wk)

]
, (9.23)

where the unconditional expectation in the cost criterion is over the underlying random
variables {x0, {wk, vk}, k = 0, . . . , N − 1} and subject to the dynamic system (9.1) and
(9.2).

The information history can be described as an evolutionary system as

Ik+1 = (Ik, yk+1, uk) , k = 0, . . . , N − 1,

I0 = y0. (9.24)

This information evolution is called a classical information pattern in that the information
Ij is imbedded in the latest information Ik , where j < k. This allows the nesting of the
expectations as was done for the full information case.

Proposition 9.7 (Classical Information Pattern). The optimal return function, J ∗k (Ik), is
propagated backwards by the dynamic programming recursion rule

J ∗N(IN) = E[gN(xN)|IN ],
J ∗k (Ik) = min

uk∈Uk

E
[
gk(xk, uk, wk)+ J ∗k+1[Ik, hk+1(fk(xk, uk, wk), uk, vk+1), uk]|Ik

]
,

(9.25)

where k = 0, . . . , N − 1. The optimal control strategy,

γ ∗(0, N − 1) = {u∗0(I0), . . . , u
∗
N−1(IN−1)},

is obtained by sequentially performing the minimization operation starting at k = N − 1
and moving backwards. The optimal cost is Jγ ∗ = E[J0(I0)].

Proof. We begin by using the nesting property of the information pattern:

J ∗ = min
γ (0,N−1)

E[Jγ (I0)]
= min

γ (0,N−1)
E[E[g0(x0, u0(I0), w0)+ E[g1(x1, u1(I1), w1)+ · · ·

+E[gN−1(xN−1, uN−1(IN−1), wN−1)+ E[gN(xN)|IN ]|IN−1]| . . . |I1]|I0]].(9.26)

Using the fundamental lemma, the expectation and minimization operations are inter-
changed so that

J ∗ = E[min
u0∈U0

E[g0(x0, u0(I0), w0)+ min
u1∈U1

E[g1(x1, u1(I1), w1)+ · · ·
+ min

uN−1∈UN−1

E[gN−1(xN−1, uN−1(IN−1), wN−1)+ E[gN(xN)|IN ]|IN−1]| . . . |I1]|I0]].
(9.27)
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Using the principle of optimality, the following backward recursion is developed as

J ∗N(IN) = E[gN(xN)|IN ],
J ∗N−1(IN−1) = min

uN−1∈UN−1

E[gN−1(xN−1, uN−1(IN−1), wN−1)+ J ∗N(IN)|IN−1]
= min

uN−1∈UN−1

E[gN−1(xN−1, uN−1(IN−1), wN−1)+ J ∗N(IN−1, uN−1, zN)|IN−1]
= min

uN−1∈UN−1

E[gN−1(xN−1, uN−1(IN−1), wN−1)

+J ∗N(IN−1, uN−1, hN(fN−1(xN−1, uN−1, wN−1), uN−1, vN))|IN−1]. (9.28)

Substituting k for N − 1 gives the desired recursion.

9.5.1 Sufficient Statistics

The information required for the development of the recursion may be less than that found
in Ik . The information required for the feedback control that solves the stochastic optimal
control problem is called a sufficient statistic.

Definition 9.8. The functions S0(I0), . . . , SN−1(IN−1), SN(IN) constitute a sufficient statis-
tic if there exists functions J̄0(·), . . . , J̄N−1(·), J̄N (·) such that, for k = 0, . . . , N − 1,

J̄k(Sk(Ik), uk) = E [gk(xk, uk, wk)

+J ∗k+1[Ik, hk+1(fk(xk, uk, wk), uk, vk+1), uk]|Ik
]
, (9.29)

where at the terminal stage N , J̄N (SN(IN)) = J̄ ∗N(SN(IN)) = J ∗N(IN) and the minimization
step in the dynamic programming recursion produces

J̄ ∗k (Sk(Ik)) = min
uk∈Uk

J̄k(Sk(Ik), uk) = J ∗k (Ik). (9.30)

Therefore, the optimal control law need only depend on the information vector Ik via
the sufficient statistic Sk(Ik), i.e.,

u∗k(Ik) = ū∗k(Sk(Ik)), k = 0, . . . , N − 1. (9.31)

For example, in the full information case by Remark 9.5 , the sufficient statistic is Sk(Ik) =
xk .

For the above dynamic programming algorithm, the sufficient statistic is the condi-
tional density function f (xk|Ik).58 From the results on nonlinear filtering using Bayes’ rule,
there is a mapping ϒ such that

Sk(Ik) = f (xk|Ik) = ϒ(f (xk−1|Ik−1), uk−1, yk). (9.32)

Using this dynamic system, the dynamic programming recursion remains valid and becomes,
for k = 0, . . . , N − 1,

J ∗N(IN) = E[gN(xN)|IN ],
J ∗k (Ik) = min

uk∈Uk

E [gk(xk, uk, wk)

+J ∗k+1[ϒ(f (xk|Ik), uk, hk+1(fk(xk, uk, wk), uk, vk)]|Ik]. (9.33)

58We assume that the probability function exists rather than some general probability measure.
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9.6 The Discrete-Time LQG Problem with Partial
Information

The linear quadratic Gaussian, or LQG, control problem follows historically and logically
from the Kalman filter. In fact, the Kalman filter plays a central role in the general LQG
problem. Unlike the Kalman filter, however, the LQG controller has not been universally
adopted in applications. The reasons for this are varied and often are rooted in nontechnical
(though important) considerations. Possibly, one impediment to the acceptance of LQG as
a control design is the question of robustness and guaranteed stability margins. We will
explore these issues later in this chapter.

The basic problem that we will address here consists of a linear dynamic system,

xk+1 = �kxk + �kuk + wk, (9.34)

driven by a Gaussian, zero-mean white-noise sequence, wk , with variances Wk and x0 ∼
N(x̄0, X0). In this problem, we do not have direct access to the state, x, but instead have
only measurements consisting of linear combinations of the state,

yk = Hkxk + vk. (9.35)

These measurements, in turn, are corrupted by another Gaussian, white-noise sequence, vk ,
which has a variance, Vk . The objective in the discrete-time LQG problem is to find a control
sequence, uk , such that the cost function,

J = 1

2
E

[N−1∑
i=0

(
xT
i Qixi + uT

i Riui
)+ xT

NQNxN

]
, (9.36)

is minimized. The 1/2 in (9.36) is dropped in the remainder of this section. The symmetric
matrices, Qi and Ri , are usually chosen as semipositive definite and positive definite,
respectively.

Now, right away one should notice the similarities between this problem and the
linear quadratic regulator (LQR), or accessory minimum problem, of optimal control theory.
There are three important differences, however. The first is that we do not have perfect state
information; we have only a linear combination of the states and corrupted ones at that.
The second is that our system itself is perturbed by a Gaussian white-noise sequence. In
the absence of any other inputs, this will make our state a Gaussian, white-noise process.
Finally, since we are dealing with random processes, we cannot logically attempt to minimize
the cost of controlling the system; we can minimize only the average cost and hence the
expectation operator in (9.36).

9.6.1 The Discrete-Time LQG Solution

Given our brief introduction to dynamic programming, let us proceed to the ultimate ob-
jective of this section, which is to solve the discrete-time LQG problem. The first step is to
convert it from a partial information problem to a full information problem. We do this by
first making use of the fact that, given a classical information pattern and a causal system,
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the expectation can be written in terms of nested conditional expectations,

J = E

[N−1∑
i=0

E
[(
xT
i Qixi + uT

i Riui
) ∣∣∣Ii]+ E

[
xT
NQNxN |IN

]]
, (9.37)

where ui = ui(Ii). Next, we can rewrite the expression above by first rewriting xk in terms
of its a posteriori conditional mean and estimation error,

xk = x̂k + ek. (9.38)

Substituting (9.38) into (9.37) gives us

J = E

[N−1∑
i=0

(
x̂T
i Qix̂i + uT

i Riui

)]
+ x̂T

NQNx̂N +
N∑
i=0

trace(PiQi)︸ ︷︷ ︸
not a function of ui

. (9.39)

The cross-terms disappear, because the minimum variance estimate, x̂k , will be independent
of the estimation error ek .59 Thus, the expectation of their product will be equal to the
product of their expectations, and ek is a zero-mean process. From our previous study of
the conditional mean estimator (Chapter 3), we know that x̂k is propagated by the difference
equations,

x̂k = x̄k +Kk(yk −Hkx̄k), (9.40)

x̄k+1 = �kx̂k + �kuk, (9.41)

where the Kalman filter gain is

Kk = PkH
T
k V

−1
k = MkH

T
k (HkMkH

T
k + Vk)

−1, (9.42)

where Pk is the a posteriori error variance and Mk is the a priori error variance.
The driving input for the estimator is the difference between the measurement, yk ,

and what we think this measurement should be, given our best estimate, Hx̂k . Previously,
we called this input the innovations process, defined as

νk = yk −Hkx̄k = Hk(xk − x̄k)+ vk, (9.43)

where νk is a zero-mean white-noise process with variance (HkMkH
T
k + Vk). The error

equation is then

ek+1 = (�k −Kk+1Hk+1�k)ek + (I −Kk+1)wk −Kk+1vk+1. (9.44)

We have already derived these equations previously when we developed the Kalman filter.
We repeat these calculations to emphasize the point that the estimation error and innovations
process, generated by (9.40), (9.41), are not influenced by the control law that is ultimately

59We know this from the orthogonal projection lemma.
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determined (i.e., uk shows up in neither signal). Thus, the optimal control for the cost
function,

J̄ = E

[N−1∑
i=0

(
x̂T
i Qix̂i + uT

i Riui

)]
+ x̂T

NQNx̂N, (9.45)

will also be the optimal control for (9.39).60 The LQG problem, as a result, becomes a full
information problem where the objective is to minimize (9.45) subject to (9.40) and (9.41).
These two equations could also be combined to get

x̂k+1 = �kx̂k + �kuk +Kk+1νk+1. (9.46)

Note that νk+1 plays the same role as wk did in the perfect information case.
The dynamic programming recursive algorithm is applied to this LQG optimal control

problem with partial information. Note that the conditioning is on x̂k , which is a summary
or sufficient statistic of the information Ii , i.e., S(Ik) = x̂k . The backward recursion rule
begins with the boundary condition at k = N ,

J̄ ∗N = E
[
x̂T
NQNx̂N

∣∣ IN ] = E
[
x̂T
NQNx̂N

∣∣ x̂N ] = x̂T
NQNx̂N . (9.47)

Using the recursion rule lets us determine the optimal control law. Since our recursion rule
runs backward in time and since we are given the boundary condition (9.47), we begin at
the second-to-last step, N − 1:

J̄ ∗N−1 = min
uN−1

{(
x̂T
N−1QN−1x̂N−1 + uT

N−1RN−1uN−1
)+ E

[
J̄N
∣∣ x̂N−1

]}

= min
uN−1

{(
x̂T
N−1QN−1x̂N−1 + uT

N−1RN−1uN−1
)+ E

[
x̂T
NQNx̂N

∣∣ x̂N−1
]}

.

(9.48)

Substitute (9.40) into (9.48) and then carry out the expectation over νN (which is the only
random entity in J̄N−1):

J̄ ∗N−1 = min
uN−1∈U

[
x̂T
N−1

(
QN−1 +�T

N−1QN−1�N−1
)
x̂N−1

+ 2x̂T
N−1�

T
N−1QN�N−1uN−1 + uT

N−1

(
�T
N−1QN�N−1 + RN−1

)
uN−1

]
+ trace

(
KT

NQNKN

(
HNMNH

T
N + VN

))︸ ︷︷ ︸
not a function of uN−1

. (9.49)

Once again, we find that the optimal cost contains elements that are not functions of
the control input. By taking the partial derivative of (9.49) with respect to uN−1 and solving
for uN−1 from the stationary condition, we obtain the optimal control law,

u∗N−1 = −
(
�T
N−1QN�N−1 + RN−1

)−1
�T
N−1QN�N−1x̂N−1. (9.50)

60Note that the two cost functions are related via J = J̄ +∑N
i=0 trace(PiQi).
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The inverse in (9.50) requires that

�T
N−1QN�N−1 + RN−1 > 0,

which is a weaker condition than
RN−1 > 0.

If we substitute (9.50) into (9.49) and define

SN−1 := QN−1 +�T
N−1SN�N−1

−�T
N−1SN�N−1

(
RN−1 + �T

N−1SN�N−1
)−1

�T
N−1SN�N−1

(9.51)

and

�N−1 := trace

([
KT

NSNKN

(
HNMNH

T
N + VN

)]+�N

)
, (9.52)

= trace
[
SNMNH

T
N

(
HNMNH

T
N + VN

)−1
HNMN +�N

]
(9.53)

with the boundary conditions

SN := QN, (9.54)

�N := 0, (9.55)

then the optimal control law is

u∗N−1 = −
(
�T
N−1SN�N−1 + RN−1

)−1
�N−1SN�N−1x̂N−1, (9.56)

and the optimal cost is
J̄ ∗N−1 = x̂T

N−1SN−1x̂N−1 +�N−1. (9.57)

To find the optimal control at step k = N − 2, we go through the same steps again,61

and we would find a control law of the same form as (9.56). The general formula for the
discrete-time LQG controller is

Sk−1 = Qk−1 +�T
k−1Sk�k−1 −�T

k−1Sk�k−1
(
Rk−1 + �T

k−1Sk�k−1
)−1

�T
k−1Sk�k−1,

(9.58)

�k−1 = trace
[
SkMkH

T
k

(
HkMkH

T
k + Vk

)−1
HkMk

]
+�k, (9.59)

u∗k−1 = −!k−1x̂k−1 = −
(
�T
k−1Sk�k−1 + Rk−1

)−1
�T
k−1Sk�k−1x̂k−1, (9.60)

with terminal boundary conditions given in (9.54), (9.55) and the convexity condition,

�T
k−1Qk�k−1 + Rk−1 > 0.

61Note the similarities between (9.57) and (9.47).
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Figure 9.4. LQG Controller.

At the initial stage,
J̄ ∗0 = x̂T

0S0x̂0 +�0.

Then, using (9.40), the optimal cost criterion reduces to

J ∗ = E[x̂T
0S0x̂0] +�0 +

N∑
i=0

trace(QiPi)

= x̄T
0S0x̄0 + trace(S0M0H

T
0

(
H0M0H

T
0 + V0

)−1
H0M0)+�0 +

N∑
i=0

trace(QiPi).

The controller is depicted in Figure 9.4.

9.6.2 Insights into the Partial Information, Discrete-Time LQG
Solution

There are some interesting facts about the discrete-time LQG solution:

1. The certainty equivalence principle.

The LQG control law exhibits the certainty equivalence principle, which is that the
controller gains are independent of the disturbance input, wk . This manifests itself
in the way that one finds the controller using deterministic techniques, assuming that
the states take on their average values. As a result, the LQG controller consists of the
Kalman filter in cascade with a LQR controller.
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2. The separation principle.

The LQG control law also exhibits the separation principle, which is that the condi-
tional density function of the state estimate is independent of the cost function and of
the control law. This allows us to design the estimator independently of the controller.
This is a consequence of the classical information pattern.

9.6.3 Stability Properties of the LQG Controller with Partial
Information

We consider the stability of the combined state and filter dynamics. Since any two of the
triples xk, x̂k, ek will describe the system dynamics, we choose the x̂k, ek . From their
dynamical equations, given in (9.46) and (9.44), the dynamic stability of the state and
compensator is [

x̂k+1

ek+1

]
=
[

�k − �k!k Kk+1Hk+1�k

0 �k −Kk+1Hk+1�k

] [
x̂k
ek

]

+
[

Kk+1Hk+1 Kk+1

I −Kk+1 −Kk+1

] [
wk

vk+1

]
. (9.61)

The eigenvalues of the 2n× 2n matrix multiplying the estimate and error decompose into
determining the eigenvalues of the controller dynamic matrix �k −�k!k and the estimator
error dynamic matrix �k −Kk+1Hk+1�k . Note that if any system matrix is different from
what has been assumed, then this matrix no longer decouples and the eigenvalues must be
determined from the 2n× 2n matrix.

9.7 The Continuous-Time LQG Problem
In this section we begin with the general continuous-time stochastic control problem with
perfect information and derive a partial differential equation which represents the dynamic
programming algorithm in continuous time. As in the discrete-time LQG problem with
partial information, this stochastic control problem is converted to one with perfect state
information. Then, the dynamic programming partial differential equation is solved for the
LQG problem.

9.7.1 Dynamic Programming for Continuous-Time Markov
Processes

We will start very generally by looking at the theory of controlling general Markov processes.
The objective is to find the control law u(·, ·) ∈ U that minimizes the cost,

J (xt , t) = E

[∫ tf

t

L(xτ , u, τ )dτ + g
[
x(tf )

]]
,

subject to the stochastic differential equation

dxτ = f (xτ , u, τ )dτ +G(xτ , u, τ )dwτ , x(t) = xt = x,
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where x(t) = xt = x is the initial state or current state and t ≤ τ ≤ tf . For now, we will
assume that we have perfect measurements of the state, x.

The class, U , of admissible controllers for this problem is characterized by the fol-
lowing properties:

• They satisfy a growth condition,∣∣∣u(x, t)∣∣∣ ≤ K1

√
1+ |x|2,

for some positive scalar, K1.

• They are Lipschitz, ∣∣∣u(x1, t)− u(x2, t)

∣∣∣ ≤ K2|x1 − x2|,
for some K2.

Finally, we assume that for u(x, t) ∈ U the state and cost are bounded in the sense that

E

[
|xτ |K

]
<∞,

∣∣∣L(xτ , u, τ )∣∣∣ ≤ C (1+ |xτ | + |u|)K

for some suitable K and C. We add an additional constraint that the control law is a function
of the state:

γ (t, tf ) :=
{
u(x, σ ) : x ∈ Rn, σ ∈ [t, tf ]

}
.

The optimal return function is defined to be value of the cost function when the
optimizing control law γ o(t, tf ) is applied:

J o(x, t) = min
γ (t,tf )∈U

J
(
γ (t, tf ); x, t

)
= min

γ (t,tf )∈U
E

[∫ tf

t

L(xτ , u, τ )dτ + g
[
x(tf )

]∣∣∣∣ x, t
]

= J
(
γ o(t, tf ); x, t

)
.

The expectations above are conditioned on the state, x, at time t . It is assumed that J o(x, t)

is twice continuously differentiable.
Asufficient condition for optimality is determined by first hypothesizing the following

control law:

γ ′(t, tf ) =
{
u(xτ , τ ), τ ∈ [t, s],
γ o(s, tf ) else,

where u(x, τ ) is not necessarily an optimal process. Let us take the Itô differential of
J o(xτ , τ ) as

dJ o(xτ , τ ) = ∂J o(xτ , τ )

∂τ
+ Lu

(
J o(xτ , τ )

)
+G(xτ , u, τ )dwτ , (9.62)
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where the operator Lu(·), called the elliptic operator, is defined to be

Lu(·) = ∂(·)
∂x

f (x, u, t)+ 1

2
trace

(
G(x, u, t)WG(x, u, t)T

)∂2(·)
∂x2

.

Integrate dJ o(xτ , τ ) from τ = t to s and take the expectation of this integral conditioned
on the initial conditions (x, t). This results in

E
[
J o(xs, s)− J o(x, t)

∣∣∣ x, t] = E

[∫ s

t

{
∂J o(xτ , τ )

∂τ
+ Lu

(
J o(xτ , τ )

)}
dτ

∣∣∣∣ x, t
]
,

(9.63)
where E[∫ s

t
G(xτ , u, τ )dwτ |x, t] = 0. Rearranging (9.63) results in

J o(x, t) = −E
[∫ s

t

{
∂J o(xτ , τ )

∂τ
+ Lu

(
J o(xτ , τ )

)}
dτ

∣∣∣∣ x, t
]
+ E

[
J o(xs, s)

∣∣∣ x, t].
(9.64)

Note that the integration in (9.64) is taken along the nonoptimal path generated by the control
u(xτ , τ ) for τ ∈ [t, s]. Since J o is the optimal return function,

J o(x, t) ≤ J (γ ′(t, tf ); x, t) = E

[∫ s

t

L(xτ , u, τ )dτ

∣∣∣∣ x, t
]
+E

[
J o(xs, s)

∣∣∣ x, t]. (9.65)

Subtracting J o, (9.64), from J (γ ′), (9.65), gives the inequality

0 ≤ E

[∫ s

t

{
∂J o(xτ , τ )

∂τ
+ Lu

(
J o(xτ , τ )

)+ L(xτ , u, τ )

}
dτ

∣∣∣∣ x, t
]
. (9.66)

Given the assumed continuity and differentiability of f , L, and J o, (9.66) can be approxi-
mated by a Taylor series in � for s = t+�. As �→ 0, a sufficient condition for optimality
is

0 ≤ ∂J o(x, t)

∂t
+ Lu

(
J o(x, t)

)
+ L(x, u, t)

for all u ∈ U . We get equality only when u = uo(x, t). Hence, the partial differential
equation that gives the optimal control is

−∂J o(x, t)

∂t
= min

u∈U

[
Lu

(
J o(x, t)

)+ L(x, u, t)
]
.

This is known as the Hamilton–Jacobi–Bellman equation. The solution to the Hamilton–
Jacobi–Bellman equation produces the optimal cost J o(x, t) and the optimal control uo(x, t)
from all possible initial conditions (x, t).

9.7.2 The LQG Problem with Complete Information

We will now specialize our results from the previous section to the case where the dynamics
are linear, the cost function is quadratic, and the disturbances are white-noise inputs. The
problem objective is now to find the control γ (t, tf ) ∈ U which minimizes the cost,

J
(
γ (t, tf )

)
= 1

2
E

[∫ tf

t

(
xT
τ Q(τ)xτ + uTR(τ)u

)
dτ + xT

tf
Sf xtf

]
, (9.67)
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subject to

dxτ =
[
F(τ)xτ +G(τ)u

]
dτ + B(τ)dwτ , xt ∼ N(x̂t , Pt ),

E
[
dwτdw

T
τ

] = Wdt.

The weighting matrices are such that R(τ) = R(τ)T > 0 and Q(τ) = Q(τ)T > 0 for every
τ ∈ [t, tf ] and St ≥ 0. To solve this problem, assume

J o(x, t) = 1

2
xTS(t)x + α(t)

and substitute this solution into the Hamilton–Jacobi–Bellman equation:

0 = ∂J o(x, t)

∂t
+min

u∈U

[
Lu
(
J o(x, t)

)
+ L(x, u, t)

]

= ∂J o

∂t
+min

u∈U

[
∂J o(x, )

∂x

(
Fx +Gu

)
+ 1

2
trace(BWBT)

∂2J o

∂x2
+ 1

2

(
xTQx + uTRu

)]

= 1

2
xTṠx + α̇ +min

u∈U

[
xTS

(
Fx +Gu

)
+ 1

2
trace(BWBTS)+ 1

2

(
xTQx + uTRu

)]
.

Now, if we carry out the minimization with respect to u, we find that

min
u∈U

[
xTS

(
Fx +Gu

)
+ 1

2
trace(BWBTS)+ 1

2

(
xTQx + uTRu

)]
=⇒ xTSG+ uTR = 0,

which implies that

uo(x, t) = −R−1GTSx. (9.68)

If we apply this optimal uo to the Hamilton–Jacobi–Bellman equation, then

0 = 1

2
xTṠx+ α̇+ 1

2
xT (SF + F TS

)
x− 1

2
xTSGR−1GTSx+ 1

2
xTQx+ 1

2
trace(BWBTS)

for every x ∈ Rn. The above is identically satisfied if

−Ṡ = SF + F TS +Q− SGR−1GTS, S(tf ) = Sf , (9.69)

−α̇ = 1

2
trace(BWBTS), α(tf ) = 0. (9.70)

Those familiar with optimization theory should recognize (9.68) and (9.69) as the solution
to the LQR. The additional element here is the variable α propagated by (9.70). This is an
artifact of the process noise in this problem. The optimal cost is

J o(γ (t, tf )) = 1

2
E
[
xT
t S(t)xt

]+ α(t)

= 1

2
x̄T
t S(t)x̄t +

1

2
trace(S(t)Xt )+ 1

2

∫ tf

t

trace(BWBTS)dt.

Note that since α(τ) is integrated backwards, its contribution is positive.
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9.7.3 LQ Problem with State- and Control-Dependent Noise

In Section 9.4.1 we derived the optimal controller for discrete-time systems with uncertain
dynamic and control coefficients. Here, we consider a similar problem for continuous-time
dynamic systems that have state- and control-dependent noise,

dx = (Fx +Gu)dt + B1x dw1 + B2u dw2, (9.71)

where B1 and B1 are known n × n matrices and w1 and w2 are scalar Brownian motion
processes with power spectral densities W1 and W2, respectively. To generalize this formu-
lation, add additional state- and control-dependent noise terms, but the formulation above is
sufficient if one simply wants to obtain an understanding of the resulting control structure.

Assume the quadratic form of the solution to the Hamilton–Jacobi–Bellman equation
as given in Section 9.7.2, which for our cost (9.67) and system dynamics (9.71) becomes

−1

2
xTṠx − α̇ = min

u∈U

[
1

2

(
xTQx + uTRu

)
+
(
xTS(Fx +Gu)

)

+1

2
trace[B1x B2u]

[
W1 0
0 W2

] [
xTBT

1
xTBT

2

]
S

]

= min
u∈U

[(
xTS(Fx +Gu)

)
+ 1

2

[
xT
(
Q+W1B

T
1 SB1

)
x

+uT
(
R +W2B

T
2 SB2

)
u

]]
. (9.72)

Performing the minimization operation, the optimal control is of the form

uo = −
(
R +W2B

T
2 SB2

)−1
GTSx. (9.73)

Substitution of (9.73) back into (9.72) produces the quadratic form in x as

−1

2
xTṠx − α̇ = 1

2
xT
[(

Q+W1B
T
1 SB1

)
+ F TS + SF − SG

(
R +W2B

T
2 SB2

)−1
GTS

]
x.

Since x is an arbitrary initial state, the Hamilton–Jacobi–Bellman equation is satisfied by
setting the coefficient to zero as

−Ṡ =
(
Q+W1B

T
1 SB1

)
+ F TS + SF − SG

(
R +W2B

T
2 SB2

)−1
GTS, S(ttf ) = Sf ,

−α̇ = 0, α(tf ) = 0.

Note that S is no longer generated by a Riccati equation but by a nonlinear matrix equation.
For large enough W1 and W2 this equation has finite escape times. This characteristic was
named the “uncertainty threshold principle” [3]. Further, since there was no additive noise,
α is zero. If there is a steady-state solution, then the controller will drive the state to the
origin, allowing the forcing noise to also go to zero.
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9.7.4 The LQG Problem with Partial Information

Consider now what happens when we do not have perfect information about the state.62

Our problem now is to find the control, u, that minimizes

J
(
γ (t, tf )

)
= 1

2
E

[∫ tf

t

(
xT
τ Q(τ)xτ + uTR(τ)u

)
dτ + xT

tf
Sf xtf

]
,

subject to

dxτ =
[
F(τ)xτ +G(τ)u

]
dτ + B(τ)dwτ ,

dzτ = H(τ)xτ dτ + dvτ ,

E
[
dwτdw

T
τ

]
= Wdt,

E
[
dvτdv

T
τ

]
= V dt.

We define the measurement history to be

Zτ =
{
z(s), t ≤ s ≤ τ

}
and restrict the control law to be a function of this measurement history,

γ (t, tf ) =
{
u(τ,Zτ ), t ≤ τ ≤ tf

}
.

As with the discrete-time case, we solve this problem by converting it into a full infor-
mation problem using the Kalman filter estimates. We note that the conditional probabil-
ity f (xτ |Zτ ) is Gaussian with mean, x̂τ := E [xτ |Zτ ], and covariance, Pτ = P(τ) =
E
[
(xτ − x̂τ )(xτ − x̂τ )

T|Zτ

]
. The cost can then be rewritten as

J
(
γ (t, tf )

)
= 1

2
E

[∫ tf

t

E
[
xT
τ Qxτ + uTRu

∣∣∣Zτ

]
dτ + E

[
xT
tf
Sf xtf

∣∣∣Ztf

]]
. (9.74)

Noting that
xτ = x̂τ + eτ (9.75)

and that, by the orthogonal projection lemma,

E
[
eτ x̂

T
τ

] = 0,

the quadratic term E[xT
τ Qxτ |Zτ ] becomes

E
[(
x̂τ + eτ

)T
Q
(
x̂τ + eτ

) ∣∣∣Zτ

]
= E

[
trace

(
Q
(
x̂τ + eτ

) (
x̂τ + eτ

)T
) ∣∣∣Zτ

]
= E

[
trace(Qeτ e

T
τ )+ trace(Qx̂τ x̂

T
τ )

∣∣∣Zτ

]
= trace

(
QE

[
eτ e

T
τ

∣∣∣Zτ

])
+ x̂T

τ Qx̂τ

= trace
(
QPτ

)
+ x̂T

τ Qx̂τ .

62We have, however, dropped all the control- and state-dependent noise terms.
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Thus, (9.74) becomes

J
(
γ (t, tf )

)
= 1

2
E

[∫ tf

t

(
x̂T
τ Qx̂τ + uTRu

)
dt + x̂T

tf
St x̂tf

]

+ 1

2

[∫ tf

t

trace
(
PτQ(τ)

)
dτ + trace

(
Ptf Sf

)]
, (9.76)

by substituting (9.75) into (9.74). The partial information LQG problem has been reduced
to finding the control law, γ (0, tf ), which minimizes (9.76) subject to

dx̂τ = (F x̂τ +Gu)dτ +Kdντ , (9.77)

where the innovations process, a zero-mean white-noise process, is

dντ = dzτ −Hx̂τdτ, E
[
dντdν

T
τ

]
= V dτ,

and the Kalman gain is
K = PτH

TV −1.

The error variance Pτ satisfies the Riccati equation

Ṗτ = FPτ + PτF
T + BWBT − PτH

TV −1HPτ , P (0) = P0.

Equation (9.77) is, of course, the Kalman filter. Mathematically speaking, we have the same
problem as before when we had full information. The only differences are additional terms
involving Pτ in the cost function and ντ in the dynamic equation. However, neither of these
terms is a function of the control, u, and will not affect the final result when we optimize
the cost with respect to u. Thus, we will find that our optimal control looks much as it did
before,

uo(x̂t ) = −R−1GTSx̂(t),

except that now the control law is a linear function of the estimate, x̂, and hence the
measurement, dz.

The optimal return function is now

J o(x̂, t) = 1

2
x̂TS(t)x̂ + α.

The value of S is given by (9.69), and α, as given in (9.70), is now formulated with K

replacing B and V replacing W so that we get

−α̇ = 1

2
trace

(
PτH

TV −1HPτS
)
, α(tf ) = 0.

The optimal cost is now

J
(
γ (t, tf )

)
= 1

2
x̂T
t S(t)x̂t +

1

2
trace

(
Ptf Sf

)
+ 1

2

∫ tf

t

(
trace(KVKTS)+ trace(PτQ)

)
dτ.

(9.78)
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This can be simplified by using

trace
(
Sf Ptf − S(t)P (t)

)
=
∫ tf

t

trace
(
ṠPτ + SṖτ

)
dt

=
∫ tf

t

trace
[
− (

F TS + SF +Q− SGR−1GTS
)
Pτ

+ S
(
FPτ + PτF

T + BWBT − PτH
TV −1HPτ

) ]
dt

to replace the trace(Ptf Sf ) term in (9.78) to obtain the expression,

J
(
γ (t, tf )

)
= 1

2
x̂T
t S(t)x̂t︸ ︷︷ ︸

initial conditions

+1

2
trace

(
PtS(t)

)
︸ ︷︷ ︸

uncertainty in the I.C.

+ 1

2

∫ tf

t

⎛
⎜⎝trace(BWBTS)︸ ︷︷ ︸

process noise

+ trace(SGR−1GTSPτ )︸ ︷︷ ︸
partial information

⎞
⎟⎠ dτ. (9.79)

Note that in (9.79) we have shown how each of the different components of the cost can be
attributed to different facets of the problem.

Example 9.9 (Missile Guidance via LQG). We will now look at a very simple LQG ex-
ample (see Figure 9.5). The problem objective is to minimize the miss distance, y, at the
terminal time, tf , while putting a cost on the lateral acceleration of the pursuer, ap:

J = E

[
1

2
y(tf )

2 + b

2

∫ tf

t0

a2
p(t)dt

]
.

The scalar, b, is chosen so that the control does not exceed some constraint limit. The
dynamics of the problem are

ẏ = v,

v̇ = ap − a
T
. (9.80)

The input, a
T
, is the target acceleration and is treated as a random forcing function with an

exponential correlation,

E
[
a

T

] = 0,

E
[
a

T
(t)a

T
(s)
]
= a2

T
e
−|t−s|

τ .

The scalar, τ , is the correlation time. The initial lateral position, y(t0), is zero by definition.
The initial lateral velocity, v(t0), is random and assumed to be the result of a launching
error:

E [y(t0)] = 0, E [v(t0)] = 0,

E
[
y(t0)

2
]
= 0, E

[
y(t0)v(t0)

]
= 0, E

[
v(t0)

2
]
= given.
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Figure 9.5. Missile Intercept Illustration.

The measurement, z, consists of a line-of-sight angle, θ . For |θ | # 1,

θ ≈ y

Vc(tf − t)
.

It will also be assumed that z is corrupted by fading and scintillation noise so that

z = θ + n,

E
[
n(t)

]
= 0,

E
[
n(t)n(τ )

]
= V δ(t − τ) =

[
R1 + R2

(tf − t)2

]
δ(t − τ).

Now, let us try to solve this control problem. First we design the estimator. The
state-space equation for the missile intercept problem is

⎧⎨
⎩

ẏ

v̇

ȧ
T

⎫⎬
⎭ =

⎡
⎣ 0 1 0

0 0 −1
0 0 − 1

τ

⎤
⎦

︸ ︷︷ ︸
F

⎧⎨
⎩

y

v

a
T

⎫⎬
⎭︸ ︷︷ ︸

x

+
⎧⎨
⎩

0
1
0

⎫⎬
⎭︸ ︷︷ ︸

B

ap +
⎧⎨
⎩

0
0
1

⎫⎬
⎭︸ ︷︷ ︸

G

wa
T
,

z =
[

1

Vc(tf − t)
0 0

]
︸ ︷︷ ︸

H

⎧⎨
⎩

y

v

a
T

⎫⎬
⎭+ n.
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Thus, the Kalman filter has the form

˙̂y = v̂ +K1

(
z− ŷ

Vc(tf − t)

)
,

˙̂v = −âT +K2

(
z− ŷ

Vc(tf − t)

)
+ ap,

˙̂aT = − âT

τ
+K3

(
z− ŷ

Vc(tf − t)

)
,

where the gains are

K1 = p11

VcR1(tf − t)+ VcR2
tf−t

,

K2 = p12

VcR1(tf − t)+ VcR2
tf−t

,

K3 = p13

VcR1(tf − t)+ VcR2
tf−t

.

The scalars, pij , are the (i, j) elements of the error covariance matrix that is propagated by
the Riccati equation,

Ṗ = FP + PF T − 1

V 2
c R1(tf − t)2 + V 2

c R2
PH̄ TH̄P +W, (9.81)

where H̄ = [1 0 0]. The process noise spectral density, W , is

W = GE
[
a2
T

]
GT =

⎡
⎣ 0 0 0

0 0 0
0 0 E[a2

T
]

⎤
⎦ .

Now, for the case where the parameters of the problem are

Vc = 300 ft/sec, E[a2
T
] = [

100 ft sec−2
]2
, tf = 10 sec, R1 = 15× 10−6 rad2sec,

R2 = 1.67× 10−3 rad2sec3, τ = 2 sec, b = 1.52× 10−2,

which according to [8] are the parameters for a Falcon or Sparrow guided missile, we
precomputed the Kalman gain and standard deviation or root mean square (RMS) of the
estimation errors history. Our results are given in Figures 9.6 and 9.7. Figure 9.7 shows
the RMS of the associated diagonal elements of the covariance of the estimation errors
computed from (9.81). Note that early in the engagement when the variances are relatively
large, the Kalman filter gain in Figure 9.6 reach their peak values. Also, after the initial
transient period, the RMS of the estimation error settles down and is almost in steady state.
Note that (9.81) is approximately time invariant when the time-to-go to intercept is near
zero. The coefficient multiplying the quadratic term in (9.81), which is a combination of
the measurement noise power spectral density and the measurement funcition, goes to a
constant as the time-to-go goes to zero.
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Figure 9.6. Filter Gain History for Missile Intercept Example.

012345678910
0

25

50

75

100

125

150

175

200

225

Time-to-Go (sec)

St
an

da
rd

 d
ev

ia
tio

n 
of

 th
e 

st
at

e 
er

ro
r

RMS error in position (ft)

RMS error in velocity (ft sec   −1  )

RMS error in acceleration (ft sec     −2    )

Figure 9.7. Evolution of the Estimation Error RMS for Missile Intercept Example.



book
2008/9/3
page 316

�

�

�

�

�

�

�

�

316 Chapter 9. Stochastic Control and the LQG Control Problem

10 9 8 7 6 5 4 3 2 1 0
−2

0

2

4

6

8

10

12

14

C
on

tr
ol

le
r 

G
ai

n

Time-to-Go (secs)

Λ
1

Λ
2

Λ
3

Figure 9.8. Controller Gain History for Missile Intercept Problem.

We now look at designing the LQR controller. The form of the controller will be

ap = 1

b
BTSx̂

= !1ŷ +!2v̂ +!3âT ,

(9.82)

where

!1 = s12

b
,

!2 = s22

b
,

!3 = s23

b
.

The elements of the control Riccati matrix S are found by propagating

−Ṡ = F TS + SF − 1

b
SBBTS

backwards from the terminal condition,

S(tf ) =
⎡
⎣ 1 0 0

0 0 0
0 0 0

⎤
⎦ .

Note that because of our cost function, we do not have a forcing term in our Riccati equa-
tion. We also have no choice but to precalculate our gains. Our results are plotted in
Figure 9.8. As this figure shows, our gains have reached their steady-state value during the



book
2008/9/3
page 317

�

�

�

�

�

�

�

�

9.8. Stationary Optimal Control 317

initial portions of our engagement. Towards the end of the engagement, the gains increase
dramatically as they enter the transient portion of the Riccati matrix evolution. The general
heuristic explanation is that at the very end the controller is commanded to increase its effort
to reduce the terminal miss between the missile and its target.

Note that from Figure 9.7 the RMS at zero time-to-go is about 24 ft., which is the
lower bound on the RMS miss distance. To determine the RMS of the terminal miss, the
state variance should be computed along with the error variance P . The state variance
is determined from the dynamics (9.80) using the optimal guidance law (9.82). It is left
as an exercise to compute the terminal state RMS. Note that if X(t) = E[x(t)x(t)T ] and
X̂(t) = E[x̂(t)x̂(t)T ], then from x(t) = x̂(t) + e(t) and the orthogonality property of the
Kalman filter, X(t) = X̂(t)+ P(t) and only two of the three need be computed.

9.8 Stationary Optimal Control

9.8.1 General Conditions

In our examples for both the Kalman filter and the LQG controller, we saw that in some cases
the resulting gains would attain steady-state levels. We will now examine the conditions
under which this will occur for the LQG problem, calling the result the stationary solution
to the LQG problem. The practical benefit of this result is that we need not propagate
the Riccati matrix in order to implement the filter, thereby saving processing power and
memory. A corresponding condition for the LQG controller would likewise be beneficial.

Let us examine the conditions under which we can obtain stationary stochastic con-
trollers. We cannot immediately jump to the conclusion that the conditions we seek are
detectability and stabilizability (though in the end what we will get is essentially this). We
first need to define the problem, including all pertinent assumptions.

Typically, the first thing we do is define the cost for our problem. For the continuous-
time LQG problem this was

J
(
γ (t, tf )

)
= 1

2
E

[∫ tf

t

(
xT
τ Q(τ)xτ + uTR(τ)u

)
dτ + xT

tf
Sf xtf

]
,

but a quick glance tells us immediately that this will not work here. Our interest is in long
time intervals, which in the limit is tf →∞. The cost function above will blow up in such
a limit. Thus, we will put off for now what our cost function looks like until after we make
other adjustments to accommodate the stationary problem.

To begin, we will assume that our dynamic system,

dxτ =
[
Fxτ +Gu

]
dτ + Bdwτ ,

dzτ = Hxτdτ + dvτ ,

is time invariant. That is, the matrices (F,G,B,H) are all constant. Logically, if you are
looking for steady-state solutions, you at least need a plant that does not change over time.
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As before, we assume Brownian motion process noises,

E
[
dwτdw

T
τ

]
= Wdt,

E
[
dvτdv

T
τ

]
= V dt,

and we will also define the square roots W = CTC and Q = DTD. As W and Q are
symmetric, positive definite, these square roots are assured to exist. Finally, we will assume
that the system triples, (F,G,D) and (F,H,BCT), are minimal realizations. This implies
observability and controllability. With these conditions, there is a unique positive-definite
matrix S̄ such that S(t)→ S̄ as t →−∞ and

0 = S̄F + F TS̄ +Q− S̄GR−1GTS̄. (9.83)

Equation (9.83) is an algebraic Riccati equation (ARE). S̄ also has the property that F −
GR−1GTS̄ is stable. These same conditions also ensure that there is a unique positive-
definite matrix P̄ such that P(t)→ P̄ as t →∞. P̄ satisfies the ARE,

0 = FP̄ + P̄ F T + BWBT − P̄H TV −1HP̄ ,

and is such that the matrix F − P̄H TV −1H is stable.
Define the integrand in (9.79) as

r(τ ) = trace(BWBTS(τ))+ trace(S(τ )GR−1GTS(τ)P (τ))

and its steady-state value as

r̄ = trace(BWBTS̄)+ trace(S̄GR−1GTS̄P̄ ).

Suppose for a given ε > 0 there is a time t1 such that |r(τ )− r̄| < ε for all τ > t1. Then,∣∣∣∣ 1

tf

∫ tf

t

r(τ )dτ − r̄

∣∣∣∣ ≤
∣∣∣∣ 1

tf

∫ t1

t

(r(τ )− r̄)dτ

∣∣∣∣+ 1

tf

∫ tf

t1

|r(τ )− r̄| dτ

≤
∣∣∣∣ 1

tf

∫ t1

t

(r(τ )− r̄)dτ

∣∣∣∣+ tf − t1

tf
ε,

and limtf→∞
1
tf

∫ tf
t

r(τ )dτ → r̄ . This suggests that the time-averaged cost criterion used
in the LQG problem approaches the expectation of the integrand of the cost, L(x, u, t).
Therefore, we introduce a modification of the cost criterion as the time-averaged cost,

Jav = lim
tf→∞

E

{
1

tf

∫ tf

t

L(x(τ ), u(τ ), τ )dτ

}
,

which solves the problem of unboundedness as tf →∞.
In the stationary problem, the time interval over which we evaluate the cost is the entire

real line. In optimal control theory, this is sometimes referred to as the infinite horizon. In
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establishing stationary stochastic optimal controllers, it is required that the random processes
under examination be ergodic:

Jav = lim
tf→∞

E

{
1

tf

∫ tf

t

L(x(τ ), φ(xτ ), τ )dτ

}
= lim

tf→∞
1

tf

∫ tf

t

L
(
xτ , φ(xτ )

)
dτ

=
∫

Rn

L
(
x, φ(x)

)
μφ(dx),

where the function φ(x) ∈ {φ(x)} = �e ⊂ U . �e is a subset of admissible feedback
controllers that is distinguished in that its members produce a unique ergodic probability
measure μφ . The above implies that, in the limit, the sample mean equals the time average.
The existence of μφ implies a stability property which reflects a tendency of the path xφ
generated from a controlled diffusion process to spend most of the time in a sufficiently
large ball in Rn. Therefore, an admissible φ(x) ∈ {φ(x)} = �e ⊂ U implies that μφ exists
and that the second moment is bounded, i.e.,

Eφ

[|x|2] = ∫
Rn

|x|2μφ(dx) <∞. (9.84)

The following lemma due to Wonham [47] is a criterion for the existence of μφ and bounded
second moments.

Lemma 9.10. Suppose that there exists a number ρ > 0 and a real-valued function V (x)

defined for |x| > ρ such that

1. V, Vx, Vxx are continuous for |x| > ρ,

2. V (x)→∞ as |x| → ∞, and

3. LφV (x) ≤ −|x|2 for |x| > ρ, where Lφ is the elliptic operator.

Then, μφ exists and (9.84) is true.

The optimization problem for the infinite-time case is to find φ∗ ∈ � such that

Eφ∗ [L(x, φ∗(x))] ≤ Eφ[L(x, φ(x))] ∀φ(x) ∈ �e,

where Eφ[·] denotes the expectation with respect to μφ .
The following theorem, also attributed to Wonham, gives the dynamic programming

algorithm for stationary stochastic control.

Theorem 9.11. Suppose that there exists a controller, φ∗ ∈ �e, a real positive scalar, λ,
and a real-valued, twice continuously differentiable function, J̄ (x), on Rn such that the
following hold:

1. The sum [ ∣∣∣J̄ (x)∣∣∣+ |x| ∣∣∣∣∂J̄ (x)∂x

∣∣∣∣+ |x|2
∣∣∣∣∂2J̄ (x)

∂x2

∣∣∣∣
]
< k

(
1+ |x|2) (9.85)

for some constant k > 0.
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2. The minimum value of the right-hand side of the Hamilton–Jacobi–Bellman equation
is equal to some scalar value λ:

min
φ∈�e

[
Lφ

(
J̄ (x)

)+ L(x, φ)
]
= Lφ∗ (J̄ (x))+ L(x, φ∗) = λ.

3. For all φ ∈ �e,
LφJ̄ + L(x, φ) ≥ λ.

Given these conditions, φ∗ is the optimal stationary control. Moreover,

Eφ∗
[
L(x, φ∗)

] = λ,

which tells us that the optimal cost will be finite.

Proof. If J̄ (x) satisfies (9.85) and since φ ∈ �e, then by (9.84), Eφ[J̄ (x)] < ∞ and con-
stant. Similarly, by (9.84), Eφ[Lφ(J̄ (x))] <∞ and constant. However, since Lφ(·) is an Itô
differential andμφ is an invariant measure for the diffusion process, thenEφ[Lφ(J̄ (x))] = 0
for all φ ∈ �e. Therefore,

λ ≤ Eφ

[
LφJ̄ + L(x, φ)

] = E [L(x, φ)]

and
Eφ∗

[
L(x, φ∗)

] = λ,

implying that φ∗ is optimal.

Remark 9.12. To show explicitly that Eφ[Lφ(J̄ (x))] = 0, consider the Gauss–Markov
process dx = (Ax +Gu)dt + Bdw, where φ(x) = −Kx such that (A −GK) is stable.
Then, in steady state μφ ∼ N(0, X), where X is determined from the Lyapunov equation
(A−GK)X +X(A−GK)T + BWBT = 0. If J̄ = 1

2x
TS̄x, then

Eφ

[
LφJ̄

] = Eφ

[
1

2
trace(WBTS̄B)+ xTS̄(A−GK)x

]

= 1

2
trace(WBTS̄B)+ 1

2
trace

{
S̄[(A−GK)X +X(A−GK)T]} = 0.

9.8.2 The Stationary LQG Controller

Now consider the infinite-horizon LQG problem where

L(x, u) := xTQx + uTRu.

The problem objective is to find the control, γ (t,∞) ∈ �e, that minimizes the cost

Jav = Eφ

[
lim

tf→∞
1

tf

∫ tf

t

L(x, u)dτ

]
= Eφ

[
L(x, u)

]
,
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where the expectation on the right-hand side is taken over any φ ∈ �e. The state is
constrained to obey the dynamic system,

dx = (Fx +Gu) dt + Bdw,

dz = Hxdt + dv,

with Brownian motion noise processes,

E
[
wtw

T
τ

]
= W min(t, τ ),

E
[
vtv

T
τ

]
= V min(t, τ ).

In order to get a stationary controller, all of the above matrices must be constant and

R > 0, Q ≥ 0, V > 0, W > 0.

If the triples (F,G,
√
Q) and (F,H,B

√
W) are minimal realizations (which implies ob-

servability and controllability), then the stationary optimal controller for the LQG problem is

φ∗(x) = −R−1GTS̄x̂,

dx̂ = (
F −GR−1GTS̄

)
x̂ + P̄HV −1

(
dz−Hx̂dt

)
,

0 = S̄F + F TS̄ +Q− S̄GR−1GTS̄,

0 = FP̄ + P̄ F T + BWBT − P̄H TV −1HP̄ .

Note the following:

• The stationary solution is similar to the LQG solution presented earlier with algebraic
Riccati equations in the place of differential Riccati equations.

• The solution, P , to the estimator Riccati equation must be positive definite, which
means that the real parts of the eigenvalues of F − PH TV −1H will be in the left
half-plane.

The application of our stationary optimal control theorem for this problem appears
to be trivial in this case. Since the controller is stable, J and its derivatives along with x

will all be bounded (thus satisfying the first condition). Since we get the LQG controller by
applying the Hamilton–Jacobi–Bellman equation, the second condition is immediate.

Remark 9.13. Much of the theoretical work on stationary stochastic control is due to
Wonham. A good overview of his work in stochastic control can be found in [47].

9.9 LQG Control with Loop Transfer Recovery
In this section we develop robustness guarantees for the LQG controller. In Section 9.9.1
it is shown that the LQR has guaranteed classical stability margins. In Section 9.9.2 it is
shown how the LQG controller can recover the robustness guarantees of the LQR.
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9.9.1 The Guaranteed Gain Margins of LQ Optimal Controllers

One of the more interesting results concerning LQ optimal controllers is their gain and phase
margin. We begin by focusing on the single-input LQR found by solving

min
u

J =
∫ ∞

0

(
xTQx + ru2

)
dt, Q ≥ 0,

subject to
ẋ = Ax + bu.

As we know by now, the solution to this problem is the control input

u = −1

r
bT�x,

where � is the solution to the ARE

0 = AT�+�A+Q− 1

r
�bbT�.

Let us rearrange the Riccati equation slightly to read

−AT�−�A = Q− 1

r
�bbT�.

Now, add and subtract s� from the left-hand side to get

(−sI − A)T�+�(sI − A) = Q− 1

r
�bbT�.

Postmultiply the above by (sI −A)−1b and then premultiply it by bT(−sI −A)−T so that
you will have

bT(−sI −A)−T �b+ bT�(sI −A)−1b = bT(−sI −A)−T
[
Q− 1

r
�bbT�

]
(sI −A)−1b.

Moving the term that is quadratic in � on the right-hand side over to the left-hand side,

bT(−sI − A)−T �b + bT�(sI − A)−1b + 1

r
bT(−sI − A)−T �bbT�(sI − A)−1b

= bT(−sI − A)−TQ(sI − A)−1b, (9.86)

makes the left-hand side of result (9.86) almost quadratic in the term,

1+ 1

r
bT�(sI − A)−1b.

All we need to do to actually make it quadratic in this term is to scale both sides of (9.86)
by 1/r and then add one to both sides:

1+ 1

r
bT(−sI −A)−T �b+ 1

r
bT�(sI −A)−1b+ 1

r2
bT(−sI −A)−T �bbT�(sI −A)−1b

= 1+ 1

r
bT(−sI − A)−TQ(sI − A)−1b. (9.87)
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(sI - A)  B
-1

-1r Β  Π
T-

Figure 9.9. Feedback Loop Broken at Input.

Define

G(s) = 1

r
bT�(sI − A)−1b,

so that (9.87) can be rewritten as[
1+G(−s)

][
1+G(s)

]
= 1+ bT(−sI − A)−TQ(sI − A)−1b.

This implies that [
1+G(−s)

][
1+G(s)

]
≥ 1. (9.88)

The transfer function, G(s), is the loop gain for a feedback loop broken at the input (see
Figure 9.9).

Now, consider (9.88). Since G(s) is really nothing more than a complex number, it
has a real part and an imaginary part and can be written as

G(s) = �(G)+ j%(G),

G(−s) = �(G)− j%(G).

Hence, (9.88) becomes

1 ≤ [1+�(G)− j%(G)] [1+�(G)+ j%(G)]

=
(

1+�(G)
)2 +

(
%(G)

)2
.

(9.89)

What (9.89) describes is the area outside of a circle in the s-plane with radius equal to 1
centered at s = −1. That is, the SISO LQR is such that the loop gain is guaranteed to lie
on or outside of a circle centered on −1, the magic point for stability. This is known as the
circle criterion.

The stability margins that result from the circle criterion fall out from geometry. Gain
margin is the distance on the real axis from −1 to the nearest point at which the loop gain
crosses the real axis, and phase margin is the angle between the real axis and the nearest
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30
o

30
o

-1-2

Figure 9.10. An Illustration of the Circle Criterion.

point at which the loop gain crosses the unit circle centered at the origin. From Figure 9.10
it can be seen pictorially that the phase margin is 60◦ and the gain margin is 6 db, or 1

2 , if
you decrease the gain and ∞ if you increase the gain. Using singular values, it is possible
to show that these margins also hold for the multi-input, multi-output case.

Remark 9.14. The circle criterion first showed up in a paper by Kalman [26]. Curiously,
Kalman’s intent in this paper was not to establish a stability criterion but to look at the
characteristics of optimal controllers. This was the genesis of what became known as
inverse optimal control.

Lower and upper phase margin of infinity to 6 db and upper and lower gain margin
of ±60◦ of phase margin are excellent stability margins for a controller. However, these
guaranteed margins pertain only to LQR. The LQG controller, however, consists of a Kalman
filter in series with an LQR gain, and so, for many years, an open research question was
whether LQG had any guaranteed stability margins. Doyle [12] presented the following
counterexample, which settled the issue.

Example 9.15. Consider the following system:{
ẋ1

ẋ2

}
=
[

1 1
0 1

]
︸ ︷︷ ︸

A

{
x1

x2

}
+
{

0
1

}
︸ ︷︷ ︸

b

u+
{

1
1

}
w,

y = [
1 0

]︸ ︷︷ ︸
c

{
x1

x2

}
+ v,
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wherew and v are assumed to be zero-mean Gaussian white-noise processes with intensities
σ and 1, respectively.

For the control problem, we will assume the weightings (q > 0),

Q = q

[
1 1
1 1

]
= q

[
1
1

]
[1 1], r = 1.

Given this, the optimal control gain is found to be

λ =
(

2+√
4+ q

){ 1
1

}
,

and the Kalman filter gain is likewise

k =
(

2+√4+ σ
){ 1

1

}
.

To simplify our notation define γ = (2+√4+ q) and ρ = (2+√4+ σ) . The closed-loop
state matrix is then

d

dt

{
x

x̂

}
=
[

A −b̃λT

kc A− bλT − kc

]
︸ ︷︷ ︸

Acl

{
x

x̂

}
+
{

w

0

}
+
{

0
v

}
.

Now, if we define m to be a scalar perturbation gain on the input matrix, b, i.e.,

b̃ =
{

0
m

}
,

where m is nominally one,63 then we can explicitly write out the closed-loop state matrix as

Acl =

⎡
⎢⎢⎣

1 1 0 0
0 1 −mγ −mγ

ρ 0 1− ρ 1
ρ 0 −γ − ρ 1− γ

⎤
⎥⎥⎦ .

We can determine the gain margin of the system by calculating the characteristic polynomial
ofAcl and seeing how far we can perturbm away from 1 before our system becomes unstable;
i.e., the zeros of the polynomial creep into the right half-plane. Because we have a fourth-
order system, the characteristic polynomial of Acl, call it p(λ), will be fourth order:

p(λ) = λ4 + αλ3 + βλ2 + δλ+ ε.

A necessary condition for stability is that all the coefficients of the characteristic polynomial
be positive. As it turns out, only the last two coefficients are functions of m. The coefficient
scaling the linear term of the characteristic polynomial is

δ = 2(m− 1)γρ + ρ + γ − 4, (9.90)
63This is how we check for gain margin.
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and the constant term is
ε = 1+ (1−m)γρ. (9.91)

Looking at (9.90), (9.91), we can see that for sufficiently large γ and ρ (or equivalently,
sufficiently large q and σ , i.e., model uncertainty) we can have an unstable system for
arbitrarily small perturbations ofm away from 1 in either direction. Thus, the LQG controller
does not have a guaranteed gain margin in this example and, therefore, no guarantees of
stability in general.

If the loop is broken at the input, the essential problem for the LQG controller is that
it results in a loop gain of the form

G(s)K(s) = C (sI − A)−1 B! (sI − A+ B!+KC)−1 K, (9.92)

where K is the Kalman filter gain and ! is the LQR gain. The circle criterion, on the other
hand, is applicable to either the controller by itself,

!(sI − A)−1 B, (9.93)

or, by duality, to the filter,
C (sI − A)−1 K. (9.94)

Thus, the root of our problem is that the dynamics of the estimator (with the LQR feedback)
and plant (with the LQR feedback) may interfere with each other. Alone (with the LQR
feedback) each would have these wonderful gain and phase margins, but together they can
be quite poor. In 1981, John Doyle with his coauthor, Gunther Stein, proposed a solution
that they called loop transfer recovery [13], or LTR. LTR attempts to “recover” the LQR
gain and phase margins for the LQG controller.

Remark 9.16. Even though Doyle and Stein deservedly receive credit for developing the
LTR method, many researchers point out that many of the technical underpinnings of this
scheme were developed much earlier by Kwakernaak. See Kwakernaak and Sivan [28] for
an example of the use of these techniques to describe the asymptotic properties of Kalman
filters and LQ optimal controllers.

9.9.2 Deriving the LQG/LTR Controller

The essential idea behind LTR is to determine a way to design the two elements of the LQG
controller, the LQR and the Kalman filter, so that one is asymptotically transparent to the
loop gain. There are three central assumptions to LTR.

1. The number of inputs is equal to the number of outputs; i.e., the plant is “square.”

2. (A,B) is stabilizable; (C,A) is detectable.

3. The plant is strictly minimum phase; i.e., all of the transmission zeros of G(s) are in
the open left half-plane.
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Of these assumptions, the most critical one is the last. The reasons for this will become
obvious later.

At this point, we should mention that there are two different variations of the LTR
method. They differ on whether we break the loop at the input or the output. At the output,
the loop transfer matrix (i.e., the MIMO version of the loop gain) is

Lo(s) = G(s)K(s).

The LTR method for this case consists of designing a Kalman filter and varying the LQR to
recover (9.94). At the input, the loop transfer matrix is

Li (s) = K(s)G(s),

and we design a nominal LQR and vary the Kalman filter to recover (9.93). To simplify
our presentation, we will present only the technique where we break the loop at the output
and design the controller so that the loop gain looks like a Kalman filter. Aside from a few
specifics, the process involved for the two different variations should be similar enough
so that one can do either, once one has obtained sufficient familiarity with the scheme to
competently carry out one.

Let us then assume that at this point, we have carefully designed a Kalman filter that
has good performance as an estimator and whose transfer function has good characteristics
in terms of output tracking or disturbance rejection or robustness to modeling errors at the
output. We now turn to the problem of designing the LQR gain so that we can make it
transparent in the loop transfer matrix. For this we will use the cheap control problem from
LQ optimal control.

The cheap control problem is to find the control, u, that minimizes

J =
∫ ∞

0

[
xTCTCx + ρuTu

]
dt

subject to

ẋ = Ax + Bu,

y = Cx.

The variable, ρ, is a positive scalar that eventually we will take to the limit, ρ → 0. As
we get to this limit, the penalty on control effort becomes smaller so that we can use larger
control signals for the same cost; i.e., the control becomes “cheap.”

The solution to this problem is

u(t) = −!ρx(t),

where

!ρ = 1

ρ
BTSρ

and Sρ is the solution to

0 = SρA+ ATSρ + CTC − 1

ρ
SρBBTSρ.
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Under our assumptions,
lim
ρ→0

Sρ −→ 0.

In fact, the minimum phase nature of G(s) is necessary and sufficient for the above limit to
exist.

We now make the central claim, which leads to the LTR method.

Theorem 9.17. Given our assumptions,

lim
ρ→0

√
ρ!ρ −→ UC,

where U is a unitary matrix , i.e., UTU = I .

Proof. From its definition,
√
ρ!ρ = 1√

ρ
BTSρ. (9.95)

Because of the limiting behavior of Sρ ,

lim
ρ→0

SρA+ ATSρ + CTC − 1

ρ
SρBBTSρ = CTC − 1

ρ
SρBBTSρ = 0.

Combined with (9.95), this leads to(√
ρ!ρ

)T (√
ρ!ρ

) −→ CTC as ρ → 0.

The above implies our theorem.

Now, let us insert this controller with its limiting properties back into the controller
transfer function:

K(s) = !ρ

(
sI − A+ B!ρ +KC

)−1
K.

Define �−1(s) = sI − A+KC, so that

K(s) = !ρ

(
�−1(s)+ B!ρ

)−1
K.

By the matrix inversion lemma,

K(s) = !ρ

[
�(s)−�(s)B

(
I +!ρ�(s)B

)−1
!ρ�(s)

]
K.

Now, let us rearrange the above slightly and carry out a few algebraic manipulations:

K(s) =
[
I −!ρ�(s)B

(
I +!ρ�(s)B

)−1
]
!ρ�(s)K

=
[(

I +!ρ�(s)B
)(

I +!ρ�(s)B
)−1 −!ρ�(s)B

(
I +!ρ�(s)B

)−1
]
!ρ�(s)K

=
[(

I +!ρ�(s)B
)
−!ρ�(s)B

](
I +!ρ�(s)B

)−1
!ρ�(s)K

=
(
I +!ρ�(s)B

)−1
!ρ�(s)K.
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Multiply and divide the above by 1√
ρ

:

K(s) = (√
ρI +√ρ!ρ�(s)B

)−1√
ρ!ρ�(s)K.

Taking the limit ρ → 0 and applying Theorem 9.17 gives us

lim
ρ→0

K(s) =
(
UC�(s)B

)−1
UC�(s)K

=
(
C�(s)B

)−1
U−1UC�(s)K

=
(
C�(s)B

)−1
C�(s)K.

We can simplify the termC�(s)K by using the matrix inversion lemma and a more algebraic
manipulation:

C�(s)K = C (sI − A+KC)−1 K

= C

[
(sI − A)−1 − (sI − A)−1 K

(
I + C (sI − A)−1 K

)−1

C (sI − A)−1

]
K

=
[
I − C (sI − A)−1 K

(
I + C (sI − A)−1 K

)−1]
C (sI − A)−1 K

=
[(

I + C (sI − A)−1 K

)
− C (sI − A)−1 K

]

×
(
I + C (sI − A)−1 K

)−1

C (sI − A)−1 K

=
[
I + C (sI − A)−1 K

]−1

C (sI − A)−1 K.

Likewise for C�(s)B,

C�(s)B =
[
I + C (sI − A)−1 K

]−1

C (sI − A)−1 B.

Substituting back into our expression for K(s), these two results let us make the following
claim:

lim
ρ→0

K(s) = lim
ρ→0

!ρ

(
sI − A+ B!ρ +KC

)−1
K =

[
C (sI − A)−1 B

]−1

C(sI −A)−1K.

We are now at the point where we can derive the central LTR result. Substitute the
above into our expression for the loop transfer matrix at the output and take the limit as
ρ → 0:

lim
ρ→0

Lo(s) = lim
ρ→0

G(s)K(s)

=
[
C (sI − A)−1 B

][
C (sI − A)−1 B

]−1

C(sI − A)−1K

= C(sI − A)−1K.

(9.96)
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This says that, in the limit, we recover the loop transfer properties of the Kalman filter, i.e.,
60◦ phase margin and 6 db gain margin. The design procedure that we have described can
be summarized as follows:

1. Design a Kalman filter with desirable properties as an estimator and as the transfer
function.

2. Design a “cheap” LQR, picking a sufficiently small value for ρ, to obtain a fair
approximation to the limiting result.

This design procedure has come to be described as LQG/LTR.

Some comments.

• The necessity of the minimum phase nature of the system becomes obvious when
examining (9.96). We are literally inverting the plant. Nonminimum phase zeros
would lead to an unstable controller K(s). We can also see how having a square plant
helps with the inverse.

• Another way of looking at LQG/LTR is as a high-gain controller. We are essentially
turning up the gain to the point where we are moving the plant poles far away from
the Kalman filter poles. The latter become the dominant poles in the system so that
the loop transfer properties are essentially the properties of the filter.

• In our particular choice of LQG/LTR (breaking the loop at the output), we are left
with a loop transfer whose poles are the open-loop poles of the system. Because an
estimator is output feedback, we cannot move the poles of the system. Our choice of
filter gain has only the effect of changing the zeros of the system. The reader should
not confuse this discussion with the properties of the Kalman filter as an estimator.

Remark 9.18. We owe a large part of the derivation of the LQG/LTR that we present here
to a lecture typed up by Michael Athans for a multivariable control course that he taught at
MIT [2].

9.10 Exercises
1. Confirm that the open-loop costs for the UP-UP-DOWN and DOWN-UP-DOWN

paths for the stochastic dynamic programming example in Section 9.1 are as given in
the text (120.75 and 192.25, respectively).

2. Derive the control uk which minimizes the cost

J = E

[N−1∑
k=0

(
xT
k Qkxk + 2xT

k Nkuk + uT
kRkuk

)+ xT
NQNxN

]

subject to

xk+1 = �kxk + �kuk + wk,

zk = Hkxk + vk,
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where x0 is a Gaussian random variable with mean, x̄0, and covariance,M0, and vk and
wk are zero-mean Gaussian random processes with intensitiesVk andWk , respectively.
(Hint: You do not have to start from the very beginning for this solution. You may
skip to the dynamic programming recursion equation. However, this does mean that
you have to know what this equation will look like when you have a cross-weighting
between the state and control.)

3. (a) Given the following stochastic scalar system,

xk+1 = φk xk + gkuk + wk,

zk = hkxk + vk,

where

E [x0] = 0, E
[
x2

0

] = X0

and

E
[
w2

k

] = Wk, E
[
v2
k

] = Vk,

find the feedback law that minimizes

J = E

[ N∑
k=0

x2
k

]
.

(b) Now consider the continuous version of the above,

dx = (ax + bu)dt + dw,

dz = hx dt + dv,

E [x(0)] = 0, E
[
x(0)2

] = X0,

where the Brownian motion processes w and v have incremental statistics

E
[
dw2

] = Wdt, E
[
dv2

] = V dt.

Find the feedback law that minimizes

J = E

[∫ tf

0
x2dt

]
.

4. Find the feedback control law that minimizes the cost

J = E

[
N∑
k=1

(
uT
kRkuk +

N∑
i=1

xT
k Qkixi

)]

subject to
xk+1 = �kxk + �kuk + wk,

E [x1] = 0,

E

[
x1x

T
1

]
= X1
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(a) given perfect state information and the knowledge thatwk is a zero-mean, white-
noise process with variance Wk .

(b) Or, if you are given
yk = Hkxk + vk,

where vk is a zero-mean, white-noise process with variance Vk and Wk = 0 for
all k.

5. Consider the scalar time-invariant, infinite-time, discrete-time LQG problem:

xk+1 = (φ + δφ) xk + (γ + δγ ) uk + wk,

yk = (h+ δh) xk + vk.

Determine bounds on the allowable variations of δφ, δγ, and δh such that the system
remains stable. Consider forming the bounds for one parameter variation at a time.

6. Consider the scalar discrete-time system:

xk+1 = (φk + δφk) xk + (γk + δγk) uk + wk,

yk = (hk + δhk) xk + vk,

where φ, γ, and h are known and δφ, δγ,wk, and δh are zero-mean, white-noise with
variances σ 2

φk
, σ 2

γk
,Wk , and σ 2

hk
, respectively.

(a) Design the best linear minimum variance estimator where x̂k denotes the esti-
mate.

(b) Assume separations in the design of the control law and the filter. Let the control
law be

uk = �kx̂k,

where �k is determined assuming the perfect information case for minimizing
the cost,

J = E

[ N∑
k=1

x2
k+1qk+1 + u2

krk

]
.

Determine the expected value of the cost.

7. Consider the simple discrete problem of finding the control sequence that minimizes

J = E

[
1

2
x2
N+1QN+1 + 1

2

N∑
k+1

u2
kRk

]

subject to
xk+1 = xk + uk + wk.

The state xk is known perfectly at each stage, and wk is a zero-mean, white-noise
process and not necessarily Gaussian.

(a) Determine the control law when QN+1 = 1 and Rk = 1 for all k.
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(b) Determine the control law when QN+1 = 1 and Rk = 0 for all k.

(c) Determine the predicted expected cost for the two cases above when the zero-
mean noise process has unit variance.

8. Consider the continuous-time problem of finding the control γ (0, tf ) ∈ U which
minimizes the cost,

J
(
γ (0, tf )

)
= 1

2
E

[∫ tf

0

(
xT
τ Q(τ)xτ + uTR(τ)u

)
dτ + xT

tf
Sf xtf

]
,

subject to

dxτ =
[
F(τ)xτ+G(τ)u

]
dτ+

√
xT
τ Q1(τ )xτ + uTR1(τ )uB(τ)dwτ , x0 ∼ N(x̂0, P0),

E
[
dwτdw

T
τ

] = Wdt,

whereB is an n vector andW is a scalar. The weighting matrices are such thatR(τ) =
R(τ)T > 0, R1(τ ) = R1(τ )

T > 0, Q(τ) = Q(τ)T > 0, and Q1(τ ) = Q1(τ )
T > 0

for every τ ∈ [0, tf ] and St ≥ 0.
Determine the controller u(x, t) ∈ U with perfect information.

9. Consider that the recurrence relation for the LQG problem for continuous time is

J
[
x̂(t1), t1

] = min
u

E

[
1

2

∫ t1+dt

t1

(
x̂TQx̂ + uTRu

)
dt+J [x̂(t1 + dt), t1 + dt

] | x̂(t1), t1],
where

dx̂t =
[
F(t)x̂t +G(t)u(t)

]
dt +Kdν,

F (t),G(t),K are known functions of time, and the innovations process dν = (dz−
Hx̂dt) is a Gaussian independent increment process with E

[
dν2

] = V dt for which
dz = Hxdt + dv. The process dv is a Gaussian independent increment process with
zero mean and E

[
dv2

] = V dt .

(a) Determine the partial differential equation called the Hamilton–Jacobi–Bellman
equation found by expanding J

[
x̂(t1 + dt), t1 + dt

]
in a Taylor series about

(x̂(t1), t1) and taking the limit.

(b) Solve this partial differential equation and find the feedback controller.

10. Consider the simple discrete-time problem of finding the control sequence that min-
imizes

J = E

[
1

2
Q̄x2

N+1 +
1

2

N∑
k=1

Qx2
k

]
subject to the scalar discrete-time dynamic system

xk+1 = (ā + ξk)xk + (b̄ + ηk)uk,

where

E[ξk] = 0, E
[
ξ 2
k

] = S2, E [ξkξi] = 0, k 
= i,

E[ηk] = 0, E
[
η2
k

] = C2, E [ηkηi] = 0, l 
= i.
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(a) Suppose that S = 0. Determine the control gain. Determine the relationship
between b̄, ā, and C2 for ā > 0 for which the cost first goes to infinity.

(b) Suppose C = 0. Determine the control gains. Are there any values for b̄, ā,
and S2, all finite, such that the cost goes to infinity.

11. Find

inf
u
J = 1

2

∫ t1

t0

[
xTQx + 2xTNu+ uTRu

]
dt + x(t1)

T�1x(t1)

subject to

ẋ(t) = Ax(t)+ Bu(t), x(t0) = x0,

y(t) = Cx(t).

Using Hamilton–Jacobi theory, show how you derive the optimal control and the
Riccati equation.

12. Consider the scalar stochastic equation:

dxt = gudt + udβt ,

where βt is a Brownian motion process with E[dβ2
t ] = σ 2dt and u is a control input.

The scalar g is a deterministic constant.

(a) If u is an open-loop control strategy such that it is only a function of the initial
state x0 and the current time t (and not any of the previous times, s, 0 ≤ s < t),
find the control law u that minimizes the expectation of x2

t .

(b) Now, u is allowed to be a state feedback of the form u = αx. Find the function
α that minimizes the expectation of x2

t .
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Linear Exponential
Gaussian Control and
Estimation

Although few stochastic optimal control problems besides the LQG problem can be solved
so as to produce explicit feedback controllers, the linear exponential Gaussian, or LEG,
stochastic optimal control problem also admits a useful feedback controller. The solution to
the LEG stochastic control problem reduces to that of solving a differential game problem
producing a worst-case compensator design for the case of partial information. This con-
troller also is equivalent to the H∞ controller when restricted to infinite-time, time-invariant
systems. Furthermore, the LEG estimator, introduced in Chapter 8 during our discussion
of estimation theory, is finally and fully developed here. By taking a discrete to continuous
limit, the continuous-time LEG controller and estimator are determined.

10.1 Discrete-Time LEG Control

10.1.1 Formulation of the LEG Problem

The LEG problem in discrete time is to find the sequence γ (0, N − 1) ∈ U that minimizes

J
(
γ (0, N − 1)

)
= −θE

[
e−

θ�
2

]
subject to

xk+1 = �kxk + �kuk + wk,

zk = Hkxk + vk.

In this section, we will be solving both the partial information LEG control problem and
the LEG estimation problem, and the cost and admissible set differ in each. For the control
problem, the term � in the exponent in the cost is defined to be

� :=
N−1∑
k=0

(
xT
k Qkxk + uT

kRkuk
)+ xT

NQNxN,

335
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and the admissible set restricts the control law, γ (0, N − 1) = u0, . . . , uN−1 ∈ U . For the
estimation problem,

� :=
N−1∑
k=0

(
zk − ẑk

)T
Q̄k

(
zk − ẑk)

) = N−1∑
k=0

(
xk − x̂k

)T
Qk

(
xk − x̂k)

)
,

where Qk = H T
k Q̄kHk and γ (0, N) = {x̂0, . . . , x̂N } ∈ U . The disturbances, vk and wk ,

are independent zero-mean Gaussian white-noise sequences with covariances Vk and Wk ,
respectively. The initial state, x0, is assumed to have a mean, x̄0, and a covariance, M0.

At first glance, the LEG cost function may seem bizarre and unmotivated by intuition
or by physics. In truth, it is a generalization of the LQG cost. To see this, expand the
exponential into its Taylor series:

−θE
[
e−

θ�
2

]
= −θ

[
1− θ

E[�]
2

+ θ2 E
[
�2

]
222! − θ3 E

[
�3

]
233! + · · ·

]
.

As we can see in the above, the first-order term, E[�], is the LQG cost function. Thus,
for smaller values of θ , the higher-order terms fade away, and the LEG problem resembles
the LQG. On the other, for larger values of θ , the higher-order terms tend to dominate the
cost, and, as we will see later, the LEG problem resembles a differential game. This is
also evident in Figures 10.1 and 10.2, where we plot out the function −θe−θx2

for various
values of θ , both positive and negative. In both cases, the center point, x = 0, is where the
minimum is found, and the curve here becomes a sharper dip as |θ | → ∞. The point to
take away from this observation is that larger θ ’s place stiffer penalties for larger deviations
of x away from 0. Applied to the LEG problem, it tells us that the controller, or estimator,
seeks to reduce the worst-case deviations away from the minimum. We will see later that
this comes at the expense of a higher variance of the deviations.

10.1.2 Solution Methodology and Properties of the LEG Problem

The state and measurement histories are defined to be

Xk := {x0, . . . , xk},
Zk := {z0, . . . , zk}.

The control history is

Uk = γ (0, k) :=
{
{u0, . . . , uk} control problem,

{x̂0, . . . , x̂k} estimation problem,

and the information sequence is

Ik+1 :=
{
{Ik, zk+1, uk} control problem,

{Ik, zk+1, x̂k} estimation problem,
k = 0, . . . , N − 1, I0 = {z0}.

Since Ik+1 uses the most up-to-date measurements, it is a current information pattern.
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Figure 10.1. Plot of −θe−θx2
for θ < 0.
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Figure 10.2. Plot of −θe−θx2
for θ > 0.

To simplify our discussion, uk will be understood to represent the solution to either
problem, except where we explicitly focus on one or the other. As we did before with the
LQG control problem, we will apply dynamic programming starting with the cost function,

J 0 = min
γ∈U

E
[
−θe −θ�2

]
.
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If we expand the expectation on the right-hand side, we get

min
γ∈U

E
[
−θe −θ�2

]
= min

γ∈U
E

[
E

[
−θe −θ�2

∣∣∣∣IN

]]
=
∫ ∞

−∞

[
min
u0

∫ ∞

−∞

[
min
u1

∫ ∞

−∞
. . .

. . . min
uN−1

∫ ∞

−∞

[
min
uN

∫ ∞

−∞

[
−θe −θ�2 f (XN |IN ) dXN

]
f (zN |IN−1 )dzN

]
. . .

. . .

]
f (z3 |I2 )dz3

]
f (z2 |I1 )dz2

]
f (z1 |I0 )dz1

]
f (z0)dz0,

where the fundamental lemma (Lemma 9.3) is used to interchange the minimization and
expectation operations. Minimization at N is particular to the estimation problem where
uN denotes x̂N . No such minimization takes place for the control problem.

Since our strategy is to apply dynamic programming to this problem, we need to recast
the cost in the form of a recursion rule for an optimal return function. To get this function,
we first note that

min
γ (k+1,N)∈U

E
[
−θe −θ�2

∣∣∣ Ik+1

]
= min

uk+1

∫ ∞

−∞

[
min
uk+2

∫ ∞

−∞

[
. . .

. . .min
uN−1

∫ ∞

−∞

[
min
uN

∫ ∞

−∞

[
−θe −θ�2 f (XN |IN ) dXN

]
f (zN |IN−1 )dzN

]
. . .

. . .

]
f (zk+3 |Ik+2 )dzk+2

]
f (zk+2 |Ik+1 )dzk+2

and that

f (Zk+1 |Uk ) dZk+1

= f (zk+1 |Ik )dzk+1 f (zk |Ik−1 )dzk . . . f (z2 |I1 )dz2 f (z1 |I0 )dz1 f (z0)dz0.

Using these two facts, the cost function can be more compactly rewritten as

J 0 =
∫ ∞

−∞

[
min
u0

∫ ∞

−∞

[
min
u1

∫ ∞

−∞

[
min
u2

∫ ∞

−∞
. . .

. . .min
uk

∫ ∞

−∞

[
min

γ (k+1,N)∈U
E
[
−θe −θ�2 |Ik+1

]
f (Zk+1 |Uk ) dZk+1

]
. (10.1)

If we then define the optimal return function as

J o
k+1 (Ik+1) := min

γ (k+1,N)
E
[
−θe −θ�2 |Ik+1

]
f (Zk+1 |Uk ),

the sought after dynamic programming recursion rule becomes

J o
k (Ik) = min

uk

∫ ∞

−∞
Jk+1 (Ik+1) dzk+1. (10.2)

For the estimation problem only, the minimization at stage N is

JN (IN) = min
uN

E
[
−θe −θ�2 |IN

]
f (ZN |UN−1 ). (10.3)
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Now our ability to solve the LEG problem is greatly helped by the following two
lemmas used by Whittle. We will eventually use these lemmas to simplify the recursion
rules.

Lemma 10.1. Let S(u, v; θ) be a quadratic form in the components of the vectors u and v

with dim(v) = r and with θ being a constant parameter upon which S depends so that

S(u, v; θ) = 1

2
ξTS̄ξ + kTξ + n,

where the elements ξ and S̄ are

ξ =
{

u

v

}
, S̄ =

[
Suu Suv
Svu Svv

]
,

and k is a vector and n is a scalar. If θ > 0, S̄ > 0, and S(u, v; θ) attains its minimum
at u = u∗ and v = v∗. If θ < 0, assume that Suu > 0 and Svv < 0 and that S(u, v; θ)
assumes its minimax solution at u = u∗ and v = v∗. Then,

min
u

[∫ ∞

−∞
−θe−θS(u,v;θ) dv

]
= −θ(2π) r

2 |θSvv|− 1
2 e−θS(u

∗,v∗;θ) ∝ e−θS(u
∗,v∗;θ).

Proof. See Appendix A at the end of this chapter.

Lemma 10.2. The joint probability of the state and measurement is proportional to the joint
probability of the measurement and process noise. That is,

f
(
XN,ZN

∣∣∣UN−1

)
∝ e−

D
2 ,

where

D =
N−1∑
k=0

(mk + nk)+ nN + (x0 − x̄0)
T M−1

0 (x0 − x̄0) ,

mk(xk+1, xk, uk) = (xk+1 −�kxk − �kuk)
T W−1

k (xk+1 −�kxk − �kuk) ,

nk(zk, xk) = (zk −Hkxk)
T V −1

k (zk −Hkxk) .

Proof. See Appendix B at the end of this chapter.

Note that in the determination of the LEG estimator �k in mk is 0.
We will now apply these lemmas to our recursion rule (10.2) at the terminal time,
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k = N . First, a simple rearrangement of terms gives us

J o
N = min

uN
E

[
−θe− θ�

2

∣∣∣∣IN

]
f (ZN |UN−1 )

=
(
−θ min

uN

∫ ∞

−∞
e−

θ�
2 f (XN |ZN,UN−1 ) dXN

)
f (ZN |UN−1 )

= −θ min
uN

∫ ∞

−∞
e−

θ�
2 f (XN,ZN |UN−1 ) dXN.

By applying Lemma 10.2, we know that the right-hand side of the previous equation is
proportional to the joint probabilities of the process and measurement noises:

J o
N (IN) ∝ −θ min

uN

∫ ∞

−∞
e−

θ�
2 e−

D
2 dXN = −θ min

uN

∫ ∞

−∞
e−

θS
2 dXN,

where S := � + D
θ

. Applying Lemma 10.1 then leads to

J o
N (IN) ∝ −θe

(
− 1

2 θ minuN
extX

N
S
)
.

Note that the value of Lemma 10.1 is that it enables us to relate the expectation of an
exponential with a quadratic argument and a Gaussian probability to the extremization of
the constituent random variables in the quadratic argument of the exponential. Again, the
minuN operation is associated only with the estimation problem. The operator, “ext,” in the
above equation denotes extremization. That is, the function is minimized when θ > 0 and
maximized when θ < 0. If the recursion rule at time k is applied,

J o
k (Ik) = min

uk

∫ ∞

−∞
Jk+1 (Ik+1) dzk+1

∝ min
uk

∫ ∞

−∞
−θe

(
− θ

2 minγ (k+1,N) ext
ZN
k+2

extXN
S

)
dzk+1

∝ −θe
(
− θ

2 minγ (k,N) extZN
k+1

extXN
S

)
.

In fact,

J o
k (Ik) ∝ −θe

(
− θ

2 minγ (k,N) extZN
k+1

extXN
S

)
, (10.4)

where

ZN
k+1 :=

{
zk+1, . . . , zN

}
,

XN
k+1 :=

{
xk+1, . . . , xN

}
.

At this point, the exponent in J o
k (Ik) is decomposed as

min
γ (k,N)

ext
ZN

k+1

ext
XN

S (XN, IN) = ext
xk

[
ext
Xk−1

S (Xk, Ik)︸ ︷︷ ︸
Fk(xk,Ik)

+ min
γ (k,N)

ext
XN

k+1

ext
ZN

k+1

S
(
XN

k ,ZN
k+1, γ (k,N)

)
︸ ︷︷ ︸

Bk(xk)

]
.

(10.5)
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In (10.5) we have commuted the operations of min and ext. When θ > 0, the order of
minimizations can certainly be interchanged, since S is assumed positive definite. When
θ < 0 we assume that S is positive definite in γ (k,N) and negative definite in ZN

k+1, XN .
Then, S possesses a saddle point, and the operations of min and ext commute.

In the following subsections we focus first on the control problem and then on the
estimation problem.

10.1.3 LEG Controller Solution

The function, S, is an additive function of xk, zk, uk at each stage. Moreover, the listed
extremal and minimization operations in (10.5) are independent of order. The first portion,
denoted F (Xk, Ik), is a forward recursion that accumulates past data. As such, it is the
basis of the estimation process associated with the control problem:

Fk+1 = ext
xk

{
Fk (xk, Ik)+ xT

k Qkxk + uT
kRkuk + 1

θ

[
mk(xk+1, xk, uk)+ nk+1(zk+1, xk+1)

]}
,

F0 = 1

θ
(x0 − x̄0)

T M−1
0 (x0 − x̄0) .

The backward recursion, denoted Bk(xk), is a minimax control problem if θ < 0 and a
cooperative control problem if θ > 0. It is propagated by

Bk(xk) = min
uk

ext
xk+1

[
Bk+1(xk+1)+ xT

k Qkxk + uT
kRkuk + 1

θ
mk(xk+1, xk, uk)

]
,

B
N
(x

N
) = xT

N
Q

N
x

N
.

We note that nk does not appear in the equation for Bk , because an extremization operation
with respect to zk leads to

zok = Hkxk ⇒ nk ≡ 0.

The Backward Recursion (Controller Gains)

Let us now complete our solution of the LEG problem. Assume a solution,

Bk+1 = xT
k+1Sk+1xk+1,

which implies the initial condition
SN = QN.

Substitute this into the right-hand side of the equation for Bk and collect terms:

Bk = min
uk

ext
xk+1

[
xT
k+1Sk+1xk+1 + xT

k Qkxk + uT
kRkuk

+ 1

θ
(xk+1 −�kxk − �kuk)

T W−1
k (xk+1 −�kxk − �kuk)

]
.
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Carrying out the extremization of the right-hand side with respect to xk+1, the gradient is

∂Bk

∂xk+1
=
[
xT
k+1Sk+1 + 1

θ
(xk+1 −�kxk − �kuk)

T W−1
k

]
= 0. (10.6)

From (10.6), the extremal value of xk+1, denoted xo
k+1, is

xo
k+1 =

[
Sk+1 + 1

θ
W−1

k

]−1 1

θ
W−1

k (�kxk + �kuk) .

Substitute this value back into Bk to get

Bk = (�kxk + �kuk)
T 1

θ
W−1

k

[
Sk+1 + 1

θ
W−1

k

]−1

× Sk+1

[
Sk+1 + 1

θ
W−1

k

]−1 1

θ
W−1

k (�kxk + �kuk)

+ xT
k Qkxk + uT

kRkuk + (�kxk + �kuk)
T
{

1

θ
W−1

k

[
Sk+1 + 1

θ
W−1

k

]−1

− I

}

× 1

θ
W−1

k

{[
Sk+1 + 1

θ
W−1

k

]−1 1

θ
W−1

k − I

}
(�kxk + �kuk) .

If you look in the equation above, you will see that we have two terms that are quadratic in
�kxk + �kuk . If we combine these terms and throw out terms which cancel, we get

Bk = (�kxk + �kuk)
T
[

1

θ
W−1

k − 1

θ
W−1

k

(
Sk+1 + 1

θ
W−1

k

)−1 1

θ
W−1

k

]
(�kxk + �kuk)

+ xT
k Qkxk + uT

kRkuk.

Using the matrix inversion lemma, we find that

1

θ
W−1

k − 1

θ
W−1

k

[
Sk+1 + 1

θ
W−1

k

]−1 1

θ
W−1

k = (
S−1
k+1 + θWk

)−1
.

If we substitute this result back into our equation for Bk and then minimize with respect to
uk , the gradient becomes

∂Bk

∂uk
=
[
(�kxk + �kuk)

T (S−1
k+1 + θWk

)−1
�k + uT

kRk

]
= 0.

Solving for uk gives us the optimal control,

uok = −
[
Rk + �T

k

(
S−1
k+1 + θWk

)−1
�k

]−1

︸ ︷︷ ︸
(∗)

�T
k

(
S−1
k+1 + θWk

)−1
�kxk. (10.7)
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Using the matrix inversion lemma on the term marked (∗) gives us

[
Rk + �T

k

(
S−1
k+1 + θWk

)−1
�k

]−1

= R−1
k − R−1

k �T
k

[
S−1
k+1 + θWk + �kR

−1�T
k

]−1

�kR
−1
k .

Substituting this term back into our formula for uok , we obtain

uok = −R−1
k �T

k

[ (
S−1
k+1 + θWk

)−1

− (S−1
k+1 + θWk + �kR

−1�T
k

)−1
�kR

−1�T
k

(
S−1
k+1 + θWk

)−1
]
�kxk

= −R−1
k �T

k

(
S−1
k+1 + θWk + �kR

−1�T
k

)−1
[(
S−1
k+1 + θWk + �kR

−1�T
k

) (
S−1
k+1 + θWk

)−1

−�kR
−1�T

k

(
S−1
k+1 + θWk

)−1
]
�kxk,

which reduces to

uok = −R−1
k �T

k

[
S−1
k+1 + θWk + �kR

−1
k �T

k

]−1
�k︸ ︷︷ ︸

!k

xk. (10.8)

The form of the gain for uok in (10.7) could be more desirable than that in (10.8) when Rk is
not invertible.

The matrix, Sk+1, falls out from the assumed solution to Bk and turns out to be a
solution to a discrete-time matrix Riccati equation. If we substitute uk back into Bk and
assume that

Bk = xT
k Skxk,

we end up with

xT
k Skxk = xT

k

[
(�k − �k!k)

T(S−1
k+1 + θWk)(�k − �k!k)+Qk +!T

k�
T
k Rk�k!k

]
xk.

Since both the left-hand side and the right-hand side of the above equation are a quadratic
in xk , we can equate the weighting terms. After much simplification using the functional
form of the gain !k in (10.7) and the matrix inversion lemma, we get a Riccati equation for
Sk ,

Sk = Qk +�T
k

[
S−1
k+1 + θWk + �kR

−1
k �T

k

]−1
�k , SN = QN. (10.9)

Note that if θ = 0, our controller (10.8), (10.9) becomes the LQR controller. We should also
point out that the controller is a feedback of the state, which is something we do not have.
However, the following theorem, attributed to Whittle, tells us that the optimal control can
be implemented using our best estimate of the state.
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Theorem 10.3. Let u∗(xk) be the control law which minimizes Bk and let x∗k be the state
trajectory which extremizes Fk + Bk as a function of the information pattern Ik . Then

u∗(xk)
∣∣∣
xk=x∗k

= uo
(
x∗k (Ik)

)
.

Remark 10.4. The controller in (10.7) or (10.8) is a function of the perfect information
state. Since this is unknown, it is replaced by the worst-case value of the state vector x∗k (Ik)

and is a modified version of certainty equivalence. This will be explicitly shown near the
end of our derivation when we combine the forward and backward propagations.

The Forward Recursion (Controller Estimator)

We now focus on the forward recursion equation, Fk+1. We will find that this gives us a
linear estimator which reduces to the Kalman filter when θ = 0. To begin, define

Fk+1(xk+1, Zk+1) = F̄k+1(xk+1, Zk)+ θ−1nk+1(xk+1, zk+1),

where

Fk+1 = ext
xk

{
F̄k(xk, Zk−1)+ xT

k Qkxk

+ uT
kRkuk + 1

θ

[
mk(xk+1, xk, uk)+ nk(zk, xk)+ nk+1(zk+1, xk+1)

]}
,

(10.10)

where the measurement history in F̄k(xk, Zk−1) is one step delayed and F̄k is assumed to
have the quadratic form as

F̄k = 1

θ
(xk − x̄k)

T M−1
k (xk − x̄k)+ ϒk(Zk−1), (10.11)

F̄0 = 1

θ
(x0 − x̄0)

T M−1
0 (x0 − x̄0) ,

where x̄k is an estimate of the state xk conditioned onZk−1 andϒk(Zk−1) is a function only of
the measurements and the control sequence, which itself is a function of the measurements.
Substitute the quadratic term of (10.11) into the recursion formula for F̄k+1 as given to get

F̄k+1(xk+1, Zk) = ext
xk

{
F̄k(xk, Zk−1)+ xT

k Qkxk + uT
kRkuk

+ 1

θ

[
mk(xk+1, xk, uk)+ nk(zk, xk)

]}

= ext
xk

{
1

θ
(xk − x̄k)

T M−1
k (xk − x̄k)+ ϒk(Zk−1)+ xT

k Qkxk

+ uT
kRkuk + 1

θ

[
mk(xk+1, xk, uk)+ nk(zk, xk)

]}
. (10.12)



book
2008/9/3
page 345

�

�

�

�

�

�

�

�

10.1. Discrete-Time LEG Control 345

Our objective is to show how the quadratic form (10.11) holds at every stage time k. By
extremizing with respect to both xk+1 and xk , we are led to the form of the one-step delayed
estimate x̄k as well as the recursion forϒk(Zk−1). The value of considering the one-step delay
in updating the state estimate is that the recursion formula does not include the backward
propagation term. Since the estimator is a function of the measurement history, then the
estimator is found from

ϒk+1(Zk) = ext
xk+1

F̄k+1 = ext
xk+1

ext
xk

{
1

θ
(xk − x̄k)

T M−1
k (xk − x̄k)+ ϒk(Zk−1)+ xT

k Qkxk

+ uT
kRkuk + 1

θ

[
mk(xk+1, xk, uk)+ nk(zk, xk)

]}
.

(10.13)

Note that from the definition of F̄k+1(xk+1, Zk) in (10.11), the extxk+1 operation leaves only
ϒk+1(Zk).

We first extremize F̄k+1 with respect to xk+1 leading to

W−1
k (xk+1 −�kxk − �kuk) = 0. (10.14)

Solving (10.14) for the extremizing of xk+1 and denoting the result x̄k+1 gives us

x̄k+1 = �kxk + �kuk. (10.15)

Now extremize Fk+1 with respect to xk to get

− (xk+1 −�kxk − �kuk)
T W−1

k︸ ︷︷ ︸
=0 because of (10.14)

�T
k+θxT

k Qk+(xk − x̄k)
T M−1

k −(zk −Hkxk)
T V −1

k Hk = 0.

(10.16)
Solving what is left of (10.16) for the extremizing of xk and denoting this solution x∗k leads
to

x∗k =
(
M−1

k + θQk +H T
k V

−1
k Hk

)−1
M−1

k x̄k +
(
M−1

k + θQk +H T
k V

−1
k Hk

)−1
H T

k V
−1
k zk.

Combining the above with (10.15) gives us

x̄k+1 = �k

(
M−1

k + θQk +H T
k V

−1
k Hk

)−1
M−1

k︸ ︷︷ ︸
(#)

x̄k

+�k

(
M−1

k + θQk +H T
k V

−1
k Hk

)−1
H T

k V
−1
k zk + �kuk. (10.17)

Let us rewrite the term denoted (#):

�k

(
M−1

k + θQk +H T
k V

−1
k Hk

)−1
M−1

k

= �k

(
M−1

k + θQk +H T
k V

−1
k Hk

)−1

×
[(
M−1

k + θQk +H T
k V

−1
k Hk

)− (
θQk +H T

k V
−1
k Hk

)]

= �k −�k

(
M−1

k + θQk +H T
k V

−1
k Hk

)−1 (
θQk +H T

k V
−1
k Hk

)
. (10.18)
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If we define
�k =

(
M−1

k + θQk +H T
k V

−1
k Hk

)−1
, (10.19)

then, combined with (10.18), this leads to the one-step delayed information state estimate

x̄k+1 = �kx̄k + �kuk +�k�k

[
H T

k V
−1
k (zk −Hkx̄k)− θQkx̄k

]
. (10.20)

The preceding derivation makes sense, however, only if we can find update and
propagation equations for M−1

k+1, which form the weighting in the quadratic form for F̄k+1,
(10.12). F̄k+1 is a function of many different terms, but it will turn out that for this purpose
we need only focus on xk+1 and xk . For simplicity, we will consider only the terms in
(10.12) that are found in a quadratic function of (xk+1, xk) formed by

[xT
k+1, x

T
k ]
[
β γ

γ T δ

] [
xk+1

xk

]

= [xT
k+1, x

T
k ]
[

W−1
k −W−1

k �k

−�T
k W

−1
k M−1

k + θQk +HT
k V

−1
k Hk +�T

k W
−1
k �k

] [
xk+1

xk

]
. (10.21)

By extremizing with respect to xk , a relationship between xk+1 and xk is determined. By
substituting the formula for xk in terms of xk+1 back into (10.21), the resulting reduced
matrix associated with the quadratic form of xk+1 is identified as M−1

k+1 = β − γ δ−1γ T ,
where

Mk+1 = (β − γ δ−1γ T )−1 = β−1 + β−1γ (δ − γ T β−1γ )−1γ T β−1.

By using (10.21), the update formula for Mk+1 is found to be

Mk+1 = Wk +�k(M
−1
k +HT

k V
−1
k Hk + θQk)

−1�T
k , (10.22)

where it is assumed that all inverses exist.
By solving for the extremal value of xk after performing the extxk in (10.13) and then

substituting it back into (10.12), collecting terms to form 1
θ
(xk+1 − x̄k+1)

T M−1
k+1 (xk+1 − x̄k+1)

using (10.20) and (10.22), the recursive form of F̄k is obtained.

Combining Forward and Backward Propagations

We now need to combine our filter and controller. To do this, we go back to the final
extremization, which is a pointwise extremization that involves the sum of the forward and
backward recursions (10.5):

min
γ (k,N)

ext
ZN

k+1

ext
XN

S (XN, IN)

= ext
xk

[
Fk + Bk

]

= ext
xk

[
1

θ
(xk − x̄k)

T M−1
k (xk − x̄k)+ ϒk(Zk−1)

+xT
k Skxk +

1

θ
(zk −Hkxk)

T V −1
k (zk −Hkxk)

]
.
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The term Fk can be reduced to the quadratic term

Fk = F̄k + 1

θ
(zk −Hkxk)

T V −1
k (zk −Hkxk)

= 1

θ

(
xk − x̂k

)T
P−1
k

(
xk − x̂k

)+ ϒ̂k(Zk),

where

x̂k = x̄k + PkH
T
k V

−1
k (zk −Hkx̄k) , (10.23)

Pk =
[
M−1

k +H T
k V

−1
k Hk

]−1

(10.24)

= Mk −MkH
T
k (HkMkH

T
k + Vk)

−1HkMk, (10.25)

and ϒ̂k(Zk) includes all other terms involving functions of the measurements. Then

ext
xk

[
Fk + Bk

]
= ext

xk

[
1

θ

(
xk − x̂k

)T
P−1
k

(
xk − x̂k

)+ xT
k Skxk + ϒ̂k(Zk)

]
.

Taking the extremal with respect to xk gives

x∗k =
[
I + θPkSk

]−1

x̂k, (10.26)

where x∗k is propagated using (10.15) as

x̄k+1 = �kx
∗
k + �kuk = �k

[
I + θPkSk

]−1

x̂k + �kuk.

Note that the a priori estimate is biased.
Combining this with (10.8) and using Theorem10.3 gives us the optimal LEG control

law,

u∗k = −!k

[
I + θPkSk

]−1

x̂k.

The optimal LEG controller algorithm is summarized in the following theorem.

Theorem 10.5 (Fan, Speyer, and Jaensch [15]). The optimal LEG control rule is

u∗k = −!k

[
I + θPkSk

]−1

x̂k,

where the gain is

!k =
[
Rk + �T

k

(
S−1
k+1 + θWk

)−1
�k

]−1

�T
k

(
S−1
k+1 + θWk

)−1
�k

= R−1
k �T

k

[
S−1
k+1 + θWk + �kR

−1
k �T

k

]−1
�k,

Sk = Qk +�T
k

[
S−1
k+1 + θWk + �kR

−1
k �T

k

]−1
�k , SN = QN,
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and the LEG estimator is

x̂k = x̄k + PkH
T
k V

−1
k (zk −Hkx̄k) ,

x̄k+1 = �k

[
I + θPkSk

]−1

x̂k + �ku
∗
k,

Pk =
[
M−1

k +H T
k V

−1
k Hk

]−1

= Mk −MkH
T
k (HkMkH

T
k + Vk)

−1HkMk,

Mk+1 = Wk +�k(M
−1
k +HT

k V
−1
k Hk + θQk)

−1�T
k .

Furthermore, there exists a unique finite optimal control function that yields a finite cost if
and only if the following three inequalities exist for all k ∈ {0, . . . , N − 1}:

1. M−1
s +HT

s V
−1
s Hs + θQs > 0 for all s < k when θ < 0.

2. P−1
k + θSk > 0 when θ < 0.

3. S−1
s+1 + θWs > 0 for all N > s > k when θ < 0.

Remark 10.6. Particular properties of the LEG controller are the following:

1. Because of the presence of the process noise weighting, Wk , in the controller Riccati
equation (10.9), the certainty equivalence principle does not apply.

2. Because of the presence of the state weighting, Qk , in the filter Riccati equation,
the estimator is not a minimum variance estimator. However, since the filter can be
constructed separately from the controller, the separation principle does apply as
stated in Theorem 10.3.

3. The controller requires that the inverse, (I + θPkSk)
−1, exist. This is equivalent to

the condition that the absolute value of the largest eigenvalue of PkSk be larger than
1/θ . This is known as the spectral radius condition.

Remark 10.7. Note that in the one-step delayed case,

uk = −!k

[
I + θMkSk

]−1

x̄k,

where x̄k is generated by (10.20).

Example 10.8. Let us consider a simple one-stage example. Consider the scalar stochastic
system,

x1 = x0 + u0 + w0,

z0 = x0 + v0,

z1 = x1 + v1.
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The objective is to minimize the cost

J = −θE
[
e−

θ�
2

]
,

where

� = u2
0 + x2

1 .

The above gives us R0 = 1 and Sf = 1, with all other weightings equal to zero. It is
assumed that all of the noise terms and the initial state x0 are Gaussian random variables
with zero mean and unit covariance. Starting with M0 = 1, we calculate

�0 =
(
M−1

0 + θQ0 +H0V
−1

0 H0
)−1 = (1+ 0+ 1)−1 = 1

2
,

M1 = �0�0�0 +W0 = 1

2
+ 1 = 3

2
,

�1 =
(
M−1

1 + θQ1 +H1V
−1

1 H1
)−1 =

(
3

2
+ 1

)−1

= 2

5
.

Our estimator gain is then

K0 = �0�0H0V
−1 = �0 = 1

2
.

The control Riccati equation has the value,

S1 = Sf = 1,

at the terminal time. We can propagate it backwards one stage to get

S0 = Q0 +�0

[
S−1

1 + θW0 + �0R
−1
0 �0

]−1
�0

= 0+
[
1+ θ + 1

]−1 = 1

2+ θ
.

Since we have only one stage, we never get to use this value for the controller Riccati
variable. The controller gain for the one stage at which we command a control uses S1:

!0 = −R−1
0 �0

[
S−1

1 + θW0 + �0R
−1�0

]−1
�0

= −
[
1+ θ + 1

]−1 = − 1

2+ θ
.

This turns out to be our value for S0. Now to evaluate our controller, let us calculate the
first and second moments of �. The first moment is the expected cost, i.e., the thing we are
trying to minimize. The second moment is the uncertainty of our being able to achieve this
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Table 10.1. Trade-off in Performance for Different Values of θ .

θ !0 �̄ E
[
(� − �̄)2

]
1 − 1

3 1.555 4.037

0 − 1
2 1.5 3.125

−1 −1 2 3

cost,

�̄ := E [�] = E
[
u2

0 + x2
1

]
= E

[
!2

0x
2
0 +�2

0x
2
0 + 2�0�0!0x

2
0 + �2

0!
2
0x

2
0 + w2

0

]

= (
!2

0 +�2
0 + 2�0�0!0 + �2

0!
2
0

)
E
[
x2

0

]+ E
[
w2

0

]
= 2!2

0 + 2!0 + 2,

E
[
(� − �̄)2

] = E
[
�2

]− �̄2 = E
[
x4

1 + 2x2
1u

2
0 + u4

0

]− �̄2

= E
[
x4

1

]+ 2E
[
x2

1u
2
0

]+ E
[
u4

0

]− �̄2.

Now, x1 is a zero-mean Gaussian random variable with covariance !2
0 + 2!0 + 2. By the

Gaussian four product,64

E
[
x4

1

] = 3E
[
x2

1

]2 = 3!4
0 + 12!3

0 + 24!2
0 + 24!0 + 12.

Likewise,

E
[
u4

0

] = 3E
[
u2

0

]2 = 3!4
0,

E
[
x2

1

]
E
[
u2

0

] = (!2
0 + 2!0 + 2)!2

0 = !4
0 + 2!3

0 + 2!2
0.

Thus,
E
[
�2

] = 7!4
0 + 14!3

0 + 26!2
0 + 24!0 + 8.

Also,
�̄2 = 4!4

0 + 8!3
0 + 12!2

0 + 8!0 + 4,

so that
E
[
(� − �̄)2

]
= 3!4

0 + 6!3
0 + 14!2

0 + 16!0 + 8.

Let us examine the results for various θ in Table 10.1. These show that the LEG controller,
for negative θ , trades off the performance of �̄ to limit the worst case, which is reflected in
the variance of �.

64The Gaussian four product is the curious result that E[abcd] = E[ab]E[cd] + E[ac]E[bd] + E[ad]E[bd]
a, b, c, d are all zero-mean Gaussian random variables.



book
2008/9/3
page 351

�

�

�

�

�

�

�

�

10.1. Discrete-Time LEG Control 351

Remark 10.9. The LEG problem was first posed and solved by Jacobson [22]. The partial
information was first addressed by Speyer, Deyst, and Jacobson [39]. The complete solution
to the one-step delayed pattern was given by Whittle [43]. The interested reader should also
examine [44]. A good summary of these results is given by [15].

10.1.4 The LEG Estimator

We now focus on the LEG estimation problem. Again we construct a recursion forFk andBk

as indicated in (10.5). However, in the estimation formulation, Bk(xk, zk) is easily reduced
to

Bk(xk, zk) = min
X̂N

k

ext
XN

k+1

ext
ZN
k+1

S(XN
k , Z

N
k , X̂

N
k )

= min
X̂N

k

ext
w̃N−1

k

ext
ṽNk+1

[
N−1∑
i=k

wT
i (θWi)

−1wi +
N∑
i=k

vTi (θVi)
−1vi

+
N∑
i−k

(xi − x̂i )
T Qi(xi − x̂i )

]

= vT
k (θVk)

−1vk, (10.27)

where γ (k,N) is replaced by X̂N
k = {x̂k, . . . , x̂N }, w̃N−1

k = {wk, . . . , wN−1}, and ṽNk+1 ={vk+1, . . . , vN }. It is easy to see that the values of wk, vk, x̂k which extremize S in the
backward recursion (10.27) are

wi = 0, i = k, . . . , N − 1,

vi = 0, i = k + 1, . . . , N,

x̂i = xi, i = k, . . . , N, (10.28)

which shows that for the estimation problem, the solution to the backward recursion is
trivial. This is as we would expect, since the backward recursion was the part of the
problem associated with the control solution.

For the forward recursion, we again consider

Fk(xk, Zk) = F̄k(xk, Zk−1)+ nk(xk, zk),

where the recursion rule for F̄k+1(xk+1, Zk) is

F̄k+1(xk+1, Zk)

= ext
xk
[F̄k(xk, Zk−1)+ (xk − x̂k)

TQk(xk − x̂k)+ θ−1(mk(xk+1, xk)+ nk(zk, xk)]
= ext

xk

[
F̄k(xk, Zk−1)+ (xk − x̂k)

TQk(xk − x̂k)+ (zk −Hkxk)
T(θ(Vk)

−1(zk −Hkxk)

+ [xk+1 −�kxk]T(θWk)
−1[xk+1 −�kxk]

]
.

In particular, F̄k(xk, Zk−1) can be explicitly written as the quadratic form

F̄k(xk, Zk−1) = ϒk(Zk−1)+ θ−1(xk − x̄k)
TM−1

k (xk − x̄k). (10.29)
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As before the extremal values of xk+1, xk can be obtained directly by extremizing
F̄ (xk+1, Zk) with respect to each and applying the stationary condition. This leads to the
system of equations:

−�T
kW

−1
k (xk+1 −�kxk) = 0, (10.30)

θQk(xk − x̂k)+M−1
k (xk − x̄k)−H T

k V
−1
k (zk −Hkxk) = 0. (10.31)

Note that (10.30) gives

x̄k+1 −�kx
∗
k = 0. (10.32)

From (10.31) and (10.32) the following equations are obtained for the one-step delayed
estimator:

x∗k = (M−1
k + θQk +HT

k V
−1
k Hk)

−1(θQkx̂k +M−1
k x̄k +HT

k V
−1
k zk), (10.33)

x̄k+1 = �kx
∗
k

= �k(M
−1
k + θQk +HT

k V
−1
k Hk)

−1(θQkx̂k +M−1
k x̄k +HT

k V
−1
k zk), (10.34)

where x∗k and x̄k+1 are the solution to the stationary conditions (10.31) and (10.32), and the
indicated inverses are applied to positive-definite matrices. The update formula for M−1

k+1
is given in (10.22).

The derivation of the stochastic estimator begins with (10.5), where the objective is
to extremize the exponent in the cost, which in this case leads to

ext
XN

S (XN, IN) = ext
xk
[Bk + Fk].

From (10.27),
Bk(xk) = vTk (θVk)

−1vk

so that

ext
XN

S (XN, IN) = ext
xk
[θ−1(zk −Hkxk)

T V −1
k (zk −Hkxk)

+ θ−1(xk − x̄k)
TM−1

k (xk − x̄k)+ ϒk(Zk−1)]
= ext

xk
[θ−1(xk − x̂k)

T P−1
k (xk − x̂k)+ ϒ̂k(Zk)],

where
Pk = (M−1

k +HT
k V

−1
k Hk)

−1. (10.35)

The extremal value x̂k = x∗k is

x∗k = (M−1
k +HT

k V
−1
k Hk)

−1(M−1
k x̄k +HT

k V
−1
k zk)

= (M−1
k +HT

k V
−1
k Hk)

−1[(M−1
k +HT

k VkHk)x̄k −HT
k V

−1
k Hkx̄k +HT

k V
−1zk]

= x̄k + PkH
T
k V

−1
k (zk −Hkx̄k). (10.36)

The above equation has the same form as in the Kalman filter, except for the update
formula (10.22) for Mk . Equations (10.33) and (10.36) are shown to be the same since
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x∗k = x̂k and in solving for x̂k the terms involving Qk cancel in (10.33). Therefore, the
estimator can be shown to be unbiased. This is not the case for the controller. As will be
shown in Section 10.4.2, where a transformation is used on the continuous-time estimator,
the effect of this bias is to introduce the adversaries’ strategy explicitly into the estimator.

Remark 10.10. We should also point out that the estimator derived in the estimation problem
(10.22), (10.34), (10.35), (10.36) is not the same as the estimator derived in the controller
problem (10.20), (10.22), (10.23), (10.25); (see Theorem 10.5). This is a reflection of an
important difference between the LEG and LQG problems, which is that the separation
principle holds in the latter but not the former.

The Optimality of the Stochastic Estimator

The previous results are brought together to explicitly show that the stochastic estimator
is minimizing. In the optimal return function of (10.4), the function �k(Zk) is related to
Fk + Bk through (10.5) as

�k(Zk) = min
XN

k

ext
ZN
k+1

ext
XN

S = ext
xk
[Fk + Bk] = ext

x̂k

[Fk + Bk],

where (10.28) is used. From the dynamic programming recursion rule,

Jk−1(Zk−1) ∝ min
x̂t−1

∫ ∞

−∞
−θe− 1

2 θ�k(Zk)dzk

= min
x̂k−1

∫ ∞

−∞
−θe− 1

2 θ extx̂k [Fk+Bk ]dzk.

For any other estimate xe
k 
= x∗k ,∫ ∞

−∞
−θe− 1

2 θ extx̂k [Fk+Bk ]dzk <
∫ ∞

−∞
−θe− 1

2 θ [Fk(x
e
k )+Bk(x

e
k )]dzk. (10.37)

See standard lemmas on convex functions and integration of convex functions [15],
[21], [42]. Note that other estimator structures, including the Kalman filter, produce the same
saddle trajectory (z∗k = Hkx

∗
k , x∗k+1 = �kx

∗
k ), but they are not minimizing. In Theorem

10.11, the condition for the existence of the left-hand integration in (10.37) is given.
The assumption in Lemma 10.1, that S is positive definite in X̂N

k and negative definite
in XN,Z

N
k+1 when θ > 0, will guarantee that M−1

i + θQi +�T
i W

−1
i �i +H T

i V
−1
i Hi > 0,

where i ∈ {0, . . . , k− 1} and M−1
k +HT

k V
−1
k Hk > 0. The assumption on S guarantees that

Jk(Zk), proportional to the terms in (10.37), is finite. If one of the above inequalities is not
satisfied, then Jk(Zk) will be infinite.

In order to obtain the recursion Mk+1 in (10.22) and x∗k in (10.35) for θ > 0, it
is necessary that M−1

k + θQk + �T
k W

−1
k �k + HT

k V
−1
k Hk > 0, where k ∈ {0, . . . , t} and

M−1
k +HT

k V
−1
k Hk > 0 exist, respectively. The following theorem shows thatMk is positive

definite; therefore M−1
k +HT

k V
−1
k Hk > 0 is always positive definite.
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Theorem 10.11. The following inequality exists:

M−1
k + θQk +HT

k V
−1
k Hk > 0 (10.38)

if and only if

M−1
k + θQk +�T

k W
−1
k �k +HT

k V
−1
k Hk > 0 (10.39)

for θ > 0 and k ∈ {0, . . . , N − 1}. The existence of (10.38) implies that Mk+1 and
HkMkH

T
k +Vk, k ∈ {0, . . . , N}, are positive definite. Therefore, the expectation in (10.37)

exists, i.e., ∫ ∞

−∞
−θe− 1

2 θ [Fk(x̂k)+Bk(x̂k)]dzk <∞. (10.40)

Proof. From (10.22) and the matrix inverse identity,

Mk+1 = Wk +�k[(M−1
k + θQk +�T

k W
−1
k �k +HT

k V
−1
k Hk)−�T

k W
−1
k �k]−1�T

k

(10.41)

= Wk[W−1
k −W−1

k �k(�
T
k W

−1
k �k

− (M−1
k + θQk +�T

k W
−1
k �k +HT

k V
−1
k Hk))

−1�T
k W

−1
k ]Wk

= Wk[Wk −�k(M
−1
k + θQk +�T

k W
−1
k �k +HT

k V
−1Hk)

−1�T
k ]−1Wk

= [W−1
k −W−1

k �k(M
−1
k + θQk +�T

k W
−1
k �k +HT

k V
−1
k Hk)

−1�T
k W

−1
k ]−1.

(10.42)

Then,

W−1
k −M−1

k+1 = W−1
k �k(M

−1
k + θQk +�T

k W
−1
k �k +HT

k V
−1Hk)

−1�T
k W

−1
k . (10.43)

If (10.39) exists, then

W−1
k −M−1

k+1 ≥ 0, (10.44)

Mk+1 ≥ Wk > 0, (10.45)

Mk+1 > 0. (10.46)

From (10.22),

�k(M
−1
k + θQk +HT

k V
−1
k Hk)

−1�T
k = Mk+1 −Wk > 0. (10.47)

Therefore (10.38) is obtained:

M−1
k + θQk +HT

k V
−1
k Hk > 0.

If (10.38) exists, reverse the above derivation, (10.47)–(10.41), and the inequality
(10.39) must be true. Or by adding �T

k W
−1
k �k > 0 to (10.38), the inequality (10.39) is

obtained.
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By substituting (10.36) back into (10.35), then Bk(x̂k)+Fk(x̂k) becomes (noting that
the stationary value of x is x̂k = x∗k )

Fk(x̂k)+ Bk(x̂k) = θ−1vTk (HkMkH
T
k + Vk)

−1vk > 0, (10.48)

where

vk = (zk −Hkx̄k),

Kk = (Mk +HT
k V

−1
k Hk)

−1HT
k V

−1
k ,

zk −Hkx̂k = (I −HkKk)vk = Vk(HkMkH
T
k + Vk)

−1vk,

x̂k − x̄k = Kkvk.

Therefore, (10.48) is true if and only if

(HkMkH
T
k + Vk)

−1 > 0. (10.49)

Since from (10.45), Mk > 0 and Vk > 0 by assumption, then (10.49) and (10.40) are
true.

The results of Section 10.1.4 and of this section are summarized as follows.

Theorem 10.12. From (10.22) and (10.36) the stochastic estimator which minimizes an
exponential form is

x̂k = x̄k + (M−1
k +HT

k V
−1
k Hk)

−1HT
k V

−1
k (zk −Hkx̄k), (10.50)

x̄k+1 = �kx̂k (10.51)

if and only if the condition M−1
s + θQs + HT

s V
−1
s Hs > 0 for all s < k when θ < 0 is

satisfied. The recursion is

Mk+1 = Wk +�k(M
−1
k +HT

k V
−1
k Hk + θQk)

−1�T
k , M0 > 0, (10.52)

with Mk > 0, k ∈ {0, . . . , N}.

10.2 Terminal Guidance: A Special Continuous-Time LEG
Problem

A continuous-time LEG solution from first principles was presented in [5]. However, for
pedagogical reasons we will take an indirect path to the solution starting with a special
case presented in [38]. In this paper, a terminal missile guidance problem was examined.
In problems such as this, the objective is to minimize the final miss distance between the
missile and its target. The associated cost function is, thus,

J = E

[
−θe− θ

2

∫ tf
t0

uTRu dt− θ
2 x

T
tf
Qf xtf

]
.



book
2008/9/3
page 356

�

�

�

�

�

�

�

�

356 Chapter 10. Linear Exponential Gaussian Control and Estimation

The key thing to note is that there is no cost on the state histories. One does not care how
the missile and target collide so long as they do. We balance this performance object with
a quadratic weighting of the control to keep the missile from using up its fuel too soon.

The state is constrained to obey the stochastic equation,

dxk = (Fx +Gu)dt + dηk,

with measurements
dz = Hxdt + dζk.

The processes, dη and dζ , are Brownian motion processes with intensities W and V , re-
spectively.

Now, because only the terminal state enters the cost, there is no forward accumulation
and hence no estimation problem as part of the LEG solution. Thus, we are free to use a
Kalman filter to estimate the state,

dx̂k = (F x̂ +Gu)dt + PH TV −1(dz− dẑ), x̂(t0) = x̂0, (10.53)

Ṗ = FP + PF T +W − PH TV −1HP, P (t0) = P0.

The optimal control comes from manipulating the exponential quadratic cost. As we did
with the LQG problem, we solve the problem by making use of conditional expectation:

J = E

[
−θe− θ

2

∫ tf
t0

uTRu dt− θ
2 x

T
tf
Qf xtf

]

= E

[
E

[
−θe− θ

2

∫ tf
t0

uTRu dt− θ
2 x

T
tf
Qf xtf

∣∣∣∣Ztf

]]

= E

[
−θe− θ

2

∫ tf
t0

uTRu dtE

[
e
− θ

2 x
T
tf
Qf xtf

∣∣∣∣Ztf

]]
.

Because u is a function of the measurements Ztf , its expected value is unchanged by
conditioning on Ztf . Thus, only the exponential of the terminal cost carried is influenced
by the conditioning. Now, since xtf is a Gaussian random variable with mean, x̂tf , and
covariance, Pf , we can actually calculate this conditional expectation:

E

[
e

θ
2 x

T
tf
Qf xtf

∣∣∣∣Ztf

]
= 1

(2π)
n
2 |Pf | 1

2

∫ ∞

−∞
e
− θ

2 x
T
tf
Qf xtf e

− 1
2 (xtf −x̂tf )TP−1

f (xtf −x̂tf )dxtf .

Using the properties of exponential functions and multiplying out the exponent gives us

E

[
e

θ
2 x

T
tf
Qf xtf

∣∣∣∣Ztf

]
= 1

(2π)
n
2 |Pf | 1

2

∫ ∞

−∞
e

[
− θ

2 x
T
tf
Qf xtf − 1

2 (xtf −x̂tf )TP−1
f (xtf −x̂tf )

]
dxtf

= 1

(2π)
n
2 |Pf | 1

2

∫ ∞

−∞
e
− θ

2 x
T
tf
Qf Pf P

−1
f xtf − 1

2 (xtf −x̂tf )TP−1
f (xtf −x̂tf )dxtf

= 1

(2π)
n
2 |Pf | 1

2

∫ ∞

−∞
e
− 1

2 x
T
tf

[I+θQf Pf ]P−1
f xtf +xT

tf
P−1
f x̂tf − 1

2 x̂
T
tf
P−1
f x̂tf dxtf .

(10.54)
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The term in our exponent is almost a quadratic in xtf − x̂tf . With some manipulations
based upon the properties of exponentials, we can close this gap and obtain a quadratic in
xtf − x̂tf in the exponent. This can then be turned into the integral on the real line of the
probability density function of a Gaussian random variable, which, because it is a probability
density, integrates out to one. What is leftover then becomes our sought after conditional
expectation. Let us now carry out these steps.

We begin by multiplying and dividing (10.54) by

e
[ 1

2 x̂
T
tf
[(I+θQf P

−1
f )−1P−1

f −P−1
f ]x̂tf ].

The result is

E

[
e

θ
2 x

T
tf
Qf xtf

∣∣∣∣Ztf

]
= e

[ 1
2 x̂

T
tf
[(I+θQf P

−1
f )−1P−1

f −P−1
f ]x̂tf ] 1

(2π)
n
2 |Pf | 1

2

×
∫ ∞

−∞
e
[− 1

2 x
T
tf
(I+θQf Pf )P

−1
f xtf +xT

tf
P−1
f x̂tf − 1

2 (I+θQf Pf )
−1P−1

f x̂T
tf
P−1
f x̂tf ]dxtf . (10.55)

By collecting the terms in the exponent of the exponential in the integral, we almost get the
probability density function of a Gaussian random variable with mean (I+θQfP

−1
f )−1P−1

f x̂tf

and covariance (I + θQfP
−1
f )−1P−1

f :

E

[
e

θ
2 x

T
tf
Qf xtf

∣∣∣∣Ztf

]
= e

[ 1
2 x̂

T
tf
[(I+θQf P

−1
f )−1P−1

f −P−1
f ]x̂tf ]

× 1

(2π)
n
2 |Pf | 1

2

∫ ∞

−∞
e
{− 1

2 (xtf −[I+θQf Pf ]−1x̂tf )
T[I+θQf P

−1
f ]−1P−1

f (xtf −[I+θQf Pf ]−1x̂tf )}dxtf︸ ︷︷ ︸
= |(I+θQP)−1| 1

2

.

Now, the integral along with the scalar fraction that scales it are almost a probability density
function of a Gaussian. What is missing is a term, |(I + θQP)−1| 1

2 , in the denominator of
the scaling coefficient. With it, the integral and coefficient would equal one. Without it,
they equal |(I + θQP)−1| 1

2 . Thus,

E

[
e

θ
2 x

T
tf
Qf xtf

∣∣∣∣Ztf

]
= 1√|I + θQP |e

1
2 x̂

T
tf
[(I+θQf P

−1
f )−1P−1

f −P−1
f ]x̂tf .

Substituting back into our original cost function, this gives us

J = E

[
−θ‖(I + θQP)−1‖ 1

2 e
− θ

2

∫ tf
t0

uTRudt+x̂tf Sf x̂tf
]
, (10.56)

where (after using the matrix inversion lemma)

Sf :=
(
I + θQfP

−1
f

)−1
P−1
f − P−1

f

=
(
Q−1

f − θPf

)−1
.
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The terminal guidance problem is thus minimizing (10.56) subject to (10.53). Again, we
use the Hamilton–Jacobi–Bellman equation,

−∂J

∂t
= min

u

[
L+ 1

2
trace

(
∂2J

∂x2
PH TV −1HP

)
+ ∂J

∂x
f (x, u)

]
.

Assuming a solution,

J = −θα(t)e −θ2 x̂TSx̂ ,

we find, after substitution into the Hamilton–Jacobi–Bellman equation,

−Ṡ = SF + F TS + S
[
θPH TV −1HP −GR−1G

]
S,

−α̇ = θ

2
α trace

(
SPH TV −1HP

)
,

with terminal conditions

S(tf ) = Sf =
(
Q−1

f − θPf

)−1
,

α(tf ) =
∣∣∣(I + θQP)−1

∣∣∣ 1
2 = Q−1

f .

The minimization in the Hamilton–Jacobi–Bellman equation gives us the optimal controller,

u = −R−1GTSx̂. (10.57)

Collecting our previous results, we find that the terminal guidance LEG solution is
(10.57) coupled with

−Ṡ = SF + F TS + S
[
θPH TV −1HP −GR−1G

]
S, S(tf ) = Sf =

(
Q−1

f − θPf

)−1
,

Ṗ = FP + PF T +W − PH TV −1HP, P (t0) = P0,

dx̂k = (F x̂ +Gu)dt + PH TV −1(dz− dẑ), x̂(t0) = x̂0.

If one compares the above to the discrete-time LEG solution, he should be able to see
the similarity of the continuous-time control law to its discrete-time counterpart. What is
lacking is a continuous-time version of the LEG estimator.

Now, in [38] it was desired to derive a form of the controller suitable for an adaptive
scheme that estimates the measurement noise covariance online. The controller in its present
form requires that the error covariance be precomputed and thereby disqualifies such a
scheme. The trick in this reformulation is to rework the LEG Riccati equation so that it
propagates the inverse of S,

Ṡ−1 = S−1F T + FS−1 −GR−1GT + θPH TV −1HP.

Define
� = S−1 + θP .
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Figure 10.3. Missile Intercept Illustration.

Taking the derivative and making use of the Kalman filter Riccati equation and the Riccati
equation for S−1,

�̇ = Ṡ−1 + θṖ

= F� +�F T −�
(
GR−1GT − θW

)
�,

(10.58)

with terminal condition,

�(tf ) = S−1(tf )+ θPf = Q−1
f − θPf + θPf = Q−1

f .

Now let us apply these results directly to the homing missile guidance problem.
Consider the engagement depicted in Figure 10.3. It is assumed that we have a measurement
of the line-of-sight angle to the target. Moreover, it is also assumed that the missile has all
the instrumentation needed to implement an autopilot.

The equations of motion are given by the following four-state system:

⎧⎪⎪⎨
⎪⎪⎩

ẏ

v̇

ȧT
ȧp

⎫⎪⎪⎬
⎪⎪⎭ =

⎡
⎢⎢⎣

0 1 0 0
0 0 1 −1
0 0 −2n 0
0 0 0 λp

⎤
⎥⎥⎦
⎧⎪⎪⎨
⎪⎪⎩

y

v

aT
ap

⎫⎪⎪⎬
⎪⎪⎭+

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0
λp

λz
0

λp

(
1+ λp

λz

)

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭
Ac +

⎧⎪⎪⎨
⎪⎪⎩

0
0
1
0

⎫⎪⎪⎬
⎪⎪⎭β.

The scalar, y, is the lateral position relative to the initial line-of-sight, v is the relative lateral
velocity, aT is the target acceleration, and ap is the pursuer’s acceleration. The scalar, Ac, is
the missile acceleration command, n is the average number of target crossings per second,
λp is the dominant pole of the autopilot, and λz is the dominant zero. Finally, β is zero-mean
white noise with intensity, W .
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For small angles, the line-of-sight angle is approximately

z = y

vT
+ α,

where T = tf − t is the time-to-go and α is assumed to be a white-noise process with
zero mean and intensity, Vα . Vα is not assumed to be known a priori. In fact, one of the
assumptions is that α will also reflect jamming noise, and so it is possible for this covariance
to change over the course of an engagement. It will be assumed that the range-to-go, vT ,
will be measured using active radar.

The problem in this example is to minimize

J = E

[
−θe− θ

2

(
qy(tf )

2+r ∫ tf
t0

A2
cdt

)]
.

We have derived the solution (see [38]) to this problem in the previous section. The explicit
solution to the Riccati equation in �, (10.58), as a function of time-to-go T is

�(T ) = q

K1 +K2

⎡
⎢⎢⎣

1 T b −c
T T 2 bT −cT
b bT b2 −bc
−c −cT −bc c2

⎤
⎥⎥⎦ ,

where

b = e−2nT + 2nT − 1

4n2
,

c = e−λpT + λpT − 1

λ2
p

,

K1 = 1+ q

[(
a1λ

2
p − 2a2λp + a3

3λ2
p

)
T 3 +

(
2a2λp − a3

2λ5
p

) (
e−λpT − 1+ λpT e

−λpT )
+
(
a3 − a2λp

λ5
p

)(
e−λ

2
pT

2λpT+λpT e−λpT
)
− a3

2λ3
p

ce−λpT + a2

λ2
p

c

]
,

K2 = −θWq

[
− T 3

12n2
− 1

64n5

(
e−2nT − 1+ 2nT e−2nT

)
+ 1

32n5

(−4n2T 2 + 2nT − 2nT e−2nT
)− 1

16n3
e−2nT b

]
.

The coefficients a1, a2, a3 are

a1 =
λ2
p

rλ2
z

, a2 =
λ2
p

rλz

(
1+ λp

λz

)
, a3 =

λ2
p

r

(
1+ λp

λz

)2

.
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Figure 10.4. Adaptive Guidance Scheme.

Table 10.2. Ratio of Miss Distances between Baseline LQG Controller and LEG
Controller.

High jamming power Standard jamming power
Percentile (50000 W ) (2500 W )

40th 0.88 0.98
66th 0.80 1.01
90th 0.99 0.92

Largest misses 4.13, 1.63, 1.13, 1.06 0.58

Compared to the LQG solution, � here differs only by the addition of the termK2 [38]. This
controller was used as part of an adaptive scheme in which the measurement noise covariance
is calculated online using a sliding window average of the filter residuals, dz − dẑ. This
scheme is depicted in Figure 10.4.

In [38], this terminal guidance law is applied in a simulation using θ = 0.00125,
q = 1, r = 0.005. The relative performance when compared to a baseline LQG design is
shown in Table 10.2. This table shows relative miss distances in the form of a ratio with the
LQG results in the numerator. Given are the relative misses for the runs whose miss distances



book
2008/9/3
page 362

�

�

�

�

�

�

�

�

362 Chapter 10. Linear Exponential Gaussian Control and Estimation

fall in the 40th, 66th, and 90th percentiles. As this table shows for standard jamming power
(2500 W), the LEG controller performs about as well as the baseline controller, though the
worst-case miss is worse. For extremely high jamming, the LQG baseline performs slightly
better, but the worst-case runs for the baseline are far worse. Thus, the LEG controller has
the effect of reducing the worst case.

10.3 Continuous-Time LEG Control
We will now examine the general, continuous-time LEG problem, which includes a weight-
ing on the state trajectory. The problem is to find the control signal, γ (0, tf ) ∈ U , that
minimizes

J
(
γ (0, tf )

)
= E

[
−θe− θ

2

∫ tf

0 [xT
τ Qτ xτ+uTRτu]dτ+xT

tf
Qtf

xtf

]
subject to the Itô stochastic system,

dxτ = (Fxτ +Gu)dτ + dwτ ,

dzτ = Hxτdτ + dvτ .

It is assumed that x0 has mean, x̂0, and covariance, �0, and that wτ and vτ are Brownian
motion processes with zero mean and covariances,

E
[
wτw

T
t

]
=
∫ min(t,τ )

0
Wsds, E

[
vτ v

T
t

]
=
∫ min(t,τ )

0
Vsds.

We will obtain the full continuous-time linear exponential solution by taking the
discrete-time solution to the continuous limit. Define � := tk+1 − tk and assume that this
quantity is “small.” Then

�k ≈ I + Ftk�, �k = Gtk�, Wk = Wtk�, Vk = Vtk�,

Hk ≈ Htk�, Qk = Qtk�, Rk = Rtk�.

Using the LEG control rule given in Theorem 10.5, substitute the above relationships into
the Riccati equation for Sk =: S(t) and Sk+1 =: S(t +�); then

Sk =Qk +�T
k

[
S−1
k+1 + θWk + �kR

−1
k �T

k

]−1
�k

=Qk +�T
k

[
Sk+1 − Sk+1

(
Sk+1 + (�kR

−1
k �T

k + θWk)
−1
)−1

Sk+1

]
�k

so that (dependence on subscript tk is removed)

Sk =Q�+ (I + F�)TS(t +�)(I + F�)

− (I + F�)TS(t +�)

(
S(t +�)+ (GR−1GT + θW)−1

�

)−1

S(t +�)(I + F�).

(10.59)
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If we throw out the terms in the above which are higher than first order in �, then (after
subtracting S(t +�) from both sides)

S(t)− S(t +�) ≈ Qk�+
(
F TS(t +�)+ S(t +�)F

)
�

− S(t +�)

[
S(t +�)�+ (

GR−1GT + θW
)−1

]−1

S(t +�)�.

If we divide the above by � and let �→ 0, we get the Riccati differential equation (RDE),

−Ṡ = F TS + SF +Q− S
(
GR−1GT + θW

)
S, S(tf ) = Qf . (10.60)

Similarly, we can take the limit of the filter Riccati equation,

�k+1 =
(
M−1

k+1 + θQk+1 +H T
k+1V

−1
k+1Hk+1

)−1

=Mk+1 −Mk+1

[(
θQk+1 +H T

k+1V
−1
k+1Hk+1

)−1 +Mk+1

]−1

Mk+1.

A little more shuffling gives us

�k+1 = �k�k�
T
k +Wk

−(�k�k�
T
k+Wk)

[(
θQk+1 +H T

k+1V
−1
k+1Hk+1

)−1+(�k�k�
T
k+Wk)

]−1

(�k�k�
T
k+Wk)

until, finally,

�k+1 = (I + F�)�(t)(I + F�)T +W�

− [
(I + F�)�(t)(I + F�)T +W�

] [ 1

�

(
θQ+H TV −1H

)−1

+ [
(I + F�)�(t)(I + F�)T +W�

]]−1 [
(I + F�)�(t)(I + F�)T +W�

]
.

Throwing out higher-order terms and subtracting �k from both sides gives us

�k+1 −�k = �(t +�)−�(t) ≈ (
F�+�F T)�+W�−�(�+ F��+�F T�)

×
[(
θQ+H TV −1H

)−1 +�(�+ F��+�F T�)

]−1

(�+ F��+�F T�).

Again, we divide the previous equation by � and take the limit �→ 0 to get

�̇ = F�+�F T −�(H TV −1H + θQ)�+W, �(0) = P(0). (10.61)

Now using similar arguments and noting that in the limit as �→ 0 M(t) = P(t) = �(t),
we find that the continuous-time LEG control law is

u(t) = −R−1GTS (I + θ�S)−1 x̂,
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where the estimate x̂ is obtained from

dx̂ = (
F x̂ +Gu

)
dt +�H TV −1

(
dz−Hx̂dt

)+ θ�Qx̂dt. (10.62)

The initial condition is x̂(0) = x̂0. As with the discrete-time LEG solution, the continuous-
time solution becomes the LQG solution when θ = 0.

These results are summarized in the following theorem (proved in [33]), which em-
phasizes the conditions that allow for the existence of the controller.

Theorem 10.13. There exists a solution u ∈ U to the continuous LEG problem if and only
if the following hold:

1. There exists a solution � to the RDE (10.61) over [0, tf ].
2. There exists a solution S to the RDE (10.60) over [0, tf ].
3. �−1(t)+ θS(t) > 0 over [0, tf ].

If the above conditions hold, then u = −R−1GTS (I + θ�S)−1 x̂, where x̂ determined in
(10.62) is a solution.

Remark 10.14. An alternative derivation of this controller can be found in [5].

10.4 LEG Controllers and H∞
We will conclude our examination of LEG theory by relating it to H∞ control theory,
the most studied control problem in the 1980’s and early 1990’s. H∞ (pronounced “H
infinity”) is sometimes referred to as a neoclassical approach, because it was originally
presented in terms of transfer functions and the frequency domain—much like classical
control. Moreover, the motivation for this research direction was to generalize the Nyquist
criterion to multivariable systems. The “H” in H∞ stands for Hardy space, vector spaces
of complex functions. For our purposes, it is sufficient to think of these functions as being
matrices of transfer functions. The “∞” in H∞ refers to the norm used in defining this
space. An ∞ norm is the largest magnitude that the complex function obtains over the
space on which it is defined.

In Section 10.4.1 the LEG structure is directly related to the disturbance attenuation
function obtained from the disturbance inputs d = [wT, vT]T of the closed-loop system to
the performance output measure y defined as

y = Cx +Du,

having an L2 norm squared as

‖y‖2 =
∫ tf

t0

(
‖x‖2

CTC
+ 2xTCTDu+ ‖u‖2

DTD

)
dt. (10.63)

If we assume that C and D are orthogonal so that CTD = 0 and define Q := CTC and
R := DTD, we have the output for the argument of the exponential of the LEG cost criteria.
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In Section 10.4.2 we make a transformation which will relate our compensator struc-
ture to that of [11] for infinite-time, time-invariant systems, although these same results
hold for finite-time, time-varying systems as well [33]. In Section 10.4.3 the H∞ norm
of the closed-loop transfer matrix is defined, and in Section 10.4.4 the H∞ bound for the
closed-loop transfer matrix of the LEG controller is explicitly constructed.

10.4.1 The LEG Controller and Its Relationship with the
Disturbance Attenuation Problem

One approach to the generalization of theH∞ problem to time-varying, finite-time problems
is the disturbance attenuation problem. In this problem, the objective is to find a control
input, u, based on our measurements, z, which minimizes the transmission of a set of
disturbance signals, d , to a performance output, y, i.e.,

Daf = ‖y‖2
2

‖d‖2
2

. (10.64)

Daf is called a disturbance attenuation function.
Now, clearly, this problem is solved by finding the controller or compensator that

generates the u that minimizes the∞ norm of the transfer function between d and y. This
structure is depicted in Figure 10.6. However, finding H∞ optimal controllers is not an
easy thing to do. For years, all sorts of techniques (usually involving approximation theory
and functional analysis) were proposed, usually resulting in controllers of large dimension.
Eventually, it was discovered that, in theory, H∞ controllers should have a dimension no
higher than the dimension of the plant itself. Doyle et al. [11] tied many research threads
for time-invariant systems together. However, they seem not to be aware of the results of
Bensoussan and van Schuppen [5] for the continuous-time LEG problem which preceded
and generalized their results.

Let us examine how we get from (10.64) to LQ games. Instead of trying to directly
finding the control, u, that minimizes Daf , let us instead stipulate that Daf be kept smaller
than some value − 1

θ
(θ is a negative number):

Daf ≤ −1

θ
.

The disturbance vector, d , is assumed to be composed of the process noise, measurement
noise, and initial condition

‖d‖2 :=
∫ tf

t0

(
‖w‖2

W−1 + ‖v‖2
V −1

)
dt + ‖xt0‖2

P−1
0
.

Substituting the norm of y, given in (10.63), and d back into the disturbance attenuation
function gives us the condition∫ tf

t0

[
‖x‖2

Q + ‖u‖2
R +

1

θ

(‖w‖2
W−1 + ‖v‖2

V −1

)]
dt + ‖xt0‖2

(θP0)−1 ≤ 0.
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The above looks like a cost function, and, in fact, it is the cost function for a LQ differential
game [33]. In our case, the game is to find a control, u, that minimizes the above cost in the
face of adversarial signals, w, v, and x0, given a measurement, z:

min
u

max
w

max
v

max
x0

J = min
u

max
w

max
v

max
x0

∫ tf

t0

[
‖x‖Q+‖u‖R+1

θ

(‖w‖2
W−1 + ‖v‖2

V −1

)]
dt

+ ‖xt0‖2
(θP0)−1 ≤ 0. (10.65)

What we get is a control that guarantees that the transmission of power from d to y is
bounded below − 1

θ
or

‖Gyd‖2
∞ ≤ −

1

θ
.

Deriving the solution to this differential game is not within the scope of this book,
though from our work in solving the LEG problem you actually have some insights into
how this is done. Instead, we will simply state the solution found in [33], which found that
the minimax controller for the game given by (10.65) subject to the state-space system,

ẋ = Fx +Gu+ �w,

z = Hx + v,

has the form

u = −R−1GTS(I + θ�S)−1x̂, (10.66)

˙̂x = F x̂ −GR−1GTSx̂ +�H TV −1
(
z−Hx̂

)+ θ�Qx̂, (10.67)

−Ṡ = F TS + SF +Q− S
(
GR−1GT + θ�W�T) S, (10.68)

�̇ = F�+�F T + �W�T −�
(
H TV −1H + θQ

)
� (10.69)

subject to the connection condition,(
I + θS�

)−1
exists.

You should immediately recognize the above as the continuous-time LEG solution! Thus,
we see that the LEG controller solves an H∞ problem by way of the disturbance attenuation
problem. Moreover, the parameter, θ , takes on a whole new interpretation as the bound on
the power transmission from disturbance to controlled output.

Remark 10.15. The connection between LEG and the solution to LQ differential games
was noted in the very first LEG paper [22].

10.4.2 The Time-Invariant LEG Estimator Transformed into the H∞
Estimator

Now, let us make a similar comparison for the LEG estimator. We first make a transformation
of our estimate x̂ to a new estimate xc, which is essentially the worst-case state estimate
written as

xc =
[
I + θ�S

]−1
x̂ = L−1x̂, (10.70)
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where the estimator propagation is written as a standard differential equation, with all the
caveats on white-noise processes, as

˙̂x = (F − θ�Q) x̂ +Gu+�H TV −1
(
z−Hx̂

)
, (10.71)

where we are assuming that all the coefficients are time invariant and the matrices � and S

are determined from the AREs as

0 = F�+�F T −�(H TV −1H + θQ)�+ �W�T, (10.72)

0 = F TS + SF +Q− S
(
GR−1GT + θ�W�T) S. (10.73)

Substitution of the transformation (10.70) into the estimator (10.71) gives

L−1 ˙̂x = ẋc = L−1 (F − θ�Q)Lxc + L−1Gu+ L−1�H TV −1 (z−HLxc) . (10.74)

The transformationL−1 can be manipulated into the following forms, which are useful
for deriving the dynamic equation for xc:

E := S [I + θ�S]−1 = [
(I + θ�S)S−1

]−1 = [
S−1 + θ�

]−1

= [
S−1(I + θ�S)

]−1 = [I + θS�]−1 S. (10.75)

Furthermore, from (10.75)

S−1E = [I − θ�E] = [I + θ�S]−1 = [
�−1 + θS

]−1
�−1 = L−1. (10.76)

Substitution of the transformations ofL andL−1 from (10.70) and (10.76) into (10.74) gives

ẋc = [I − θ�E] (F − θ�Q) [I + θ�S] xc + [I − θ�E]Gu

+MH TV −1 (z−H [I + θ�S] xc)

= [I − θ�E] (F − θ�Q) [I + θ�S] xc + [I − θ�E]Gu

+MH TV −1 (z−Hxc)− [I − θ�E] θ�H TV −1�Sxc

= [I − θ�E] (F − θ�Q) xc + [I − θ�E]Gu

+MH TV −1 (z−Hxc)+ [I − θ�E]
[
(F − θ�Q) θ�− θ�H TV −1�

]
Sxc

= [I − θ�E] (F − θ�Q) xc + [I − θ�E]Gu

+MH TV −1 (z−Hxc)− θ [I − θ�E]
[
�F T + �W�T] Sxc, (10.77)

where M = L−1� and the last line results from using (10.72) in the previous equality. To
continue to reduce this equation, substitute the optimal controller u∗ = −R−1GTSxc into
(10.77). Then, (10.77) becomes

ẋc = Fxc −GR−1GTSxc − θ�W�TSxc +MH TV −1 (z−Hxc)

− θ [I − θ�E]�Qxc − θ [I − θ�E]�F TSxc

+ θ�E
[−F +GR−1GTS + θ�W�TS

]
xc. (10.78)

Note that

�E = � [I + θS�]−1 S = [
�−1 + θS

]−1
S,

[I − θ�E] = [
�−1 + θS

]−1
�−1. (10.79)
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G(s)d y
Figure 10.5. Transfer Function of Square Integrable Signals.

Substituting (10.79) into (10.78) and using (10.73), the estimator in terms of xc becomes

ẋc = Fxc −GR−1GTSxc − θ�W�TSxc +MH TV −1 (z−Hxc) . (10.80)

The appearance of the term w = −θ�W�TSxc is the optimal strategy of the process noise
and explicitly is included in the estimator. This estimator equation is the same if the system
matrices are time varying and is equivalent to that given in [11] for their time-invariant
problem. The dynamic equation for the matrix M in the filter gain can be obtained by
differentiating M as

M = L−1� = [
�−1 + θS

]−1 ⇒ Ṁ = M
[
�̇−1 + θṠ

]
M. (10.81)

Substitution of (10.60) and (10.61) into (10.81) produces the Riccati equation

Ṁ = M
(
F − θ�W�TS

)T + (
F − θ�W�TS

)
M

−M
(
H TV −1H + θSGR−1GTS

)
M + �W�T,

M(0) = (I + θP0S(0))
−1 P0. (10.82)

For the infinite-time, time-invariant system, Ṁ = 0, and (10.82) becomes an ARE.
Relating this back to the LEG controller in the previous section, (10.66)–(10.69), the

H∞ form of the LEG controller is

u∗(t) = −R−1GTSxc, (10.83)

where xc is given by (10.80), in which M is given by (10.81) and the controller and filter
gains require the smallest positive-definite (see [33]) solutions � and S to the AREs (10.72)
and (10.73).

10.4.3 The H∞ Measure and the H∞ Robustness Bound

First, we show that the L2 norm on the input-output of a system induces the H∞ norm on
the resulting transfer matrix.65 Consider Figure 10.5, where the disturbance input, d, is
a square integrable, i.e., L2 function. We are interested in the conditions on G that will
make the output performance measure, y, square integrable as well. Because of Parseval’s

65The “L” in L2, by the way, stands for “Lebesgue.”
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theorem, a square integrable y is isomorphic (i.e., equivalent) to a square integrable transfer
function, Y(s):

‖y‖2
2 =

∫ ∞

−∞
y(τ)2dτ = sup

α>0

1

2π

∫ ∞

−∞
‖Y(α + jω)‖2dω.

We can use the properties of norms and vector spaces to derive our condition on G,

‖y‖2
2 = sup

α>0

1

2π

∫ ∞

−∞
‖G(α + jω)d(α + jω)‖2dω

≤ sup
α>0

1

2π

∫ ∞

−∞
‖G(α + jω)‖2‖d(α + jω)‖2dω

= sup
α>0

1

2π

∫ ∞

−∞
σ̄ (G(α + jω))2 ‖d(α + jω)‖2dω

≤
[

sup
α>0

sup
ω

σ̄ (G(α + jω))2

]
1

2π

∫ ∞

−∞
‖d(α + jω)‖2dω

=
[

sup
α>0

sup
ω

σ̄ (G(α + jω))2

]
‖d‖2

2.

For instance, we use Schwarz’s inequality to get from the first line to the second. The
symbol σ̄ denotes the largest singular value of the matrix transfer function, G(·). Since
G is a function of the complex number, s, so is σ̄ . Now, since ‖d‖2

2 < ∞ by definition,
‖y||22 <∞ if and only if

sup
α>0

sup
ω

σ̄ (G(α + jω)) <∞.

The above equation describes the largest possible gain that G(s) can apply to any possible
input, which gives the largest value that G can obtain. Thus, we define the∞ norm of G to
be

‖G‖∞ := sup
α>0

sup
ω

σ̄
(

G(α + jω)
)
.

We should note that from our development that it is clear that ‖G‖∞ describes the ratio of
the two norms of u and y,

‖G‖∞ = ‖y‖2

‖d‖2
.

The body of theory that comprises H∞ describes the application of the ∞ norm to control
problems. Examples of these include the model-matching problem and the robust stability
and performance problems.

10.4.4 The Time-Invariant, Infinite-Time LEG Controller and Its
Relationship with H∞

In this section, the H∞ norm of the transfer matrix from the LEG problem is computed
where it is assumed now that the disturbance inputs of measurement and process noise
are L2 functions. To construct the closed-loop transfer matrix between the disturbance and
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Plant

Gp(s)

Disturbance d Output performance y

Control u Measurements z

Compensator

Figure 10.6. Transfer Matrix from the Disturbance Inputs to Output Performance.

performance output, the dynamic system coupled to the optimal LEG compensator is written
together as

ẋ = Fx +Gu∗ + �w = Fx −GR−1GTSxc + �w,

ẋc = Fcxc +Gcz = Fcxc +GcHx +Gcv, (10.84)

where

Fc = F −GR−1GTS − θ�W�TS −MH TV −1H,

Gc = MH TV −1.

Define a new state vector which combines x and xc as

ρ =
[

x

xc

]
(10.85)

with dynamics system

ρ̇ = FCL ρ + �CLd,

y = CCL ρ,

where

FCL =
[

F −G!

GcH Fc

]
, d =

[
w

v

]
, (10.86)

�CL =
[

� 0
0 Gc

]
, CCL =

[
C −DR−1GTS

]
. (10.87)

The transfer matrix of the closed-loop system from the disturbances d to the output y
is depicted in Figure 10.6. The transfer matrix Tyd is

Tyd(s) = CCL [sI − FCL]−1 �CL. (10.88)

The following proposition, proved in [33], shows how the closed-loop transfer matrix is
bounded.

Proposition 10.16. The closed-loop system is stable, and

‖Tyd(s)‖ ≤ 1√−θ , θ < 0. (10.89)
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Figure 10.7. Roots of � as a Function of θ .

10.4.5 Example

Consider the scalar dynamic system

ẋ = −1.5x + u+ w,

z = x + v,

where Q = 4, R = 2, θ = −1, V = 1/14, W = 1, G = 1, � = 1, H = 1. The
corresponding AREs are

−3S + .5S2 + 4 = 0 ⇒ S = 2, 4,

−3�− 10�2 + 1 = 0 ⇒ � = .2,

where we compute M = 1/3, MH TV −1 = 14/3 = Gc. A plot of � as a function of θ
is shown in Figure 10.7. The x’s start on the negative reals and continue to decrease as θ
decreases. Then, the x’s go through−∞ to+∞ and then continue to decrease as θ decreases
until it meets the “O’s.” At that point it breaks onto the imaginary axis, and its solution
is no longer valid. At this point the eigenvalues of the Hamiltonian associated with the
ARE reach and then split along the imaginary axis if θ continues to change. Note that there
can be two positive solutions. In [33] it is shown that only the smallest positive-definite
solution to the S and � AREs produces the optimal controller. Here, it is shown that the
smallest positive solution to the AREs is associated with the root starting at θ = 0 or the
LQG solution.

The closed-loop matrix, (10.86), for S = 2, � = .2 is

FCL =
[ −1.5 −1

14/3 −4.2

]
⇒ λ = −2.8± 1.7i
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and for S = 4, � = .2 is

FCL =
[ −1.5 −2

14 −13.5

]
⇒ λ = −4.7, −10.3.

Note that the complex eigenvalues induced by this approach could not be generated by LQG
design for this scalar problem.

10.5 Exercises
1. Consider the LEG problem for a scalar system,

xk+1 = φ xk + uk + wk,

zk = xk + vk,

where φ = 0.9, W = V = .1, andR = Q = 1. Plot solutions for the two steady-state
Riccati equations S̄ and �̄ for increasingly negative values of θ .

(a) At what value of θ do the necessary conditions break down?

(b) How do your answers change if your system is unstable? Let φ = 1.1 and repeat
your analysis.

2. Consider the simple discrete problem of finding the control sequence that minimizes

J = E

[
exp

(
1

2
x2
N+1QN+1 + 1

2

N∑
k+1

u2
kRk

)]
, Rk > 0, QN+1 > 0,

subject to
xk+1 = xk + uk + wk.

The state xk is known perfectly at each stage, and wk is a zero-mean, white-noise
process and not necessarily Gaussian.

(a) Determine the control law when QN+1 = 1 and Rk = 1 for all k.

(b) Determine the control law when QN+1 = 1 and Rk = 0 for all k.

(c) Determine the predicted expected cost for the two cases above when the zero-
mean noise process has unit variance.

3. Given the following stochastic scalar system,

xk+1 = φk xk + gkuk + wk,

zk = hkxk + vk,

where

E [x0] = 0, E
[
x2

0

] = X0,

E
[
w2

k

] = Wk, E
[
v2
k

] = Vk,
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find the feedback law uk(Zk) that minimizes

J = −θE
[
e−θ

∑N
k=0 x

2
k

]
,

where Zk is the measurement history. Give the conditions for the existence of the
controller.

4. Find the time-invariant controller that minimizes

J = E
[
−θe− θ

2

∫∞
0 [xTQx+uTRu]dτ

]
subject to the scalar Itô stochastic system,

dx = (Fx + u)dτ + dw,

dz = xdτ + dv,

where Q = 1, R = 1, V = 1, W = 1. For decreasing values of θ for both F = −1
and F = 1 do the following:

(a) State the algorithm for the time-invariant, continuous-time LEG controller.

(b) Determine when the solution to the algorithm no longer exists. State the neces-
sary and sufficient conditions for an optimal controller and show which of the
necessary and sufficient conditions must fail first.

(c) What is the closed-loop transfer matrix between v,w (the disturbance inputs)
and the outputs

y =
[

y1

y2

]
=
[

1
0

]
x +

[
0
1

]
u

for the LEG or H∞ controller when F = −1 and θ = −1.5?

Appendix A. Proof of Lemma 10.1
Consider first the case θ > 0. Let ξ ∗ be the minimum of S(u, v; θ). Then, let us expand
S(u, v; θ) into a Taylor series about ξ ∗,

S(u, v; θ) = S(u∗, v∗; θ)+ (ξ ∗
T

S̄ + k)(ξ − ξ ∗)+ 1

2
(ξ − ξ ∗)T S̄(ξ − ξ ∗). (A.1)

Note that since ξ ∗ is a minimum of S(u, v; θ), ξ ∗T S̄ + k = 0, and the above equation after
completing the square with respect to δu = (u− u∗) becomes

S(u, v; θ) = S(u∗, v∗; θ)+ 1

2
(δv + S−1

vv Svuδu)
T Svv(δv + S−1

vv Svuδu)

+ 1

2
δuT (Suu − SuvS

−1
vv Svu)δu,

(A.2)
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where δu = (u − u∗) and δv = (v − v∗). Define δv̄ = δv + S−1
vv S

−1
vu δu and � =

Suu − SuvS
−1
vv Svu. Notice, since S̄ > 0, that then � > 0. In addition, since θ > 0,

min
u

∫ ∞

−∞
−θe−θS(u,v;θ)dv ↔ max

u

∫ ∞

−∞
e−θS(u,v;θ)dv.

Assuming dim(v) = r , we then obtain∫ ∞

∞
e−θS(u,v;θ)dv = e−θS(u

∗,v∗;θ)− θ
2 δu

T �δu

∫ ∞

−∞
e−

θ
2 δv̄

T Svvδv̄d(δv̄)

= (2π)
1
2 r |θSvv|− 1

2 e−θS(u
∗,v∗;θ)− 1

2 θδu
T �δu = (2π)

1
2 r |θSvv|− 1

2 e−θS(u,v
∗;θ). (A.3)

The first result follows from (A.3).
Consider the case θ < 0. Note that since u∗ and v∗ are a minimax solution of

S(u, v; θ), it is still true that ξ ∗T S̄ + k = 0, and hence (A.2) also holds for this case. In
addition, since Suu is presumed positive definite and Svv negative definite, � is still positive
definite. However, for θ < 0,

min
u

∫ ∞

−∞
−θe−θS(u,v;θ)dv ↔ min

u

∫ ∞

−∞
e−θS(u,v;θ)dv.

Thus, ∫ ∞

−∞
e−θS(u,v;θ)dv = e−θS(u

∗,v∗;θ)− 1
2 θδu

T �δu

∫ ∞

−∞
e−

1
2 θδv̄

T Svvδv̄d(δv̄)

= (2π)
1
2 r |θSvv|− 1

2 e−θS(u
∗,v∗;θ)− 1

2 θδu
T �δu = (2π)

1
2 r |θSvv|− 1

2 e−θS(u,v
∗;θ), (A.4)

and the integral converges for θ < 0, since we presumed Svv < 0. Hence, the results of the
lemma follow as before from (A.4).

Appendix B. Proof of Lemma 10.2
From our definition

f (zk|xk) = f (vk) ∝ e−
1
2 v

T
k V

−1vk = e−
1
2 nk , f (x0) ∝ e−

1
2 (x0−x̄0)

T M0(x0−x̄0),

f (xk|xk−1, uk−1) = f (wk−1) ∝ e
1
2 w

T
k−1W

−1wk−1 = e−
1
2 mk−1 .

Then
�N

k=1[f (zk|xk)f (xk|xk−1, uk−1)]f (z0|x0)f (x0) ∝ e−
1
2 D.

vk is independent of Xk−1, Zk−1, and Uk−1, so f (zk|xk) = f (vk) = f (zk|Xk,Zk−1, Uk−1).
Similarly, wk−1 is independent ofXk−2, Zk−1, andUk−2, so f (xk|xk−1, uk−1) = f (wk−1) =
f (xk|Xk−1, Zk−1, Uk−1). By causality,

f (zk|xk) = f (zk|Xk,Zk−1, UN−1), f (xk|xk−1, uk−1) = f (xk|Xk−1, Zk−1, UN−1).

Thus

f (zk|xk)f (xk|xk−1, uN−1) = f (zk|Xk,Zk−1, UN−1)f (xk|Xk−1, Zk−1, UN−1)

= f (zk, xk|Xk−1, Zk−1, UN−1).
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Furthermore,

f (zk, xk|Xk−1, Zk−1, UN−1)f (zk−1, xk−1|Xk−2, Zk−2, UN−1)

= f (zk, zk−1, xk, xk−1|Xk−2, Zk−2, UN−1).

By induction,

�N
k=1[f (zk|xk)f (xk|xk−1, uk−1)]f (z0|x0)f (x0) = f (XN,ZN |UN−1).



book
2008/9/3
page 376

�

�

�

�

�

�

�

�



book
2008/9/3
page 377

�

�

�

�

�

�

�

�

Bibliography

[1] M. S. Arulampalam, S. Maskell, N. Gordon, and T. Clapp, A tutorial on particle
filters for online nonlinear/non-Gaussian Bayesian tracking, IEEE Transactions on
Signal Processing, 50 (2002), pp. 174–188.

[2] M. Athans, Model based compensators (MBC) and the loop transfer recovery (LTR)
method. Lecture Notes for MIT Course 6.232, Multivariable Control Systems, April
1984.

[3] M. Athans, R. Ku, and S. B. Gershwin, The uncertainty threshold principle: Some
fundamental limitations of optimal decision making under dynamic uncertainty, IEEE
Transactions on Automatic Control, AC-22 (1977), pp. 491–495.

[4] R. N. Banavar and J. L. Speyer, Properties of risk-sensitive filter/estimators, IEE
Proceedings—Control Theory and Applications, 145 (1998), pp. 106–112.

[5] A. Bensoussan and J. H. van Schuppen, Optimal control of partially observable
stochastic systems with an exponential-of-integral performance index, SIAM Journal
on Control and Optimization, 23 (1985), pp. 599–613.

[6] P. Billingsley, Probability and Measure, John Wiley and Sons, 1979.

[7] R. W. Brockett, Finite Dimensional Linear Systems, John Wiley and Sons, 1970.

[8] A. E. Bryson andY.-C. Ho, Applied Optimal Control, Hemisphere, revised ed., 1975.

[9] G. F. Carrier, M. Krook, and C. E. Pearson, Functions of a Complex Variable,
McGraw–Hill, 1966.

[10] J. L. Doob, Stochastic Processes, John Wiley and Sons, 1953.

[11] J. Doyle, K. Glover, P. P. Khargonekar, and B. A. Francis, State-space solutions
to standard h2 and h∞ problems, IEEE Transactions on Automatic Control, AC-34
(1989), pp. 831–847.

[12] J. C. Doyle, Guaranteed margins for LQG regulators, IEEE Transactions on Auto-
matic Control, AC-23 (1978), pp. 756–757.

[13] J. C. Doyle and G. Stein, Multivariable feedback design: Concept for a clas-
sical/modern synthesis, IEEE Transactions on Automatic Control, AC-26 (1981),
pp. 4–16.

377



book
2008/9/3
page 378

�

�

�

�

�

�

�

�

378 Bibliography

[14] S. E. Dreyfus, Dynamic Programming and the Calculus of Variations, Academic
Press, 1965.

[15] C.-H. Fan, J. L. Speyer, and C. R. Jaensch, Centralized and decentralized solutions
of the linear-exponential Gaussian problem, IEEE Transactions onAutomatic Control,
AC-39 (1994), pp. 340–347.

[16] R. J. Fitzgerald, Divergence of the Kalman filter, IEEE Transactions on Automatic
Control, AC-16 (1971), pp. 736–747. Also reprinted in Kalman Filtering: Theory and
Application, H.W. Sorenson, editor, IEEE Press, 1985.

[17] G. F. Franklin, J. D. Powell, and M. L. Workman, Digital Control of Dynamic
Systems, Addison–Wesley, 1992.

[18] A. Gelb, Applied Optimal Estimation, MIT Press, 1974.

[19] G. H. Golub and C. F. Van Loan, Matrix Computations, The Johns Hopkins Uni-
versity Press, 3rd ed., 1996.

[20] D. E. Gustafson and J. L. Speyer, Linear minimum variance filters applied to carrier
tracking, IEEE Transactions on Automatic Control, AC-21 (1976), pp. 65–73.

[21] P. R. Halmos, Measure Theory, Springer, 1974.

[22] D. H. Jacobson, Optimal stochastic linear systems with exponential performance
criteria and their relation to deterministic differential games, IEEE Transactions on
Automatic Control, AC-18 (1973), pp. 124–131.

[23] A. H. Jazwinski, Stochastic Processes and Filtering Theory, Academic Press, 1970.

[24] S. J. Julier and J. K. Uhlmann, Unscented filtering and nonlinear estimation, Pro-
ceedings of the IEEE, 92 (2004), pp. 401–422.

[25] R. E. Kalman, A new approach to linear filtering and prediction problems, Transac-
tions of the ASME, Journal of Basic Engineering, 82 (1960), pp. 35–45.

[26] , When is a linear control system optimal?, Transactions of the ASME, Journal
of Basic Engineering, 86 (1964), pp. 51–60.

[27] R. E. Kalman and R. S. Bucy, New results in linear filtering and prediction theory,
Transactions of the ASME, Journal of Basic Engineering, 83 (1961), pp. 95–108.

[28] H. Kwakernaak and R. Sivan, Linear Optimal Control Systems, Wiley-Interscience,
1972.

[29] C. L. Lawson and R. J. Hanson, Solving Least Squares Problems, Series inAutomatic
Computation, Prentice-Hall, 1974.

[30] P. S. Maybeck, Stochastic Models, Estimation, and Control, Volume 1, Academic
Press, 1979.



book
2008/9/3
page 379

�

�

�

�

�

�

�

�

Bibliography 379

[31] W. H. Press, S. A. Teukolsky, W. T. Vettering, and B. P. Flannery, Numerical
Recipes in C, Cambridge University Press, 2nd ed., 1992.

[32] H. E. Rauch, F. Tung, and C. T. Striebel, Maximum likelihood estimates of linear
dynamic systems, AIAA Journal, 3 (1965), pp. 1445–1450.

[33] I. Rhee and J. L. Speyer, A game theoretic approach to a finite-time distur-
bance attenuation problem, IEEE Transactions on Automatic Control, AC-36 (1991),
pp. 1021–1032.

[34] H. L. Royden, Real Analysis, The Macmillan Company, 1967.

[35] F. H. Schlee, C. J. Standish, and N. F. Toda, Divergence in the Kalman filter, AIAA
Journal, 5 (1967), pp. 1114–1120. Also reprinted in Kalman Filtering: Theory and
Application, H.W. Sorenson, editor, IEEE Press, 1985.

[36] S. Sherman, A theorem on convex sets with applications, Annals of Mathematical
Statistics, 26 (1955), pp. 763–767.

[37] , Non-mean-square error criteria, IRE Transactions on Information Theory, 4
(1958), pp. 125–126.

[38] J. L. Speyer, An adaptive terminal guidance scheme based on an exponential cost cri-
terion with application to homing missile guidance, IEEE Transactions on Automatic
Control, AC-21 (1976), pp. 371–375.

[39] J. L. Speyer, J. Deyst, and D. H. Jacobson, Optimization of stochastic linear systems
with additive measurement and process noise using exponential performance criteria,
IEEE Transactions on Automatic Control, AC-19 (1974), pp. 358–366.

[40] J. L. Speyer, C.-H. Fan, and R. N. Banavar, Optimal stochastic control with expo-
nential cost criteria, in Proceedings of the 31st Conference on Decision and Control,
IEEE, December 1992, pp. 2293–2298.

[41] G. Strang, Linear Algebra and Its Applications, Harcourt Brace Jovanovich, 3rd ed.,
1988.

[42] G. R. Walsh, Method of Optimization, John Wiley and Sons, 1975.

[43] P. Whittle, Risk-sensitive linear/quadratic/Gaussian control, Advanced Applied
Probability, 13 (1981), pp. 764–777.

[44] , Risk-Sensitive Optimal Control, John Wiley and Sons, 1990.

[45] N. Wiener, Extrapolation, Interpolation, and Smoothing of Stationary Time Series,
MIT Press and John Wiley and Sons, 1960.

[46] E. Wong, Stochastic Processes in Information and Dynamic Systems, McGraw–Hill,
1971.



book
2008/9/3
page 380

�

�

�

�

�

�

�

�

380 Bibliography

[47] W. M. Wonham, Random differential equations in control theory, in Probabilistic
Methods in Applied Mathematics, A. Bharucha-Reid, editor, Vol. 2, Academic Press,
1970, pp. 131–212.

[48] I. Yaesh and U. Shaked, Game theory approach to finite-time horizon optimal esti-
mation, IEEE Transactions on Automatic Control, AC-38 (1993), pp. 957–963.



book
2008/9/3
page 381

�

�

�

�

�

�

�

�

Index

H∞ control theory, 364
L2 functions, 169
σ -algebra, 10

absolute continuity, 31
accessory minimum problem, 300
algebra of sets, 9
argmin, 82
Athans

LQG/LTR, 330
atoms of an algebra, 27
axioms of probability, 8

Bayes’ rule, 16
Borel algebra, 13
Borel sets, 13
Brownian motion, 156

central limit theorem, 51
certainty equivalence principle, 304, 348
Chapman–Kolmogorov equation, 110
characteristic function, 46
Chebyshev inequality, 45
Cholesky factorization, 134
circle criterion, 323
condition number, 121
conditional expectation, 53–57
conditional probability, 54–57

density, 57
distribution, 57
intuitive, 14

continuity
in probability, 61

controllability Gramian, 98

convergence
almost surely, 161
in probability, 161
in the mean square, 161

convex function, 82
countable, 10
covariance, 44
current information sequence, 273

De Morgan’s laws, 7
dense, set theory, 61
Discrete-time Kalman filter

via the conditional mean, 95
discrete-time Kalman filter

via the conditional mean, 106
distribution function, 28
disturbance attenuation problem, 365
divergence, 249
domain, 26
Doyle

LQG stability counterexample,
324–326

LQR/LTR, 326
dynamic programming, 289–290
dynamic programming recursion rules,

302
LEG, 338
LEG backward recursion, 341
LEG forward recursion, 341

empty set, 7
energy density function, 211
energy signals, 210
equal sets, 6
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ergodicity, 214
stationary LQG, 319

events, 3
expectation operator, 40
expected value, 40
experiments, 3
extended Kalman filter, 245

finite additivity, 8
fundamental lemma for stochastic

control, 293

gain margin, 323
Gauss–Markov processes, 278

continuous-time, 186–189
Gaussian processes, 62
Gaussian random variables

affine combinations, 50
Gram–Schmidt orthonormalization,

129–130

Hamilton–Jacobi–Bellman equation,
307, 308

Hamiltonian matrix, 203
Hardy spaces, 364
Hilbert spaces, 119, 131

independence, 16
random variables, 35

independent increments, 62
indicator function, 54
infinite horizon, 318
information sequence, 336
inner products, 131
innovations process, 301
innovations sequence, 98
iterative processing, 91–94
Itô stochastic calculus

fundamental theorem of, 185

joint probability, 13
joint probability distribution, 28, 37

Kalman
circle criterion, 324
inverse optimal control, 324

Kalman filter, 98

Kalman gain, 98
Kolmogorov, 2
Kwakernaak

LQR/LTR, 326

law of large numbers
strong, 46
weak, 46

Lebesgue, 2
linear estimators, 100
linear least squares, 119–121

cost function, 120
normal equations, 121
recursive least squares, 135–136
weighted least squares, 134–135

linear quadratic regulator, 300, 308
cheap control, 327
single-input, 322

linearization, 242
linearized Kalman filter, 243

summary, 244
Lipschitz, 306
loss functions, 83
LQG

discrete-time control law, 303
LQG/LTR, 326–330

marginal probability, 13
marginal probability distribution, 37
Markov inequality, 45
matrices

column space, 123
four fundamental subspaces, 123
left null space, 123
null space, 123
orthonormal, 122, 124
rank, 124
row space, 123
unitary, 328

matrix inversion lemma, 90, 328, 329,
342, 343

maximum a posteriori estimate, 81
maximum likelihood estimates, 94
mean, 40

sample mean, 40
measures, 1
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minimax estimate, 81
minimum variance estimate, 81

quadratic loss function, 84
minimum variance estimators, 277
Monte Carlo analysis, 98

Newton–Gauss iteration, 137
line search, 138

observability Gramian, 99
optimal return function, 306

LEG, 338
optimization theory

stationary value, 120
orthogonal projection lemma, 132–134

least squares, 133
orthogonality

in probability, 17

Parseval’s theorem, 369
phase-lock loops, 279–284

base-band model, 280
phase margin, 323
power signals, 210
power spectral density, 213
principle of optimality, 293
probability density function, 31
probability distribution function

exponential, 33
Gaussian, 34
uniform, 33

probability measure, 4
probability space, 4
probability theory

basic elements, 4
pseudoinverse, 121–126

Moore–Penrose, 121
projectors, 121

quadrature, 281

Radon–Nikodym theorem, 32
random difference equation, 153
random sequence, 59, 154

random variables, 25
continuous, 31
discrete, 30
mixed, 33

random walk, 154
range

of a random variable, 26
Riccati equation

algebraic, 318

sample path, 60
sample point, 3
sample space, 3
sample variance, 43
second moment, 42
second-order processes, 161
second-order stationarity, 205
separability, 61
separation principle, 305, 348
set difference, 7
Sherman’s theorem, 83, 274

conditional expectation, 84
singular value decomposition, 122–126

singular values, 122, 369
singular vectors, 123, 124

skew symplectic, 203
smoothing, 248, 275
spectral radius condition, 348
standard deviation, 43

Gaussian random variable, 34
state-transition matrix, 244
stationary optimal control

Wonham theorem, 319
stationary solutions

LQG, 317
stochastic process, 59
strict-sense stationarity, 206

Taylor series expansions, 242
transition probability density, 63

variance, 43

weighted least squares, 95
Wiener–Hopf equation, 198, 225, 234


